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For Professor Peter Chin,

who started us at a single vector,
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Preface

This book grew out of two terms of ENGS 96, Mathematical Foundations for Machine Learning, taught by Professor
Peter Chin at Dartmouth across its summer and fall offerings. Over those terms the course accumulated a large
body of material: lecture notes, problem sets, coding assignments, practice tests, and final reviews. Each piece was
written for a single moment in a single term. This book gathers all of it into one place, fills in the steps that a live
lecture can leave implicit, and arranges the result the way a textbook should be arranged.

What this book is

The goal is completeness without compromise. Every topic Professor Chin covered appears here. Every worked
example is carried through to its final answer. Every variable is defined where it first appears. When a derivation in
the original notes skipped from one line to the next, the intermediate algebra has been restored so that nothing has
to be taken on faith. The intent is that you can open to any page, point at any equation, and trace it backward to a
definition without leaving the book.

The organization follows the mathematics rather than the calendar. A term runs ten weeks, and a lecture is a unit
of time rather than a unit of thought. So the chapters are built around ideas that belong together, and a single
chapter often draws on several lectures from both offerings. The six parts mirror the arc Professor Chin laid out at
the start: linear algebra and matrix methods, then matrix decompositions, then probability, then concentration and
learning theory, then vector calculus and optimization, and finally the machine learning algorithms that all of this
machinery was built to explain.

How to use it

Each chapter opens with a short roadmap and a suggested reading in the official course text, Deisenroth et al. [5].
The body develops the theory with full proofs and runs detailed worked examples in the Example environments.
Definitions, theorems, and lemmas share a single numbering stream per chapter, so Theorem 3.4 sits right after
Definition 3.3 and you never have to guess which counter you are reading.

Every chapter ends with a set of Exercises, each followed by a complete solution. These are not decorative. They
are the actual problems the course asked, restated in full and solved in full, line by line, together with a few supple-
mentary problems that round out a topic the course only gestured at. Nothing is left as “it can be shown.”

The appendices collect the reference material you reach for repeatedly: a linear algebra refresher, a probability
and distributions sheet, the matrix calculus identities used in the optimization chapters, the software setup for the
coding assignments, and a complete exam bank with solutions.

A note on notation

Vectors are bold lowercase (x, ), matrices are uppercase italic (A, X, with bold uppercase greek ¥ for matrices
that are naturally greek), and scalars are lowercase italic. Transpose is written AT, the inverse A~!, and the Moore—
Penrose pseudoinverse AT. The full table of symbols follows the table of contents. The conventions are consistent
across every chapter, which is one of the things a pile of separate lecture notes cannot give you and a book can.
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How to Use This Book

This is a book you can read front to back, or open to any single result and find it self-contained. This short section
explains how it is laid out, how the pieces depend on one another, and how to find any statement by its number.

The shape of the book

The material is organized into six parts.

Part I, Linear Algebra and Matrix Methods.
The objects everything is built from: vectors and matrices as linear maps, the three views of matrix multiplica-
tion, rank, the determinant, and the least-squares solution of an overdetermined system through projection and
the pseudoinverse.

Part II, Matrix Decompositions.
The two factorizations the rest of the book leans on: the eigendecomposition and spectral theorem for symmetric
matrices, and the singular value decomposition, with its best low-rank approximation theorem.

Part III, Probability and Distributions.
Reasoning under uncertainty: random variables, maximum likelihood, Bayes’ theorem, the frequentist and
Bayesian viewpoints, conjugate priors, and the multivariate Gaussian with its covariance geometry.

Part IV, Concentration and Learning Theory.
Why learning from finite data works: Markov, Chebyshev, and Chernoff bounds, empirical risk minimization, the
bias—variance tradeoff, and the VC dimension.

Part V, Vector Calculus and Optimization.
How models are trained: matrix calculus and backpropagation, convexity and the Hessian, gradient descent and
its modern variants, and constrained optimization through linear programming, duality, and the KKT condi-
tions.

Part VI, Machine Learning Applications.
The algorithms all of this was built to explain: support vector machines and kernels in supervised learning, and
clustering, mixtures, principal component analysis, and independent component analysis in unsupervised learn-
ing.

The appendices collect the linear-algebra, probability, and matrix-calculus facts used in the main text, a guide to
the software and coding assignments, and a complete bank of examinations worked in full.



Three kinds of problems
Almost every question in this subject is one of three kinds, and it pays to classify a problem in the first ten seconds.

1. Compute something concrete: a pseudoinverse, an eigenvalue, a singular value decomposition, a posterior distri-
bution, a gradient-descent step, a Chernoff bound, the dual of a support vector machine. These reward careful
arithmetic. Show every step.

2. Prove an identity or inequality: that A" A is positive semidefinite, the Cauchy-Schwarz inequality, the spectral
theorem, weak duality, that a zero gradient of a convex function is a global minimum. These reward structure.
State what you assume, state what you want, then go by construction or contradiction.

3. Explain a modeling choice: why the cross-entropy loss rather than squared error, why a Bayesian prior, why
the RBF kernel, why the singular value decomposition rather than the eigendecomposition. These reward one
clear sentence and one supporting fact.

The worked examples in every chapter and the exercises that close each chapter are written with these three cate-
gories in mind.

Conventions

¢ Numbering. Definitions, theorems, lemmas, propositions, corollaries, remarks, and examples share a single
counter within each chapter. So Definition 3.3 and Theorem 3.4 are consecutive, and you can find any result by
its number alone. Equations, figures, and exercises are numbered separately, also by chapter.

e Cross-references are live links in the digital version. “See Chapter 4” and similar pointers jump to the exact
place.

e Colored boxes are rare and meaningful. A box with a dark navy border holds the single canonical state-
ment of a major result. A green box is a step-by-step recipe. A red left-rule flags a subtlety or a common mis-
take. Everything else is ordinary prose and displayed mathematics.

e Vectors and matrices. Vectors are bold lowercase (x, 6); matrices are uppercase (A, X), with bold upper-
case greek (X) for matrices that are naturally greek; scalars are lowercase italic. Transpose is AT inverse A7,
pseudoinverse A'. The full symbol table follows this section.

A map of the book

The chapters follow themes rather than the lecture calendar: a single chapter often gathers several lectures, and
the order is the logical one. The table records the core topics of each chapter and the corresponding reading in the
course text, Deisenroth et al. [5], so any statement can be placed in the larger arc.

Chapter Core topics Reading

1. Vectors, Matrices, Linear Maps spans, rank, determinant, the linear model Ch. 2-3

2. Least Squares and the Pseudoinverse normal equations, projection, Moore— Ch. 3, 4.1
Penrose

3. Eigenvalues and the Spectral Theorem diagonalization, symmetric matrices, PSD 4.2-4.4

4. The Singular Value Decomposition SVD, low rank, Eckart—Young 4.5

5. Probability, Bayes, and Estimation MLE, Bayes, Beta—Bernoulli, Monty Hall 6.1-6.3

6. Distributions, Gaussian, Covariance multinomial, Dirichlet, Gaussian, covariance  6.4-6.6

7. Concentration and Learning Theory Chernoff, ERM, bias—variance, VC dimen- handout
sion

8. Vector Calculus and Gradient Descent backprop, convexity, GD, Adam Ch. 5

9. Constrained Optimization and Duality LP, simplex, duality, KKT Ch. 7

10. Supervised Learning: SVMs and Kernels perceptron, max margin, the kernel trick Ch. 12

11. Unsupervised Learning k-means, mixtures/EM, PCA, ICA Ch. 10-11




Dependencies and reading paths

The book is cumulative, and the shortest path through its spine is Chapter 1 — Chapter 2 — Chapter 3 — Chap-
ter 4: these four chapters build the linear algebra everything else uses. The probability chapters Chapter 5 and
Chapter 6 can be read independently of the matrix decompositions, but the Gaussian’s covariance geometry in
Chapter 6 draws on the spectral theorem of Chapter 3. The optimization chapters Chapter 8 and Chapter 9 are the
prerequisite for the support vector machine of Chapter 10, whose dual is derived with the KKT machinery devel-
oped there. Principal component analysis in Chapter 11 returns to the spectral theorem and the SVD, closing the
loop with where the book began.

xi
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A vector is a point and an arrow. The coordinates of = (3,2) are the amounts of the standard basis
vectors needed to build it: & = 3e; 4+ 2e2. The entries of a vector are always coordinates with respect to
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The column space of A = [1 2243 6] is the line span{(1,2,3)} (drawn schematically). Every output
Ax lies on this line, so a target b off the line cannot be hit exactly. The best we can do is the closest
point on the line, the orthogonal projection of b onto Col(A), the subject of Chapter 2.. . . . . . . ..
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Projection onto a line. With « a unit vector, P = uu' sends v to its shadow (u'v)w on the line
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FEigenvectors are invariant directions. The map A sends v; to a multiple of itself, Avi = Ajv1, so v1
stays on its line; the same holds for v2. A generic vector w is rotated off its own line. The eigen-lines
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Diagonalization as a change of basis. Going directly across the top (applying A) is hard; the diagonal
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The quadratic form of A = [2 11 2]. The level set ' Az = 1 is an ellipse whose axes are the eigen-
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Notation

The conventions below are used consistently throughout the book. Vectors are bold lowercase, matrices are upper-
case, and scalars are lowercase italic.

Sets and numbers

R, R™, R™x*" real numbers; real n-vectors; real m X n matrices
C, Z, N complex numbers, integers, natural numbers
{-}, {z| P(z)} a set; the set of z such that P(z) holds

|S| cardinality of a finite set S

[n] the index set {1,2,...,n}

Linear algebra

z, y, 0 vectors (bold lowercase)

A X, X matrices (uppercase; bold greek for greek matrices)
Ti, Qij the ith entry of x; the (i, ) entry of A
a; the jth column of A

AT, xT transpose

Al inverse (when it exists)

At Moore—Penrose pseudoinverse

I, I, identity matrix (of size n)

0,1 the all-zeros and all-ones vectors

e; the ith standard basis vector

tr(A) trace, El Qg

rank(A) rank

det(A), |A| determinant

diag(d) diagonal matrix with diagonal d
Col(A), Row(A), Nul(A) column space, row space, null space
span{vi,..., v} span (set of all linear combinations)
lz]l, llzll2, =l Euclidean (¢2) norm; ¢; norm
(z,y)=z"y inner (dot) product

uv’ outer product (a rank-one matrix)

A0, A0 A is positive semidefinite; positive definite
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Probability and statistics

P(A)

p(2), p(z | y)
E[X], Var(X)
Cov(X,Y), =
X ~ N(p,0?)
X id p
XAUY

Bernoulli(y), Binomial(n, u)
Categorical ()
Multinomial(n, )
Beta(a,b), Dirichlet(c)
N(w, %)

H(p), KL(p| 9)

OMLE, OmaPp

Calculus and optimization

af
ox

Vi, Vof
Vif, J

arg min,, f(x)
f€0(9)
Lz, )

dom f, epif

Machine learning

D= {(muyz)}g1
X e Rmxn

6, w, b

H

é(z)

k(z,z'), K

o(2) = o=
1[-]

probability of event A

density /mass of x; conditional density of  given y
expectation; variance

covariance; covariance matrix

X is distributed as

independent and identically distributed as p
X and Y are independent

Bernoulli, Binomial

Categorical distribution

Multinomial distribution

Beta, Dirichlet

(multivariate) Gaussian / normal

entropy; Kullback—Leibler divergence

maximum likelihood, maximum a posteriori estimates

partial derivative

gradient (with respect to 6)
Hessian; Jacobian

a minimizer of f

f grows no faster than g
Lagrangian

domain; epigraph

“is defined to equal”

training set of m labeled examples

design (data) matrix: one example per row
model parameters; weight vector; bias
hypothesis class

feature map

kernel function; Gram (kernel) matrix
logistic sigmoid

indicator (1 if true, O otherwise)
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CHAPTER ].

Vectors, Matrices, and Linear Maps

Data become matrices, models become linear maps, and learning becomes
the solution of a large linear system.

a recurring refrain of the course

Machine learning turns data into matrices, models into linear maps, and learning into the solution of linear
systems. This chapter builds that vocabulary from the ground up and works every piece on concrete numbers.
We start with vectors and how a datum becomes one, add the inner product and norm that let us measure
length and angle, and then read a matrix as a function rather than a grid. Three complementary views of
matrix multiplication follow, then rank and the column space, which decide what a linear system can and
cannot do, and finally the determinant, invertibility and its numerical fragility, and the trace. We close by
setting up the supervised-learning model X6 = y and seeing precisely why we cannot simply invert X, which
is the question Chapter 2 answers.

Suggested reading: Deisenroth et al. [5], Chapters 2 (linear algebra) and 3 (analytic geometry); Strang [21]
for geometric intuition.

1.1 Why this mathematics

A modern learning system is, underneath the engineering, a pipeline of linear algebra and calculus. It is worth
seeing, before any formalism, why that is true, because every abstraction in this book was invented to make some
learning task tractable. Two stories from the opening of the course make the point, and a third idea, that data must
first become numbers, sets the agenda for the chapter.

Intuition. A neural network looks nothing like a matrix factorization, and a coin flip looks nothing like an eigen-
value. Yet under the hood the network multiplies matrices, the coin’s bias is estimated by projecting onto a sub-
space, and the network’s infinite-width limit is governed by the spectrum of a kernel matrix. The objects of this
chapter are the common substrate. Learn them once and the rest of the subject becomes variations on a theme.

In the infinite-width limit, a neural network with one hidden layer whose width grows without bound stops behaving
like a mysterious black box and becomes a kernel machine, a predictor of the form

f@) = > aik(@a), (1.1)

where k(z,z’) measures similarity between inputs and the weights a; are learned. Every symbol in Eq. (1.1) is a
vector, a number, or a function of two vectors. We meet kernels properly in Chapter 10; for now the lesson is that
even the most elaborate models rest on the objects of this chapter.

The second story is ImageNet. Early computer vision tried to describe objects by hand (“a cat has a round face
and pointed ears”) and broke on the endless variety of real images. The breakthrough was data: roughly fourteen
million labeled images across tens of thousands of categories, enough to train convolutional networks with hundreds



1. VECTORS, MATRICES, AND LINEAR MAPS

x = (3,2)

Figure 1.1. A vector is a point and an arrow. The coordinates of @ = (3,2) are the amounts of the standard basis vectors
needed to build it: & = 3e;1 + 2e2. The entries of a vector are always coordinates with respect to a basts.

of millions of parameters. To a computer each of those images is, first of all, a vector of numbers. Before any learn-
ing can happen, the data must be put into a form the mathematics can touch. That form is the matrix, and that is
where we begin.

1.1.1 The supervised learning setup

Throughout the book a supervised dataset is a collection of input—output pairs

D= {@"y"}", aVer’ yWer, (1.2)
where m is the number of examples and n is the number of features describing each example. For instance, a person
might be described by
‘ height
29 = |weight| € R®.
age

@
J
labels are absent the data is unsupervised, Dy = {w(’)}{';h and the goal shifts from prediction to finding structure
(Chapter 11). With this notation in hand, the rest of the chapter assembles the algebra that operates on D.

The superscript (i) indexes which example; a subscript indexes which feature, so x ) is feature j of example i. When

1.2 Vectors

Definition 1.1 (Vector). A (column) vector x € R™ is an ordered list of n real numbers, written

T

T2
Tr = . s z; € R.

Tn

The number x; is the ith component or entry, and n is the dimension. Vectors are written in bold lowercase and
their entries in plain italic.

A vector is two things at once, and fluency means holding both pictures in mind. It is a point in R", the location
with coordinates (z1,...,Zxs), and it is the arrow from the origin to that point. The arrow picture makes the two
operations on vectors intuitive: addition (z 4+ y); = x; + y; places the arrows tip to tail, and scalar multiplication
(ax); = aur; stretches an arrow by the factor o (reversing it if @ < 0). Both operations stay inside R™, and together
with the obvious algebraic laws (associativity, distributivity, a zero vector 0, negatives) they make R™ a vector space
in the sense of Deisenroth et al. [5, Ch. 2].



1.3. INNER PRODUCTS, NORMS, AND ORTHOGONALITY

2 >
6
vectorize 1
1 3 9
3
7
0| 5 0
3 X 3 image xr c RY

Figure 1.2. Vectorization. A 3 x 3 image is read out row by row into a single column vector in R?; the same recipe turns a
28 x 28 digit into a vector in R734.

1.2.1 Data as vectors: vectorization

Any structured datum must be vectorized before a linear model can use it. A grayscale image is a grid of pixel
intensities; stacking its rows (or columns) end to end turns the grid into a single tall vector. A 28 x 28 image, the
size of a handwritten digit in the MNIST dataset, becomes a vector in R™* because 28 x 28 = 784 (Fig. 1.2). A
color image with three channels becomes a 3-tensor (Section 1.7) and, flattened, a still longer vector. The price of
vectorizing is that spatial structure (which pixels are neighbors) is scrambled into coordinate positions; recovering
that structure is part of what convolutional networks do. For the linear models of this book, the vectorized form is
the input.

1.2.2 Basis and coordinates

The entries of a vector are not absolute numbers; they are coordinates with respect to a basis. The standard basis of

R™ is the set {e1,...,e,}, where e; has a 1 in position ¢ and zeros elsewhere. Every vector expands uniquely as
n
r = z1e1+x0€2+ -+ T0E, = Zml e, (1.3)
i=1

which simply restates that z; is the amount of e; in @ (Fig. 1.1). Other bases are possible and often far more useful:
the right basis can make data look simple. Principal component analysis (Chapter 11) is, at heart, the search for a
basis in which the data’s variation lines up with the coordinate axes, and the singular value decomposition (Chap-
ter 4) finds, for any matrix, the pair of bases in which it acts most simply. Choosing coordinates well is a recurring
theme of the whole subject.

1.3 Inner products, norms, and orthogonality
To do geometry, length and angle, we need one more operation. Remarkably, both come from a single one.

Definition 1.2 (Inner product and norm). The inner product (or dot product) of x,y € R™ is the scalar
n
(@my) =a'y = leyl
i=1
The Euclidean norm (or £2 norm) of x is
n g\1/2
lall = llell: = v @) = (20, a2)

the length of the arrow. More generally the £, norm is ||z|, = (Zi|mi\p)1/p for p > 1, with the special cases p = 1
(sum of absolute values) and p = oo (largest absolute entry, ||| = max;|x;]).

The inner product measures alignment, and the norm measures size, and the two are tied together by the angle.
Writing ¢ for the angle between x and y,

(z, y) = |zl [lyll cos ¥, (1.4)
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I .

Yy

alignment = ||z||||y|| cos ¥ >

Figure 1.3. Left: the inner product as alignment. The signed length of the shadow of x on y is (z, y) /||y||, and (z, y) =
[lz]|||ly|| cos¥. Right: the unit balls {x : ||z||, < 1} for p = 1 (diamond), p = 2 (circle), and p = oo (square). The shape of
the ball is what makes each norm behave differently, a fact that returns when sparsity-seeking ¢; penalties meet round /s

ones.

Norm Formula Unit ball Role

2 Zz|xl| diamond (corners on axes) promotes sparsity
1/2

lo (ZZ zf) / circle / sphere length, least squares

Loo max;|z;| square / cube worst-case error

Table 1.1. The three norms used throughout the book. The ¢3 norm is the default “length”; the ¢; and ¢~ norms appear
in regularization and robustness. See Deisenroth et al. [5, Ch. 3].

so the inner product is large and positive when the vectors point the same way, large and negative when opposite,
and exactly zero when they are perpendicular. Two vectors with (x, y) = 0 are orthogonal, written & L y. This
single notion, orthogonality, organizes least squares (Chapter 2), the spectral theorem (Chapter 3), and principal
components (Chapter 11).

The three norms are compared in Table 1.1; their differently shaped unit balls (Fig. 1.3) are not a curiosity but the
reason different norms produce different solutions to the same fitting problem.

The single most-used inequality in the subject bounds the inner product by the norms.

Theorem 1.3 (Cauchy—Schwarz inequality). For all ,y € R", |(z, y)| < ||z| ||y||, with equality if and only if
x and y are linearly dependent (one is a scalar multiple of the other).

Proof. If y = 0 both sides are zero. Otherwise, for every ¢t € R the squared norm of  — ty is nonnegative:
0< |l —ty|* = (& — ty, @ — ty) = [|=[* - 2¢ (z, y) + £*||y[|*.

2
The right-hand side is a quadratic in ¢ that is never negative, so its discriminant cannot be positive: (2 (z, y)) -

4lly|Plx]? < 0, ie. (x, y)* < |lz|*|ly||*. Taking square roots gives the inequality. Equality forces the discriminant
to vanish, so the quadratic has a real root t, with || — t,y||*> = 0, that is & = t,y, which is linear dependence. |

A direct consequence is the triangle inequality ||z + y|| < ||z|| + ||ly||: expanding, ||z + y||> = |lz|* + 2 (z, y) + [|y[|* <
llz)|% + 2|l ||yl + |wlI* = (||l=]| +||y|])?, where the middle step is Cauchy—Schwarz. Geometrically: no side of a triangle
is longer than the sum of the other two.

Example 1.4 (Norms and angle on numbers). Take = (3, —4,12). Its three norms are

lzlls = 3]+ |—4] + 12| =19,  |lz]2 = /32 +42 + 122 = V169 = 13,  ||&/|oo = max(3,4,12) = 12,

and they obey ||z]s < |||z < ||z|/1, the universal ordering (the more terms a norm adds up, the larger it is). For
the angle between u = (3,4) and v = (4, 3), the inner product is (u, v) = 12 + 12 = 24 and both have length 5, so

cost¥ = (u,v) 24 0.96, ¥ = arccos(0.96) &~ 16.3°.
[ulll[of 25
The vectors are nearly aligned, as their near-equal coordinates suggest. Had we taken v = (1,2,2) and v =

(2,0,—1), then (u, v) =2+ 0—2 =0, giving ¥ = 90°: orthogonal.
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Example 1.5 (Gram—Schmidt: building an orthonormal basis). Orthonormal bases make everything down-
stream easier, because in such a basis a projection is just a dot product and a coordinate is just a component.
Gram—Schmidt is the procedure that turns any independent set into an orthonormal one, peeling off the part of
each new vector that the earlier ones already explain. Apply it to

ar=(1,1,0), ax=(1,0,1), as=(0,1,1).
Step 1, normalize a;. Its length is ||a;1]| = V12 + 12 + 02 = /2, so
q ai 1
1=+ = —
ladl V2

Step 2, remove the gi-part of as. The overlap is (a2, q1) = f(l +0+40) =

(1,1,0).

f’ so the leftover is

m:ar(az,q1>q1:(1,0,1)—%-%(LLO)z(Lo,l) 5(1,1,0) = (5. -3.1)-

Its length is |Jvz|| = /% i+13 141 = f 2 , giving g2 = %(1 —1,2). Step 3, remove both parts from as.
Here (as, q1>—ﬁ(0+1+0)—\%and (as, g2) = \F(O_1+2) f,so

UB:a?’_%ql_%qZ:(O?lvl) (1 1 0) %( _1?2):(_§7§7%)

With ||vs]| = /3 (2/3)2 = % we get g3 = %(—1,17 1). A quick check confirms the payoff: (q1, q2) = (q1, q3) =
(g2, @3) = 0 and each ||g;|| = 1, so {q1, g2, g3} is an orthonormal basis of R*. Stacking the g; as columns of Q and
recording the overlaps in an upper-triangular R gives exactly the QR factorization A = QR that powers numerically
stable least squares (Chapter 2).

1.4 Matrices as linear maps

A matrix is usually introduced as a rectangular array of numbers. The far more useful idea, and the one the whole
course rests on, is that a matrix is a function: it eats a vector and returns a vector, doing so linearly.

Definition 1.6 (Matrix). A matriz A € R™*" is an array of mn real numbers with m rows and n columus,

with entry a;; in row 4, column j. We write A = [a1 a2 -+ an] to name its columns a; € R™, and its rows as
T T
TLyeeey e

Definition 1.7 (Linear map). A matrix A € R™*" defines a map A : R* — R™ by  + Az. This map is linear:
for all &, z € R™ and scalars «, 8 € R,
Alax + fz) = aAx+ [ Az. (1.5)

Conversely, every linear map from R" to R™ is multiplication by a unique matrix, whose jth column is the image
Ae; of the jth basis vector.

Example 1.8 (A rotation is a linear map). Rotation of the plane by 90° counterclockwise is the linear map
with matrix R = [9 '], found by rotating the basis vectors: e; = (1,0) — (0,1) and ez = (0,1) — (—1,0)
become the columns. Applying it, R(3,2)" = (=2,3)", the point (3,2) swung a quarter turn. Linearity is visible:
rotating 2u + v is the same as rotating each and combining, R(2u + v) = 2Ru + Rwv, because rotation preserves
the parallelogram of vector addition. Notice R has no real eigenvectors (every nonzero vector genuinely turns), and
indeed its eigenvalues are the complex pair e¥?™/? = +4 (Exercise 3.5); a real 2 x 2 matrix need not have any real
eigenvalue, even though a real 3 x 3 one must.

Intuition. A linear map is one that respects the vector-space operations: it does not matter whether you add and
scale first and then apply A, or apply A first and then add and scale. This is exactly why the standard basis deter-
mines everything: once you know where A sends each e;, linearity forces where it sends every other vector, namely
the same combination of the images. A matrix is just a table of those images, one per column.

The product Az has two readings we use constantly. The row reading computes entry i of the output as the inner
product of row ¢ with @, namely (Ax); = r @ = Z]. a;jx;. The column reading sees the output as a combination of
the columns of A:

A.’I? = x1a1—|—:c2a2—|—---—|—xnan = ZZL']' aj. (16)
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View Formula What it reveals

Entrywise (row X column) Cj; = Zk A By how to compute by hand or code
Columnwise C =[Aby --- Abg] each output column is a combination of A’s columns

Rank-one expansion C=3,arb] C is a sum of rank-one tiles (the SVD’s view)

Table 1.2. Three equivalent views of the product AB. They agree as numbers but emphasize different structure; the rank-
one view drives Chapter 4.

The column reading in Eq. (1.6) is the one to keep in mind: applying A to « mixes the columns of A using the
entries of « as the recipe. It tells you immediately which outputs are reachable, the point we develop in Section 1.6.

1.5 Three views of matrix multiplication

Let A € R™*™ and B € R"*?. Their product C = AB € R™*? can be seen three equivalent ways, summarized
in Table 1.2. Each computes the same numbers, but each makes a different structure obvious, and fluency means
switching between them at will.

1.5.1 View 1: entrywise (row times column)

The textbook definition sets entry (i,5) of C to the inner product of row ¢ of A with column j of B:

k=1

This is how code computes a product, but it hides the geometry.

1.5.2 View 2: columnwise (apply A to each column of B)

Writing B = [by -+ bq] by its columns and applying the column reading Eq. (1.6) one column at a time,
n
C=AB=[Aby Aby --- Ab,|,  Ab;= Z(bj)k a. (1.8)
k=1
Each column of the product is a linear combination of the columns of A. In machine learning, multiplying a feature
matrix by a weight vector produces a combination of feature columns, and thinking in column space tells you when
a target can be matched.

1.5.3 View 3: the rank-one expansion (outer products)

Group the entrywise sum Eq. (1.7) by the summation index k rather than by output position. The kth term con-
tributes column k of A times row k of B:

AB = Zak by (1.9)
k=1

where each axb] € R™*? is an outer product, a rank-one matrix (Section 1.6). To check that Eq. (1.9) agrees with
Eq. (1.7), read off entry (i,j) of the right side: >, (axby )i; = Y, (ar)i(br); = Y., AiBr; = Cij.
Example 1.9 (One product, three ways). Let A = [_21 i] and B = [_02 §]

View 1 (entrywise). Ci1 = 2(0) 4+ 3(—2) = —6, Ci2 = 2(5) + 3(3) = 19, Cz1 = (—1)(0) + 4(—2) = -8,
Cor = (—1)(5) +4(3) =T7,50 C = [ 3]

View 2 (columnwise). With b1 = (0, —2)T and bs = (5,3)7,

3] f]- [ oo [2] o[- 2
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and stacking these columns reproduces C.

View 3 (rank-one tiles). With columns a; = (2,—1)7, a2 = (3,4)" of A and rows b] = [0 5],b3 = [—2 3] of B,

+ fo 10 + [-6 9
it =) 1), war =[S 2],

and their sum is again [:g 179]. The three views are three bookkeepings of the same arithmetic.

Example 1.10 (A 3 x 3 product, every entry). With larger matrices the row-by-column rule is the same; only the
bookkeeping grows. Let

A=

N O =
O =N

0
3, B=
1

S N =
== o

1

0

1

Each entry Cj; = Zizl A;rBij is the dot product of row ¢ of A with column j of B. Working the first row of C:
Ci1=11422400=5, Ci2=10+21401=2, Ci3=11+20+01=1.

The second row uses row (0,1, 3) of A:
Co1=01+124+30=2, Cp=00+11+31=4, Coi3=01+10+31=3.

The third uses row (2,0, 1):
C31=21402+10=2, C32=20+014+11=1 C(C33=21+00+11=3.

Collecting the nine numbers,

AB =

NN Ot
o N
wW W =

321
Note AB # BA in general: recomputing BA here gives [3 5 2} , a different matrix, so the order of multiplication

matters even when both products are defined.

The rank-one view is not a curiosity. Modern hardware performs vast numbers of rank-one-like updates, and the
search for matrix-multiplication algorithms that use fewer multiplications is exactly the search for shorter sums of
rank-one tiles; see the aside in Section 1.12.

1.6 Rank, span, and column space

Definition 1.11 (Linear independence and span). Vectors v1,...,v; € R™ are linearly independent if the only
scalars with Zl c¢;v; =0 are ¢c; = --- = ¢ = 0. Their span is the set of all linear combinations, span{vi,...,vs} =
{ZZ civi | ¢ € R}7 a subspace of R™. The dimension of a subspace is the number of vectors in any basis (any
maximal independent subset).

Definition 1.12 (Column space, row space, rank). The column space of A € R™*™ is Col(4) =
span{ai,...,an,} C R™, the span of its columns. The row space Row(A) C R" is the span of its rows. The
rank is rank(A) = dim Col(A), the maximum number of linearly independent columns.

Intuition. The column space is the set of places A can reach. By the column reading Eq. (1.6), the outputs Az are
exactly the combinations of the columns of A; nothing outside their span is attainable, no matter what x you feed
in. Rank counts how many genuinely independent directions of output A has. A tall matrix with rank r maps all of
R™ onto an r-dimensional sheet inside R™, and that sheet is where the answer to any equation Az = b must live.

Proposition 1.13 (Solvability). The system Az = b has a solution if and only if b € Col(A). If rank(A) = r < m,
the reachable set is only an r-dimensional subspace of R™, so most targets b are unattainable exactly.

Property 1.14 (Core facts about rank). For A € R™*™ and conformable B:
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Col(A) =/span{a; }

closest point

Ax N

b (target)

Figure 1.4. The column space of A = [é zl} is the line span{(1, 2,3)} (drawn schematically). Every output Az lies on

this line, so a target b off the line cannot be hit exactly. The best we can do is the closest point on the line, the orthogonal
projection of b onto Col(A), the subject of Chapter 2.

O

(i
(ii nk(AT) (row rank equals column rank, Exercise 1.3);

) ) < min{m, n};

) ra
111) ran ) < min{rank(A), rank(B)};

)

< rank(A
nk(A) =
k(A
A € R™*™ is invertible if and only if rank(A) = n (full rank).

lV

Example 1.15 (Rank, column space, and null space by elimination). Let A = [é ?11 :ﬂ Row-reduce: the

operation Ry « Ry — 2R, wipes out the second row (it was twice the first), leaving

reduce

1
A——— |0
0

S =N
O = W

There are two pivots (columns 1 and 2), so rank(A) = 2. Column space. A basis is the two pivot columns of the
original A, a1 = (1,2,0) and a2 = (2,4, 1); the third column is dependent, az = a1 + a2 = (3,6,1), so Col(A) is
the plane span{ai, az} C R®. Null space. Solve Az = 0 from the reduced rows: z2 + 23 = 0 gives 2o = —x3, and
x1 + 222 + 3z3 = 0 gives 1 = —2x2 — 3z = —x3. With x3 free, x = 23(—1,—1,1), so Nul(4) = span{(1,1,—-1)},
one-dimensional. One checks A(1,1,—1)" = (142-3, 24+4—6, 0+1—1)" = 0. Rank-nullity. rank(A)+dim Nul(A) =
241 =3 =mn, as the theorem requires: each of the three columns either adds a new output direction (the two pivots)
or records a dependence (the one free variable).

Example 1.16 (Testing independence with a determinant). For n vectors in R", the fastest independence
test is the determinant of the matrix that has them as columns: the vectors are independent exactly when that
determinant is nonzero (equivalently, the matrix is invertible, Table 1.3). Independent set. Stack v1 = (1,1,0),
ve = (1,0,1), vs = (0,1,1) as columns and expand along the first row:

Lo 0 1 11
det |1 0 1| =1det — 1det +0=1(0-1)—-1(1-0)=—-2#0,
0 1 1 11 0 1

so the three vectors are linearly independent and span all of R3. Dependent set. For w; = (1,2,3), we = (2,4,6),
ws = (1,1,1), the second column is exactly twice the first, w2 = 2wi, so the columns are dependent and the
determinant must be 0 (a matrix with a repeated direction collapses volume to zero, Fig. 1.5). No computation
past spotting we = 2w is needed. The determinant thus answers “do these vectors point in genuinely different
directions?” with a single number: nonzero means yes, zero means at least one is redundant.

10
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1.6.1 Rank-one matrices: the atom

A matrix has rank one exactly when it is a single outer product uv' with « # 0, v # 0. Every column of uv' is

a multiple of u (the jth column is v;u), so its column space is the line span{u} and its rank is 1. View 3 of multi-
plication (Eq. (1.9)) then says: every matrix is a sum of rank-one atoms. The singular value decomposition (Chap-
ter 4) makes that sum canonical, using orthogonal atoms ordered by importance, and that is the single most useful
structural fact in the book.

1.7 Tensors

A tensor generalizes the progression scalar, vector, matrix to higher order. A scalar is a 0O-tensor, a vector a

1-tensor, and a matrix a 2-tensor. A color image of height H and width W with three channels is a 3-tensor in
RIXWX3 "and a batch of such images is a 4-tensor. Formally a tensor is a multilinear map, linear in each argument
separately. We will not need the full machinery, but the word recurs in two places: the data fed to vision models is

tensor-shaped, and the cost of matrix multiplication is governed by the rank of a particular 3-tensor (Section 1.12).

1.8 The determinant

Definition 1.17 (Determinant). The determinant det(A) of a square matrix A € R™*™ is the unique scalar
function of the rows of A that is (i) linear in each row separately, (ii) zero whenever two rows are equal, and (iii)
equal to 1 for the identity. For small matrices,

a b ¢
det {Z b]_ad—bc, det |d e f| =a(ei— fh)—b(di— fg)+ c(dh — eg),
g h

d :
i
the 3 x 3 formula being the cofactor expansion along the first row.

2

Example 1.18 (A 3 x 3 determinant, expanding along the sparsest line). Compute det[% % %] Cofactor

expansion costs less along a row or column with zeros, and the third row (1,0,0) has two, so expand there:

1 1

det =1-Cs51+0-Cs2 40 Css, Cs1 :(—1)3+1det |:3 9

]—+(1-2—1-3)_—1,

so det = —1. As a check, expanding along the first row instead,
23-0-2-0)—1(1-0—-2-1)4+1(1-0-3-1)=0+2-3= -1,

the same value. Since det # 0, the matrix is invertible and its rows (equivalently columns) are linearly independent.

Property (i) is what we mean by the determinant being multilinear, verified explicitly for n = 2 in Exercise 1.5. The
determinant carries two pieces of information we care about.

o Invertibility. A is invertible if and only if det(A) # 0. For 2 x 2 the inverse is

— [d _b], (1.10)

ad —bc |—c a

which exists exactly when ad — be # 0.

e Volume. |det(A)| is the factor by which the linear map A scales volume. The unit cube of R™ maps to a par-
allelepiped of volume |det(A)|, and the sign of det(A) records whether orientation is preserved (Fig. 1.5). If
det(A) = 0, the map flattens space into a lower-dimensional set, collapsing volume to zero and destroying the
information needed to invert.

11
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asz

area |det A|

area 1

ey
unit square image parallelogram
Figure 1.5. The determinant as signed area. The map A sends the unit square (area 1) to the parallelogram spanned

by the columns a1, a2 of A, whose area is |det A|. When det A = 0 the parallelogram collapses to a segment and A is not
invertible.

For a square matrix A € R"*", the following are equivalent:

A is invertible det(A) #0

rank(A) = n (full rank) the columns of A are linearly independent
Ax = b has a unique solution for every b the only solution of Az =0is x =0
Col(A) =R" 0 is not an eigenvalue of A (Chapter 3)

Table 1.3. The invertible matrix theorem: a dozen ways of saying the same thing. Any one fails exactly when all fail.

1.9 Invertibility and conditioning

Definition 1.19 (Inverse). A square matrix A € R™*" is snvertible (nonsingular) if there is a matrix A~ with
AA™Y = A7'A = I,,. When it exists, the inverse is unique.

Invertibility has many equivalent faces, collected in Table 1.3; this list is sometimes called the invertible matriz
theorem, and it is worth knowing because a question phrased in terms of one condition is often easiest to answer
through another.

Remark 1.20 (Singular matrices are rare but dangerous). The map A — det(A) is continuous in the entries of A.
The invertible matrices {A : det A # 0} therefore form an open set: a small perturbation of an invertible ma-
trix stays invertible. The singular matrices {A : det A = 0} form a closed, measure-zero set, a thin surface in the
n2-dimensional space of matrices, so a random matrix is invertible with probability one. The danger is near that
surface: matrices close to singular are invertible in principle but #li-conditioned, and their inverses are enormous and
numerically unstable. The sensitivity is measured by the condition number xK(A) = omax/0min (Chapter 4); a large
% means small errors in the data can produce large errors in A71b, the central concern of numerical linear algebra
[24].

Example 1.21 (A near-singular family). Consider A. = H 1J1rg], with det(A:) = (1)(1+¢) — (1)(1) = e. For every
€ # 0 it is invertible, with AZ! = 1 [1_+f 711] by Eq. (1.10). As € — 0 the determinant tends to zero and the entries
of AZ! blow up like 1/e. The matrix never stops being invertible until € = 0 exactly, yet the inverse becomes useless
long before then. This is the practical reason we avoid forming inverses when we can, preferring the least-squares
machinery of Chapter 2.

1.9.1 Computing the inverse by Gaussian elimination

When an inverse is genuinely needed, the reliable hand method augments A with the identity and row-reduces until
the left block becomes the identity; the right block is then A~

[A|I] _row operations [I|A71]
The allowed row operations (scale a row, swap two rows, add a multiple of one row to another) are each invertible

linear maps, so the relationship between the two blocks is preserved throughout. (That this elimination, not some
cleverer scheme, was long believed optimal is the very assumption Strassen overturned; see Section 1.12.)

12
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Example 1.22 (A full 3 x 3 inverse, every step). Let A = [—(2)1 i g} Augment with I3 and reduce.
1 1
2 1 0|1 0 O R i 1 5 0]3 00
-1 1 1{01 00— | -1 1 10 1 O
0 2 3|0 0 1 0 2 3|0 0 1
1 0]3 0 104+ o0 0
fenfath, | § 1 § T i i § 1 2 1 0
5 2 4
0 2 3|0 0 1 0 0 3 5 —3 1
1 2 0] 43 0 o0 1 2 L0 o0
R3— £ R: 2 2 _ 2 2
Rt ki O O O O DB =N IR SV (A R
2 4 3 2 4 3
00 1f-5 -5 3 00 1]-5 -5 3
1 2 0] 4+ 0 0 1 oo+ -2 1
Ry—2Rp 0 i 0 § % _% Ri—Ri1—1iRs |: 01 0 § gs _5%
2 4 3 2 4 3
0 0 1]-5 -5 3 00 1|-5 -5 3
1 -3 1
The left block is now I3, so A™! = % [ 555 } One verifies AA™! = I3 directly.

1.10 The trace

Definition 1.23 (Trace). The trace of a square matrix A € R™*™ is the sum of its diagonal entries, tr(A)

5 =
> @i

The trace is linear, tr(aA + 8B) = atr(A) + S tr(B), and it satisfies the cyclic property
tr(AB) = tr(BA) (1.11)

whenever both products are square (Exercise 1.8). Two facts we will use repeatedly, both proved once we have
eigenvalues in Chapter 3: the trace equals the sum of the eigenvalues, and the determinant equals their product.
The trace also turns the squared Frobenius norm of a matrix into tr(A'T A) =

a > which is how least-squares
costs get differentiated in Chapter 8.

1.11 The linear model for supervised learning

We can now state the central computational problem of the first part of the course. Stack the m training inputs
from Eq. (1.2) as the rows of a design matriz, and the targets as a vector:

(36(1))T y®
($(2))T mxXn y(2) m

X = . eR , y= . e R™. (1.12)
(@t T )

A linear model posits that the target is approximately a linear function of the features, hg(x)

= 0"z with parame-
ters @ € R™, so that for all examples at once

§=X0~uy. (1.13)

Learning means choosing 6. The tempting move is to solve X0 = y by inverting X, but this fails for structural
reasons, each an instance of something in this chapter:

o X is usually tall (m > n, far more examples than features), so it is not square and has no inverse;

e even when m = n, X may be singular or, by Remark 1.20, so close to singular that its inverse is meaningless;

« real data is noisy, so exact equality X6

= y generally has no solution at all, because y ¢ Col(X) (Proposi-
tion 1.13).

13
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The way out, developed in Chapter 2, is to stop demanding equality and instead make X@ as close as possible to y
in the Euclidean sense,
min [|X0 - y]3, (1.14)
6cR"

which by Fig. 1.4 amounts to projecting y onto the column space of X. That projection, the resulting normal equa-
tions, and the pseudoinverse that solves them are the next chapter.

1.12 Aside: AlphaTensor and the rank-one view

Enrichment: how fast can we multiply matrices?

The number of scalar multiplications needed to multiply two matrices is a rank problem in disguise, which is
why the rank-one expansion Eq. (1.9) is worth internalizing.

Multiplying two 2 x 2 matrices the obvious way uses 8 scalar multiplications. In 1969 Strassen found a scheme
using only 7, which, applied recursively to large matrices, gives a genuinely faster algorithm and overturned
the belief that ordinary Gaussian elimination was optimal [22]; Winograd later showed 7 is optimal for 2 x 2
over the reals. The task of multiplying n X n matrices is encoded by a fixed three-dimensional tensor 7, and
an algorithm corresponds to writing 7 as a sum of rank-one tensor terms, one term per scalar multiplication.
Fewer terms means a faster algorithm. In 2022 DeepMind’s AlphaTensor framed this as a single-player game
and trained a reinforcement-learning agent to peel off rank-one terms until the tensor vanished, rediscovering
Strassen’s algorithm and, for 4 x 4 matrices over Zs, beating the previous record with 47 multiplications instead
of 49 [7]. The lesson for us is the lens: complicated computation, decomposed into rank-one atoms, the same
lens the SVD will turn on every matrix in Chapter 4.

1.13 Summary

o Data becomes a vector by vectorization; a dataset becomes the design matrix X of Eq. (1.12). Vectors carry
coordinates with respect to a basis, and the inner product supplies length, angle, and orthogonality.

o A matrix is a linear map. Reading Az as a combination of columns (Eq. (1.6)) shows the reachable outputs form
the column space Col(A).

e Matrix multiplication has three faces: entrywise, columnwise, and the rank-one expansion AB = Zk apb]
(Table 1.2). Rank-one matrices are the atoms from which every matrix is built.

¢ Rank counts independent columns and equals the rank of the transpose. The determinant tests invertibility
(Table 1.3) and measures volume; near-singular matrices are invertible but ill-conditioned.

e The supervised linear model X0 = y usually cannot be solved by inversion, which motivates least squares (Chap-
ter 2).

Exercises

; 2 —1 -2 2 1
Exercise 1.1. Let A = [74 5 73] and B = [_71 23
combinations of the columns of A, and (c) as a sum of rank-one outer products. Verify all three agree.

}. Compute AB three ways: (a) entrywise, (b) as linear

Solution. (a) Entrywise, using Eq. (1.7): (AB)11 =2(2) + (—1)(-1) + (=2)(7) = =9, (AB)12 =2(-1) + (-1)(2) +
(—2)(=3) =2, (AB)a1 = —4(2)+2(—1)+(=3)(7) = =31, (AB)22 = —4(—1)+2(2)+(-3)(-3) = 17, s0 AB = | =5 /%]

(b) Columnwise. With by = (2,-1,7)", by = (=1,2,-3)" and columns a; = (2,-4)",a2 = (-1,2)",a3 =
(_27 _S)Tv

Aby = 2a1 — a2 + Taz = [_31] ) Aby = —a1 +2a2 — 3a3 = [17] .
(¢) Rank-one expansion, with rows b = [2 —1],b2T =[-1 2],133T =[7 -3 a1b] + axb] + azb] = [:18 742] +
[,12 712] + [:%}1 8] =S [:391 127], matching (a) and (b). O
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EXERCISES

Exercise 1.2. Let b,c € R and define T : R®* — R? by T(z,v,2) = (2¢ — 4y + 32 + b, 6z + cayz). Show that T is
linear if and only if b = ¢ = 0.

Solution. (<) Ifb=c=0,T(z,y,z) = (2x — 4y + 3z, 6x). Each output coordinate is a linear function of (z,y, z), so
T(aui + Buz) = aT(u1) + BT (u2) holds coordinatewise, i.e. Eq. (1.5).

(=) If T is linear, additivity holds. Comparing first coordinates of T(u1 + u2) = T(u1) + T(u2) and cancelling
the common linear terms leaves b = 2b, so b = 0. Comparing second coordinates and cancelling 6(z1 + z2) leaves
c(z14z2)(y1+y2)(z1422) = c(x1y121 + T2y222); taking w1 = ue = (1,1,1) gives 8¢ = 2¢, so ¢ = 0. Hence linearity
forces b=c=0. |

Exercise 1.3. Show that for any A € R™*" the number of linearly independent rows equals the number of linearly
independent columns (row rank equals column rank).

Solution. Let r be the column rank, with c1, ..., ¢, a basis of Col(A) collected as the columns of C € R™*".
Each column a; of A lies in Col(A), so a; = Cf; for a coordinate vector f;; assembling the f; as the columns

of F € R™*" gives the factorization A = CF. Reading this rowwise, row i of A is a combination of the r rows of
F, so the row rank is at most 7. Applying the same argument to A" gives column rank at most row rank. The two
inequalities force equality, so rank(A) = rank(AT). O

Exercise 1.4. Show that for any A € R™*" rank(A™ A) = rank(A).

Solution. Both A and AT A have n columns, so by rank-nullity it suffices to show Nul(A" A) = Nul(A). If Az =0
then AT Az = 0, giving Nul(4) C Nul(A" A). Conversely, if AT Az = 0, left-multiply by ': 0 = ' AT Az =
||Az||3, so Az = 0, giving the reverse inclusion. Equal null spaces give equal dimension, and subtracting from n
yields rank(AT A) = rank(A). This is exactly what guarantees the matrix X ' X in the normal equations of Chap-
ter 2 is invertible whenever X has full column rank. O

Exercise 1.5. Show that for a 2 x 2 matrix the determinant is a multilinear function of the rows: it is linear in each
row when the other is held fixed.

Solution. Write the rows as r1 = (a,b), 72 = (¢, d), so det = ad — be. Fixing r2 and varying the first row,
det [‘”‘1:;‘3’"3] = (aa + Ba’)d — (ab + Bb')c = alad — be) + B(a’d — b'c), which is adet[r;r2] + 8 det[ry;r2]. By
the symmetric computation it is also linear in the second row. Hence the determinant is multilinear in the rows. [0

Exercise 1.6. Given det [; :le] = 17, compute det [2";51’ 5‘5’22‘1]

Solution. The hypothesis is det [Z :’;] = a(—q) — (—d)(p) = dp — aqg = 17. Expanding the target, det [2“;51’ 5‘1;2‘1] =

(2a+ 5p)q — (5q + 2d)p = 2aq + 5pq — 5pq — 2dp = 2aq — 2dp = —2(dp — aq) = —2(17) = . The cross terms cancel
because the determinant is multilinear (Exercise 1.5): the new matrix differs from a simpler one by row operations
that scale the determinant predictably. a

Exercise 1.7. Let u € R™ and v € R”™ be nonzero. Show the outer product uv ' has rank exactly 1, and identify
its column space.

Solution. The jth column of uv ' is vju, a scalar multiple of u, so every column lies in span{u} and Col(uv ") C
span{u}. Since v # 0, some v; # 0, making that column v;u # 0; hence the column space is exactly the line
span{u}, which is one-dimensional, so rank(uwv ") = 1. This is why each term axb;, in Eq. (1.9) has rank one. O

Exercise 1.8. Prove the cyclic property Eq. (1.11): for A € R™*™ and B € R"*™, tr(AB) = tr(BA).

Solution. Both AB and BA are square. Swapping the order of two finite sums,

n n

tr(AB) = zm:(AB)n- = Zm: iAikBki = Z iniAik = Z(BA)kk = tr(BA).

i=1 k=1 k=1 i=1 k=1
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1. VECTORS, MATRICES, AND LINEAR MAPS

Exercise 1.9. Let X = H (ﬂ and y = (1,2,0)7. (a) Is there a 8 with X0 = y exactly? (b) If not, describe

geometrically what least squares Eq. (1.14) will return.

Solution. (a) A solution exists iff y € Col(X) (Proposition 1.13). The columns (1,1,1)" and (0,1,2)" span a plane
in R®. Matching X0 = y forces §; = 1 (row 1) and 62 = 1 (row 2), but then row 3 needs 1 + 2 = 0, false. So

y ¢ Col(X) and there is no exact solution. (b) Least squares returns the 8 whose prediction X8 is the orthogonal
projection of y onto the plane Col(X), the closest reachable point. Solving the normal equations (Chapter 2) gives
6= (3,-1)7, prediction X0 = (3,1,1)", and residual y — X0 = (—%,1,—1)" orthogonal to both columns of X. O
Exercise 1.10. Let B = {b1, b2} with by = (1,1) and b2 = (1,—1). (a) Show B is a basis of R%. (b) Find the
coordinates of v = (3,1) in B, the scalars (c1, c2) with v = ¢1b1 + c2bs.

Solution. (a) Stack the vectors as columns: det[} 711] = (1)(—1) — (1)(1) = —2 # 0, so the two vectors are linearly
independent, and two independent vectors span R?, hence B is a basis. (b) The equation c1b1 + c2b2 = v is the linear

1 1] |a| _|3 . c1+c2=3
1 -1 C2 | c1—co = 1.

Adding the equations gives 2¢; = 4, so ¢1 = 2 and then ¢ = 1. The coordinate vector is [v]g = (2,1), and indeed
2(1,1) + 1(1,—1) = (3,1). Because B is orthogonal (b{ b = 1 — 1 = 0) the coordinates can also be read off by
T

system

b, . . _ .
projection, ¢; = ZT—b, giving ¢ = 3%1 = 2and c2 = % = 1 with no system to solve at all. That shortcut
is exactly why orthlogonal bases, and the Gram—Schmidt process of Example 1.5 that builds them, are worth the
trouble. g

Exercise 1.11. Find the inverse of A = [4 3] using the closed-form 2 x 2 rule, and verify AA™! = 1.

Solution. For a 2 x 2 matrix [ 4] the inverse is

d —b
—c a

1
wd —be ]: swap the diagonal, negate the off-diagonal, and
divide by the determinant. Here det A = 4(2) — 3(2) =2 # 0, so A is invertible and

12 =3 |1 -2
A 2{—2 4}[—1 2 |

3
Checking, AA™! = [43 11 _25} = [3:% :Sii} = [§9]. The determinant in the denominator is why a singular

matrix (det = 0) has no inverse: the formula would divide by zero, the algebraic shadow of the geometric fact that a
zero-determinant map collapses area and cannot be undone. O
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CHAPTER 2

Least Squares, Projections, and the
Pseudoinverse

When you cannot reach the target, aim for the closest point you can reach.

the geometry of least squares

Chapter 1 ended with a problem it could not solve: the regression system X6 = y usually has no exact so-
lution, because the target y rarely lies in the column space of X. This chapter resolves it three ways at once.
We minimize the squared error instead of demanding equality (the algebra), read the solution as an orthogo-
nal projection of y onto Col(X) (the geometry), and recognize it as the maximum-likelihood estimate under
Gaussian noise (the statistics). The normal equations, the projection matrix P = AAT, the Moore—Penrose
pseudoinverse, ridge regularization for when the problem is ill-posed, and the practical QR route all fall out of
these three views. We close with why nobody forms these inverses directly at scale.

Suggested reading: Deisenroth et al. [5], Chapter 3 and Section 9.2; Strang [21] for the projection picture;
Hastie et al. [11, Ch. 3] for ridge regression.

2.1 The least-squares problem

We study the general problem of solving Az = b when no exact solution exists. To fix notation, A € R™*" is
a known matrix, b € R™ a known target, and € R"™ the unknown we solve for. This is exactly the regression

problem of Section 1.11 under the dictionary
A = X (design matrix), x = 0 (parameters), b = y (targets), (2.1)

so everything below applies verbatim to fitting a linear model. The reason an exact solution typically fails to exist
bears repeating from Proposition 1.13: a solution to Az = b exists if and only if b € Col(A), and when m > n the
column space is a thin n-dimensional (at most) sliver of R™ that a noisy target almost never lands in. The system
is overdetermined and generally inconsistent.

Intuition. Picture the columns of A as a small set of directions in a high-dimensional room. Every prediction Ax is
some combination of those directions, so the reachable predictions fill out a low-dimensional floor, the column space.
The target b floats somewhere above the floor. We cannot reach it, but we can stand on the floor directly beneath
it. That spot, the foot of the perpendicular, is the least-squares answer. The whole chapter is this one picture made
precise.

The fix is to ask for the best approximation rather than equality. We choose x to minimize the squared Euclidean
distance between the prediction Az and the target b:
min ||Az — b||3. (2.2)
xcR™
m

The quantity r = b — Az is the residual, and Eq. (2.2) minimizes |[r||3 = >_7" 77, the sum of squared errors. The
same solution will turn out to wear three hats, summarized in Table 2.1 and proved over the next several sections.
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2. LEAST SQUARES, PROJECTIONS, AND THE PSEUDOINVERSE

View Statement ‘Where
Algebra x* solves the normal equations AT Az = ATb Section 2.2
Geometry  Az* is the orthogonal projection of b onto Col(A) Section 2.3

*

Statistics x* is the maximum-likelihood estimate under Gaussian noise  Section 2.6

Table 2.1. One solution, three readings. Each view makes a different property obvious: the algebra computes it, the
geometry explains why it is best, and the statistics says when it is the right thing to compute.

2.2 The normal equations

The objective in Eq. (2.2) is a smooth function of x, so we minimize it by setting its gradient to zero. Expand

f(z) = ||Az — b3 = (Ax — b) " (Az — b)
=ax ATAzx —2b" Az +b'b, (2.3)
where we used (Az)"b = b’ Az (a scalar equals its own transpose). The gradient of each term follows from the
matrix-calculus identities developed in Chapter 8; for the symmetric matrix S = AT A we have Vm(a:TSw) = 2Sx
and Vz(b" Az) = ATb, so
Vf(z)=24" Az —2A"b. (2.4)

Setting V f(x) = 0 and dividing by 2 gives the normal equations.
Theorem 2.1 (Normal equations). Any minimizer «* of ||Ax — b||3 satisfies
ATAxz* = ATb. (2.5)

If A has full column rank (rank(A) = n), then AT A € R™ " is invertible and the minimizer is unique:

zt=(ATA) A b (2.6)

Proof. Stationarity of the convex quadratic f gives Eq. (2.5) directly from Eq. (2.4). The function f is convex be-
cause its Hessian V2f = 2A7 A is positive semidefinite (z' AT Az = ||Az||3 > 0), so a stationary point is a global

minimum (Chapter 8 makes this precise). For uniqueness, recall from Exercise 1.4 that rank(A' A) = rank(A); when
rank(A) = n the n x n matrix AT A has full rank and is therefore invertible, and Eq. (2.5) has the unique solution
Eq. (2.6). n

The matrix appearing in Eq. (2.6) has a name.

Definition 2.2 (Pseudoinverse, full-column-rank case). For A € R™*" with full column rank, the Moore—
Penrose pseudoinverse is

AT =(ATA) AT e RV, (2.7)
so that the least-squares solution is * = ATd. When A is square and invertible, AT = A™" because (AT A)7'AT =
ATHATYTTAT = 471

Section 2.10 gives the general definition that drops the full-rank assumption.
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2.3. THE GEOMETRY: ORTHOGONAL PROJECTION

b= Az* = Pb

= Col(A)

Figure 2.1. Least squares as orthogonal projection. The prediction b = Azx* is the point of the plane Col(A) closest to
the target b. The residual » = b — b meets the plane at a right angle, which is precisely the normal-equation condition
ATr=0.

2.3 The geometry: orthogonal projection

The algebra of Eq. (2.5) has a clean picture. The reachable predictions Ax sweep out the column space Col(A) as x
varies. Minimizing ||Az — b|| means finding the point of Col(A) closest to b. In Euclidean geometry the closest point
of a subspace to an external point is the foot of the perpendicular, the orthogonal projection.

The orthogonality is exactly the content of the normal equations. Rewriting Eq. (2.5) as AT (b — Az*) = 0, that is
ATr=o0, r=>b— Az", (2.8)

says that the residual r is orthogonal to every column of A, hence to all of Col(A). So the least-squares prediction
b = Ax* is the orthogonal projection of b onto Col(A), and the residual is what is left over in the orthogonal com-
plement Col(A)J‘. This is the content of Fig. 2.1: the dashed residual is perpendicular to the shaded plane, and any
other point of the plane would be reached by a longer (slanted) arrow from b, by the Pythagorean theorem.

Proposition 2.3 (Projection form of the solution). When A has full column rank, the least-squares prediction
is
b=Ax* = AATA) AT b= AA"b, (2.9)

and P = AAT = A(ATA)"' AT is the matrix that projects any vector orthogonally onto Col(A).

2.4 Projection matrices

We pause to study projection matrices in their own right, since they reappear in principal component analysis
(Chapter 11) and throughout.

Definition 2.4 (Projection and orthogonal projection). A matrix P € R™*™ is a projection (or idempotent)
if
P*=P.

If in addition P is symmetric, PT = P, then P is an orthogonal projection.

Idempotence is the algebraic statement that projecting twice does nothing new: once a vector lands in the target
subspace it stays put. Symmetry is what makes the projection drop perpendicularly rather than at an angle. The
distinction matters: a generalized inverse (Section 2.9) gives an idempotent AG that may be oblique, casting shad-
ows at a slant, while only the symmetric case casts them straight down.

Example 2.5 (Projection onto a line). Let u € R™ be a unit vector, ||u| = 1, and set P = uu'. For any v,
Pv=uu'v=(uv)u,

which is the component of v along u (Fig. 2.2). It is a projection since P> = u(u' w)u' = u(l)u' = P, and

orthogonal since PT = (uu')’ = uwu' = P. Its trace is tr(un') = tr(u'u) = ||u/> = 1, matching the one

dimension it projects onto. Think of a flashlight shining straight down: Pwv is the shadow of v on the line through
u.
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2. LEAST SQUARES, PROJECTIONS, AND THE PSEUDOINVERSE

T

Figure 2.2. Projection onto a line. With u a unit vector, P = uu' sends v to its shadow (u' v)u on the line span{u}.

The error v — Pv is perpendicular to the line. This rank-one P is the simplest orthogonal projection and the building block
of every other (Chapter 4).

Proposition 2.6 (Properties of P = AAT). Let A have full column rank and P = A(ATA)flAT. Then:

(i) P2 =P and P" = P (orthogonal projection);

(i) Range(P) = Col(A) and Nul(P) = Col(4)*;

(iii) every eigenvalue of P is 0 or 1, and tr(P) = rank(A);

(iv) I — P is the orthogonal projection onto Col(A)~, sending b to the residual r.

Proof. (i) Idempotence: P? = A(ATA) *ATA(ATA)"'AT = A(ATA)"'AT = P, since the middle AT A cancels
its inverse. Symmetry: (AT A)~! is symmetric (the inverse of a symmetric matrix), so PT = A(ATA)"TAT =
A(ATA)T'AT = P. (ii) For any b, Pb = A[(ATA)"'ATb] € Col(A), and if b € Col(A), say b = Ac, then
Pb = A(ATA)"'AT Ac = Ac = b, so P fixes Col(A) and Range(P) = Col(A). If b € Col(A)* then ATb = 0,
so Pb = 0; thus Col(A)* C Nul(P), and dimensions match by rank nullity. (iii) If Pv = Av with v # 0, then
Av = Pv = P?v = \?v, forcing \* = X, so X € {0,1}. The trace equals the sum of eigenvalues (Chapter 3), which

counts the dimension of the eigenspace for A = 1, namely dim Col(A) = rank(A). (iv) /- P)> =TI —-2P+P>*=1-P
and (I -P)T =I—P,and (I —P)b=b—b=r. [ |

Example 2.7 (Projecting a vector onto a plane). Take the same A = H 2} , whose two columns span a plane

in R®. Its projection matrix (computed in Example 2.8) is

5 2 -1
P=AAT=112 2 2
-1 2 5
Project the target b = (6,0,0) onto the plane:
5 2 1| [6 30 5
b=Pb=¢ |2 2 2| |0|=3%|12]=]2
-1 2 5 0 —6 -1

The residual is 7 = b — b = (1,—2,1), and it is orthogonal to the plane, as it must be: ATr = (1-2+1, 0-24+2)" = 0.
Projecting again changes nothing, Pb = b (the shadow of a point already on the floor is itself), confirming P? = P
on this vector. So the nearest point of the plane to (6,0,0) is (5,2, —1), at distance ||r|| = /6.

2.5 A worked least-squares fit

Example 2.8 (Fitting a line through three points). This completes Exercise 1.9. Take

which fits y = 01 + 62t to the data (¢t,y) € {(0,1),(1,2),(2,0)} (the first column is the intercept, the second the input
t). Form the pieces of the normal equations:

T, 13 3 T, |1+2+0| |3
AA_[:& 5}’ Ab_{0+2+0}_[2]‘
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2.5. A WORKED LEAST-SQUARES FIT

(2,0)

Figure 2.3. The same fit, the statistician’s picture. The fitted line minimizes the total squared length of the vertical
residual bars (red). This is the same x* as the projection in Fig. 2.1, seen in data space rather than in R”: minimizing
vertical errors here is minimizing ||Ax — b||2 there.

Since det(AT A) = 15 — 9 = 6 # 0, we invert:

(ATA) =1 [

5 -3
-3 3

The least-squares parameters are

1 .
1[5 2 —1 19 3/2
* _ oAty 2 I _

r Ab6[—3 0 3] 3 6[—3} ]

the fitted line y = 2 — 1¢ (Fig. 2.3). The prediction and residual are

3/2 ~1/2
b=Ax"= |1 |, r=b-b= 1 ,
1/2 ~1/2

with sum of squared errors |73 =% +1+ 1 =2, and one checks ATr = (-3 +1—-1%, 0+1-1)" =0, confirming
Eq. (2.8): the residual is orthogonal to both columns of A. The projection matrix is

1 5 2 -1
P=AA" = 12 2 2,
-1 2 5
which is symmetric, satisfies P? = P, and has tr(P) = 5+2£5 = 2 = rank(A), exactly as Proposition 2.6 predicts.

Example 2.9 (Fitting a parabola: least squares is still linear). Least squares fits any model that is linear in
the parameters, even a curved one. To fit y = 01 + Ot + 03t> to the four points (—1,1),(0,0), (1,1),(2,3), put the
powers of ¢ in the columns of the design matrix:

1 -1 1 1
1 0 0 0
A=11 1 10 ¥
1 2 4 3
The normal equations AT A9 = ATy use
4 2 6 5
ATA=12 6 8], Aly=16],
6 8 18 14

where, for instance, (A" A)33 = Zl t} =14+0+1+16 = 18and (A y)3 = ZZ 2y, =14+0+1+12 = 14.
Solving the 3 x 3 system gives 8 = (0.15, —0.05, 0.75), the parabola y = 0.15 — 0.05¢ 4 0.75¢t>. Nothing about the
method changed: the model is nonlinear in ¢ but linear in 6, so the same projection onto Col(A) applies. Adding
more powers of ¢ just adds columns, the machinery behind polynomial regression and, with other basis functions,
behind every linear-in-parameters model.
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2. LEAST SQUARES, PROJECTIONS, AND THE PSEUDOINVERSE

Example 2.10 (Goodness of fit: the R? statistic). A fit returns numbers, but how much of the data did the
line actually explain? Fit the line y = a + bz to the four points (1,1), (2, 2), (3,2), (4,3) and then measure quality. The
design matrix and normal equations are

11 1

o2 2 . [a 10 L

A=\ 3 ¥= o] AA[I() 30]’ Ay{zs}
1 4 3

The determinant is 4 - 30 — 10 - 10 = 20, so Cramer’s rule gives
a_8-30710~23_g_ _4-23-10-8 _ 12 _
B 20 20 B 20 20
the line § = 0.5 + 0.6z. Its fitted values are (1.1,1.7,2.3,2.9), leaving residuals » = (—0.1, 0.3, —0.3, 0.1) and a
residual sum of squares SSres = ) r2 = 0.01 + 0.09 + 0.09 4 0.01 = 0.2. Compare that against the spread of the data

around its own mean y = 2, the total sum of squares SSiot = z:(y2 — g)2 =14+0+0+1 = 2. The coefficient of
determination is

0.5, b 0.6,

SSres 0.2
- =1-—=09.
Sstot 2

The line explains 90% of the variation in y; the remaining 10% is scatter no line through these points can remove.
The two anchors are worth memorizing: R? = 1 is a perfect fit with every residual zero, and R?> = 0 means the line
does no better than the flat guess § = y. Think of SS¢ot as the error you would make knowing only the average,
SSies as the error left after using the line, and R? as the fraction of that ignorance the predictor clawed back.

R*=1

2.6 Least squares as maximum likelihood

Why squared error, rather than absolute error or any other penalty? The squared norm is convenient (it has a
linear gradient), but there is a deeper reason: least squares is the mazimum-likelihood estimate when the noise
is Gaussian. This is the statistical leg of Table 2.1, and it connects this chapter to the probability of Chapters 5
and 6.

Model each target as a linear function of its features corrupted by independent Gaussian noise,
yi =a; x+ ¢, e N N(0,0), (2.10)

where a; is row i of A. Then each y;, given the parameters x, is Gaussian with mean a; & and variance o2, and
because the noise terms are independent the likelihood of the whole dataset factorizes:

! exp (—(yi — aiTm)Q) . (2.11)

202

Maximizing a product of exponentials is awkward, so we maximize its logarithm instead (the logarithm is increasing,
so the maximizer is unchanged):

m

_m 2 1 T \2
log L(x) = ) log(2mo”) — 557 Z(yl —a; x)°. (2.12)
i=1
The first term does not involve z, and the second is a negative constant times ) (yi — a x)? = |Az — b||3. Maximiz-

ing Eq. (2.12) over z is therefore identical to minimizing the sum of squared errors Eq. (2.2):

*

argmax log L(z) = argmin ||Az — b||5 = x*. (2.13)
x x

Intuition. The choice of squared error is a choice of noise model. Squared error trusts that errors are Gaussian,

which is the assumption that large deviations are rare and symmetric. Different assumptions give different fits:

absolute error (¢1) corresponds to heavier-tailed Laplace noise and is more robust to outliers, while a Gaussian prior

on z adds a penalty and gives ridge regression (Section 2.8). Least squares is the special, central case.

This reading also explains the success of least squares on real data: whenever the errors in a measurement are the
sum of many small independent effects, the central limit theorem (Chapter 6) makes them approximately Gaussian,
and least squares becomes the principled estimator. See Deisenroth et al. [5, §9.2] and Bishop [2, §3.1].
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2.7. WHEN THE INVERSE FAILS: RANK DEFICIENCY

Example 2.11 (One fit, three derivations that agree). Nothing ties the course together like watching the
same answer fall out of geometry, algebra, and probability. Fit a line y = a+bx to the three points (—1,1), (0, 1), (1,4).
The design matrix and its normal-equation pieces are

—
I
—_
—

X=11 of, y=[1], XTX:B g] XTyzm,
1 1 4

where X T X is diagonal because the z-values are centered Oz =0).

View 1, the normal equations. Solving X ' X0 = X "y is immediate: a = g =2and b= % =1.5,s0 g =2+ 1.5z.
View 2, orthogonal projection. The fitted values g = X0 = (0.5, 2, 3.5) are the point of the plane Col(X) closest to y.
The residual r = y — g = (0.5, —1,0.5) is orthogonal to both columns of X: it sums to zero (orthogonal to the all-ones
column) and Y z;r; = —0.54 0 + 0.5 = 0 (orthogonal to the x column), i.e. X Ty = 0. That orthogonality s the

normal equations, read geometrically.

View 38, Gaussian mazimum likelihood. Model y; = a + bx; + &; with &; ~ N(0,5?) independent. The log-likelihood is
—ﬁ Zl(yz —a— ba:i)2 plus a constant, so mazimizing it is exactly minimizing the sum of squared residuals, the same
objective whose gradient gives the same normal equations and hence the same (2,1.5). Least squares is Gaussian
MLE in disguise.

Coda, the Bayesian shrink. Put a prior 8 ~ N (0,72I) on the coefficients. The MAP estimate solves (X ' X + \I)6 =
X Ty with A\ = ¢%/72, which is ridge regression (Section 2.8); at A = 1 it returns (1.5, 1.0), the same fit pulled
gently toward the origin. Projection, the normal equations, maximum likelihood, and the Bayesian penalty are four
windows onto one computation, which is why this single fit reappears in nearly every chapter that follows.

2.7 When the inverse fails: rank deficiency

Equation (2.6) assumed full column rank. Real feature matrices often violate this, because features can be linearly
dependent (one column a combination of others), and then AT A is singular.

Example 2.12 (A rank-deficient design). Let

1 2 )
The second row is twice the first, so rank(A) =1 < 2. Then

ATA= [; ﬂ B i] = {150 ;8} , det(ATA) =100 - 100 = 0,

so AT A is singular and Eq. (2.6) does not apply: the parameters are not unique (here b = 5a; exactly, so infinitely
many x give zero error). What survives is the prediction: the projection b onto Col(A) is still well defined and
unique. Recovering a canonical * in this case needs either the general pseudoinverse, built from the SVD in Chap-
ter 4, or the regularization of the next section.

Once features are correlated, rank deficiency is common rather than exceptional. Two remedies follow. The first,
regularization, changes the problem slightly so that a unique answer always exists. The second, the general pseu-
doinverse, keeps the problem and picks the most natural answer among the infinitely many.

2.8 Regularized least squares (ridge)

The cleanest fix for rank deficiency, and for the near-singular conditioning of Remark 1.20, is to add a penalty on
the size of ®. Ridge regression (Tikhonov regularization) minimizes

min |4z~ b3+ Aflz[3,  A>0, (2.14)

trading a little fit for a smaller, more stable parameter vector. The scalar \ sets the exchange rate.
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2. LEAST SQUARES, PROJECTIONS, AND THE PSEUDOINVERSE

Proposition 2.13 (Ridge solution). The objective Eq. (2.14) has the unique minimizer

xy=(ATA+N)" AT, (2.15)

and AT A + M is invertible for every A > 0, regardless of the rank of A.

Proof. The gradient of Eq. (2.14) is 2AT (Ax — b) + 2\x; setting it to zero gives (AT A + M)z = AT b, which is
Eq. (2.15) once we show the matrix is invertible. For any v # 0,

v (ATA+ Ao = || Av|5 + Aol > All»l3 > 0,

so AT A + M is positive definite, hence invertible. (Tts eigenvalues are 62 + X > X\ > 0, where o; are the singular
values of A; adding AI lifts every eigenvalue away from zero, which is exactly what cures the ill-conditioning of
Remark 1.20.) [ ]

Example 2.14 (Ridge restores a unique answer). Apply ridge to the rank-deficient A = [12], b= (5,10)" of
Example 2.12, where ordinary least squares failed. With AT A =[5 19] and ATb = (25,50) ", take A\ = 5:

- ~[10 10 - 1 [25 -10
A A+5[LO 25}, (ATA+5N) ™ = = {_10 10],
T i, 1 [25 —10][25] _ 1 [125]  [5/6
@ = (A AFBN A b= 755 [—10 10} [50] ~ 150 [250} - [5/3} '

A unique answer now exists. As A — 07 the ridge solution tends to (1, 2)T, which is precisely the minimum-norm
solution the general pseudoinverse would return (Example 2.12); as A — oo it shrinks toward 0. Regularization
interpolates between fitting the data and keeping the parameters small.

Ridge has a Bayesian reading we develop in Chapter 5: it is the maximum a posteriori estimate under a Gaussian
prior & ~ N (0,72I), with A\ = 0?/72. The penalty A||z||? is the prior’s distrust of large parameters. Replacing the
£y penalty with an ¢1 penalty A||lx||1 gives the lasso, whose diamond-shaped constraint (recall Fig. 1.3) drives some
parameters exactly to zero, producing sparse models [11, Ch. 3].

2.9 Generalized inverses

The other route through rank deficiency keeps the original problem and generalizes the inverse so that something
always exists.

Rnxm

Definition 2.15 (Generalized inverse). A matrix G € is a generalized inverse of A € R™*™ if

AGA = A. (2.16)

The defining identity says that G undoes A wherever A acts nontrivially: placed between two copies of A, it leaves
A unchanged. If A is square and invertible then G = A™! works, since AA™'A = A. The point of the definition is
that a generalized inverse exists even when A™' does not.

Proposition 2.16 (Existence by a full-rank block). Every matrix has a generalized inverse. If, after row and
column permutations, A = [,‘2; ﬁ;;] with 411 € R™" invertible and r = rank(A), then the matrix built by

inverting that block and padding with zeros, G' = {Agll 8] (placed at the right shape), satisfies AGA = A.

Example 2.17 (Generalized inverses are not unique). Let A = [12] € R**? and seek G = [7] € R?*!. Then
AG =z + 2y (a scalar), and
AGA = (z + 2y) [1 2] = [:v+2y 2m+4y] .

Requiring AGA = A = [12] gives  + 2y = 1 and 2z + 4y = 2, the same equation twice. So any (x,y) on the line

z + 2y = 1 works:
1 3 5
ol R R ]

A generalized inverse is generally not unique.
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2.10. THE MOORE-PENROSE PSEUDOINVERSE

Condition Name What it forces
(i) AATA=A weak inverse At is a generalized inverse
(i) AfAAt = Af reflexive the relation is symmetric in A, At

(iii) (AAT)T = AAY  left projection orthogonal AAT projects onto Col(A)
(iv) (ATA)T = A'A  right projection orthogonal ~ A'A projects onto Row(A)

Table 2.2. The four Penrose conditions. Any generalized inverse satisfies (i); (ii)—(iv) single out the unique one whose two
associated projections are both orthogonal, which is what makes ATb the minimum-norm least-squares solution.

A generalized inverse already gives a projection, just not necessarily an orthogonal one: if AGA = A then P = AG
satisfies P2 = AGAG = (AGA)G = AG = P, so AG is idempotent and projects onto Col(A) (Exercise 2.1), but
without symmetry the projection can be oblique. To pin down a unique, orthogonal projection we impose more
conditions.

2.10 The Moore—Penrose pseudoinverse

Definition 2.18 (Moore—Penrose pseudoinverse). The Moore—Penrose pseudoinverse of A € R™*™ is the
unique matrix AT € R"*™ satisfying the four Penrose conditions:

(i) AATA= A, (i) ATAAT = AT, (i) (AAT)T = 44T, (iv) (ATA)T = ATA, (2.17)

The four conditions are read in Table 2.2. Such a matrix exists for every A and is unique, which is why we speak
of the pseudoinverse. The general construction comes from the SVD (Chapter 4); here we verify that in the full-
column-rank case the formula of Definition 2.2 is the pseudoinverse.

Proposition 2.19 (The formula satisfies the Penrose conditions). If A has full column rank, then A" =
(ATA)"TAT satisfies all four conditions in Eq. (2.17).

Proof. Write A" = (ATA)"*A" and note ATA = (ATA)TATA=1,.
i) AATA = A(ATA) = AL, = A.

i) ATAAT = (At A) At = 1, AT = AT
iii) (AANT = (A(ATA)‘lAT)T =A(ATA)"TAT = A(ATA)"TAT = AAT using that AT A is symmetric.

iv) (ATA)T =1] =1, = ATA.

(
. (
. (
. (

All four hold, so (AT A)"'AT is the Moore-Penrose pseudoinverse. |

Combining Proposition 2.19 with Proposition 2.3: in the full-rank case P = AA' is the orthogonal projection onto
Col(A), the least-squares prediction is b = Pb, and the parameters are * = A'b. The pseudoinverse is the single
object that ties the algebra (normal equations), the geometry (orthogonal projection), and the statistics (minimum
squared error) together. When A is rank-deficient the same AT still exists (built from the SVD) and returns the
minimum-norm solution among all minimizers, which is the answer ridge approached as A — 0.

Example 2.20 (Weighted least squares: trusting some points more). Sometimes the data points are not
equally reliable. Fit the line y = 61 + 62t to (0,0), (1,0), (2,6), but suppose the last point was measured far more

carefully and deserves four times the weight. With X = H g] ,y = (0,0,6), and weights W = diag(1,1,4), the

weighted normal equations replace X ' X and X "y by their weighted versions, X ' WX 0 = X' Wy, which mini-
mizes Zz wl(yz — 01 — thi)Q.

Unweighted first. With W =1, X "X = [3 2], X Ty = (6,12), and solving gives fors = (—1,3), the line y = —1 + 3t.
Its prediction at ¢ = 2 is 5, missing the measured 6 by 1.

Now weighted. Each sum picks up the weight w;:

o[ Bt 2] oo [Em]-B

Z w;t; Z wit? 9 17 Z witiYi 48
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2. LEAST SQUARES, PROJECTIONS, AND THE PSEUDOINVERSE

The determinant is 6 - 17 — 92 = 21, so

1 (17 9| |24 1 [—24
o= {_9 6] {48} = {72} = (-3 %)~ (-114, 3.43),

The weighted line y = —% + %t predicts % ~ 5.71 at t = 2, much closer to the trusted value 6 (the miss shrinks from

1 to %) Weighting is like listening more to your most reliable instrument; it is exactly the maximum-likelihood fit

when the noise variances differ across points (Exercise 2.6), with w; = 1/a7.

2.11 Computing it in practice

The formula AT = (ATA)*lAT is the right thing to understand and the wrong thing to compute. Forming AT A and
inverting it is avoided in real systems for three reasons.

« Conditioning. Forming A" A squares the condition number of A, so it amplifies any near-dependence among
the columns (Remark 1.20) and makes the inverse numerically unstable.

+ Memory and time. The matrix A" A is n x n, and a direct inverse costs O(n®) time. For n in the millions, as in
modern models, the matrix does not even fit in memory.

o Better tools exist. The QR factorization and the SVD (Chapter 4) solve least squares without ever forming
AT A, and iterative methods such as conjugate gradients and stochastic gradient descent (Chapter 8) need only
matrix—vector products Az and A" y.

2.11.1 Solving by QR

The standard direct method factors A (full column rank) into an orthonormal part and a triangular part,
A=QR, Q'Q =1,, R upper triangular, (2.18)

which the Gram—Schmidt process produces by orthonormalizing the columns of A in turn. Substituting into the
normal equations and using Q' Q = I collapses them:

ATAz=A"b — R'Q"QRz=R'Q'b — Rz =Q'b,
a triangular system solved by back-substitution. No AT A is ever formed, so the condition number is not squared.

— L

Example 2.21 (QR on the worked fit). For A = E [ﬂ, Gram—Schmidt on the columns gives q1 = \/g(l, LT

and, after removing the gi-component from the second column, g2 = %(71, 0, 1)T7 SO

1/V/3 —1/v/2
Q= |1/V3 0 , R= [‘? g] )
1/V/3  1/v2
With b = (1,2,0)" we get QTb = (3/V3, —1/v/2)T = (v/3,-1/v/2)T, and back-substitution in Rz = Qb gives
V2xo = —1/ﬂ$ To = —%, then \/§m1+\/§(—%) =V3=>z = % The answer x* = (%—%)T matches Example 2.8
exactly, obtained without inverting anything.

So the pseudoinverse is, in practice, a way of thinking. The clean expression &* = A'b tells us what is being com-
puted, namely the orthogonal projection of the target onto the span of the features, while the actual arithmetic is
done by more stable means.
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2.12. SUMMARY

Method Forms ATA? Cost Use when

Normal equations  yes O(mn2+n?) small, well-conditioned n

QR no O(mn?) the dense default; stable

SVD no O(mn?) rank-deficient or ill-conditioned
SGD / iterative no O(mn) per step  m,n huge; streaming data

Table 2.3. Ways to solve least squares. The normal equations are for understanding; QR is the workhorse for dense prob-
lems, the SVD handles the hard cases, and iterative methods scale to the sizes of modern machine learning [8, 24].

2.12 Summary

« When Az = b has no solution, minimize | Az —b||3 instead. Setting the gradient to zero gives the normal equations
AT Ax* = ATb.

+ With full column rank, AT A is invertible and 2* = (AT A)"'ATb = ATb.

« Three views agree (Table 2.1): b = Axz* = Pb is the orthogonal projection of b onto Col(A) (geometry), with
residual A7 = 0; and x* is the maximum-likelihood estimate under Gaussian noise (statistics).

o Orthogonal projections are exactly the symmetric idempotents, with eigenvalues in {0,1} and tr(P) = rank(A).

« When AT A is singular or ill-conditioned, ridge regression (ATA + A )71ATb always has a unique answer and
limits to the minimum-norm solution as A — 0.

o A generalized inverse (AGA = A) always exists but is not unique; the Moore—Penrose pseudoinverse is the
unique generalized inverse whose two projections are also orthogonal. The general construction waits for the
SVD.

« Nobody forms (AT A)~! at scale; QR, SVD, and iterative solvers do the real work (Table 2.3).

Exercises

Exercise 2.1. Let A € R™*™ and let G € R™*™ be a generalized inverse, so AGA = A. Show that Col(AG) =
Col(A), where Col(M) denotes the column space of M.

Solution. We show the two column spaces contain each other.

Col(AG) C Col(A): any vector in Col(AG) has the form AGw = A(Gw) for some w, which is A times a vector,
hence lies in Col(A).

Col(A) C Col(AG): any vector in Col(A) has the form Az for some z. Using AGA = A,
Az = (AGA)z = (AG)(Az),

which is AG applied to the vector Az, hence lies in Col(AG).

Both inclusions hold, so Col(AG) = Col(A). Geometrically, P = AG is a (possibly oblique) projection onto Col(A):
it is idempotent, P? = AGAG = (AGA)G = AG = P, and its range is all of Col(A). O

Exercise 2.2. Let A = H g] Compute AT A, the pseudoinverse AT = (ATA)AAT7 and the projection matrix
P = AAT. Verify that P is symmetric, idempotent, and has trace equal to rank(A).

Solution. From Example 2.8, ATA = [3 2] with det =6, so (ATA)™' = é[_sg) 733} and

2
1}, P=AAt=1|2 2 2
3 6 5

1{5 2
-1

T _ T —1 4T _ =
Al=@Tyat =2 | 0 |

The matrix P is symmetric by inspection. It is idempotent because, by Proposition 2.6, any AAT built from the full-
rank formula satisfies P? = P (direct multiplication confirms it). Its trace is §(5+2+5) = 2, which equals rank(A) = 2
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2. LEAST SQUARES, PROJECTIONS, AND THE PSEUDOINVERSE

since the two columns of A are independent. The two unit eigenvalues correspond to the two-dimensional Col(A),
and the third eigenvalue is 0 for the one-dimensional Col(A)*. O

Exercise 2.3. Let P be an orthogonal projection (P2 =p, P = P). Prove that @ = I — P is also an orthogonal
projection, that PQ = QP = 0, and that Q projects onto Col(P)*.

Solution. Idempotent: Q> = (I—P)? =1—-2P+P*=1—-P =Q. Symmetric: Q' =(I-P)' =I-P' =1-P=Q.
So Q is an orthogonal projection. Orthogonality of the two: PQ = P(I — P) = P — P> = P — P = 0, and likewise
QP = (I—P)P =P —P? = 0. Finally, Qu = 0 <= (I—-Pv =0 <> Pv=v < v e Col(P),
so Nul(Q) = Col(P) and therefore Range(Q) = Nul(Q)* = Col(P)*. Thus I — P projects onto the orthogonal
complement; applied to a target b it returns exactly the least-squares residual » = (I — P)b. a

Exercise 2.4. Derive the normal equations Eq. (2.5) purely geometrically, without calculus, from the requirement
that the residual b — Az* be orthogonal to Col(A).

Solution. The prediction Az* is the closest point of Col(A) to b exactly when the error b — Az* is orthogonal to
the subspace Col(A). A vector is orthogonal to Col(A) if and only if it is orthogonal to each column a; of A, i.e.
a;r(b — Ax*) = 0 for every j. Stacking these n scalar equations is precisely

AT(b—Az*)=0 <= A'Ax*=AT»p,

the normal equations. This recovers Theorem 2.1 from the projection picture of Fig. 2.1 alone, and it is the reason
the calculus and the geometry agree. 0

Exercise 2.5. For the ridge solution 5 = (AT A + AI)"'A"b, show that |||z is nonincreasing in A and that
xx — 0 as A — oo. Interpret both facts.

Solution. Use the SVD A =UXV ' (Chapter 4); the singular values are o1,...,0, > 0. A short computation gives

o
T\ = ZZ p jL 5 (u;rb)vi7 SO

2
2 _ i T7y\2
zallz = Z (O_ig +)\> (u; b)°.

7

Each factor o; /(07 + )\) decreases in ), so the whole sum does, proving |||z is nonincreasing. As A — oo each factor
— 0, so xx — 0. Interpretation: larger A trusts the data less and shrinks the parameters toward the prior mean
0; the directions with small o; (the ill-conditioned ones) are shrunk hardest, which is exactly the instability that
regularization is meant to suppress. g

Exercise 2.6. Suppose the noise model Eq. (2.10) is changed so that observation i has its own variance o3
(heteroscedastic noise). Show that the maximum-likelihood estimate is the weighted least-squares solution
x* = (ATWA)TTATWb with W = diag(1/0%,...,1/02,).

Solution. With independent &; ~ N'(0,07), the log-likelihood is log L(z) = const — 3 >_.(y: — a; @)* /o7, mirroring
Eq. (2.12) but with each squared error divided by its own variance. Maximizing is minimizing (i — alx)?/o} =
(Az — b) "W (Az — b). Its gradient is 2AT W (Azx — b); setting it to zero gives AT WAx = ATWb, hence z* =
(ATWA)"'ATWb. Noisier observations (large 0?) get small weight 1/0? and influence the fit less, which is the
sensible thing to do. |

Exercise 2.7. Let A = H —11} and b = (2, O,4)T. Find the QR factorization of A by Gram—Schmidt and use it to

solve the least-squares problem Rz = Qb without forming AT A.
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EXERCISES

(1,-1,1)"
has ¢ az = (1 — 14 1)/4/3 = 1/4/3; removing that component, az — %ql =(1,-1,1)" = (1, 1,1)" =1(2,-4,2)7,
with norm % 24 = %, S0 q2 = %(1, —2,1)". Hence
Ro V3 VB Qb= qib| _ 6/v3 _2v38

10 2v6/3|° T laab| T |(2-0+4)/V6|  [6/V6]°

Back-substitution: Lﬁx = % =6 =25 = %; then v/3z1 + % . % =2/3=> 21 =2— % = % So z* = (%, g)T, the

fit y = 2 + 3u where u € {1, 1,1} indexes the second column. One checks A" (b — Az*) = 0. O

Solution. The first column is (1,1,1)7 with norm v/3, so q1 = %(1, 1,1)T. The second column az =

Exercise 2.8. Fit a single constant ¢ to the three measurements y = (2,5, 11) by least squares: find the ¢ minimiz-
ing 21(3/2 — ¢)?. What is the minimum value of the objective, and what familiar statistic is c?

Solution. This is the smallest least-squares problem of all, with design matrix A = (1,1,1)7 (a single column of
ones) and the model y; ~ ¢. The normal equation AT Ac = ATy reads 3¢ = ZZ yi=2+5+11=18,s0 c=6. The
minimizer is the sample mean, which is the general fact that the least-squares constant fit is always y: setting the
derivative 2= > (y; —¢)> = =2 (i — ¢) to zero gives ¢ = + >~ y;. The minimum objective is the sum of squared
deviations from the mean,

D> i=6)°=(2-6)7+(5-6)+(11-6)° =16+ 1 +25 =42,

which is exactly the total sum of squares SSto¢ (the statistic defined in Example 2.10) and, divided by n, the vari-
ance of the data. Geometrically the column space of A is the line through (1,1,1)7, and § = (6,6,6) " is the orthog-
onal projection of y onto it: the mean is where the constant model touches the data cloud most closely. |
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CHAPTER 3

Eigenvalues, Diagonalization, and the
Spectral Theorem

In the direction of an eigenvector, the matriz acts like scalar multiplication:
it just stretches or compresses.

Professor Chin, on eigenvectors

A matrix usually mixes the coordinates of a vector together. For a few special directions, the eigenvectors,

it does something far simpler: it scales. This chapter finds those directions through the characteristic poly-
nomial, measures how many independent ones each eigenvalue contributes (the gap between algebraic and
geometric multiplicity), and determines exactly when the eigenvectors are plentiful enough to diagonalize the
matrix. For symmetric matrices the answer is always yes, and better: the spectral theorem provides an or-
thonormal eigenbasis. That single fact powers principal component analysis, the geometry of covariance, the
SVD of the next chapter, and the second-order tests of optimization.

Suggested reading: Deisenroth et al. [5], Sections 4.2—4.4; Strang [21] for the change-of-basis picture; Horn
and Johnson [12] for the spectral theorem in full generality.

3.1 Eigenvalues and eigenvectors

Definition 3.1 (Eigenvalue and eigenvector). Let A € R"*". A scalar A and a nonzero vector v € R" (or C")
form an eigenvalue—eigenvector pair of A if
Av = Ao, v #0. (3.1)

The vector v is an eigenvector and \ its eigenvalue.

Equation Eq. (3.1) says that along the direction v the map A acts as pure scaling by A: no rotation, no shear, just
a stretch (if |A\| > 1), a compression (0 < |A\| < 1), a flip (A < 0), or collapse to zero (A = 0, which happens exactly
when A is singular). Most directions are warped by A; eigenvectors are the ones that come out pointing the way
they went in.

3.2 The characteristic polynomial
To find eigenvalues, rewrite Eq. (3.1) as a homogeneous system,

Av=X v <= (A-X)v=0. (3.2)
A nonzero solution v exists precisely when the matrix A — AI is singular, that is when its determinant vanishes.

Definition 3.2 (Characteristic polynomial). The characteristic polynomial of A € R™*"™ is

pa(N) = det(A — A, (3.3)
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3. EIGENVALUES, DIAGONALIZATION, AND THE SPECTRAL THEOREM

A
Aw Avy = Ao
w
‘ 4
’ /s
v
, V1 s
’
’
l
’
U2
eigen-lines

Figure 3.1. Eigenvectors are invariant directions. The map A sends v; to a multiple of itself, Av; = A\jv1, so v; stays on
its line; the same holds for v2. A generic vector w is rotated off its own line. The eigen-lines are the skeleton along which
A acts by simple scaling.

a polynomial of degree n in \. Its roots are the eigenvalues of A.

The equation pa(A) = 0 is the characteristic equation. By the fundamental theorem of algebra it has n roots in C
counted with multiplicity, so an n X n matrix has n eigenvalues over the complex numbers, though some may be
repeated or non-real.

Example 3.3 (A 2 x 2 characteristic polynomial). Let A = [31]. Then

pa(\) = det [4? 31A] — (4= 2B =N = (1)2) = A2 = TA+ 10,

and A2 — 7TA 4+ 10 = (A — 2)(A — 5) = 0 gives eigenvalues \; = 2 and A2 = 5.

3.2.1 Finding the eigenvectors

Once an eigenvalue X is known, its eigenvectors are the nonzero vectors in Nul(A — A\I), found by solving (A — A\)v =
0.

Example 3.4 (Eigenvector for A = 2). Continuing Example 3.3 with A = 2,

_ 2 1 reduce 1 %
A_QI_[Q 1} [0 0]’

so z = —1iy and the eigenvectors are the nonzero multiples of v = [ '] (taking y = 2). Eigenvectors are never
unique: any nonzero scalar multiple of v works, since A(cv) = cAv = cAdv = A(cv). We often normalize to unit
length.
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3.3. EIGENSPACES AND MULTIPLICITY

3.3 Eigenspaces and multiplicity
The eigenvectors for a fixed A, together with 0, form a subspace.

Definition 3.5 (Eigenspace, algebraic and geometric multiplicity). For an eigenvalue A of A, the eigenspace
is Ex = Nul(A — AI). Its

o algebraic multiplicity AM(X) is the number of times A is a root of pa;

e geometric multiplicity GM()\) = dim E} is the number of independent eigenvectors for A.

Proposition 3.6 (Multiplicity inequality). For every eigenvalue, 1 < GM(X) < AM(A).

The lower bound holds because a root of ps makes A — AI singular, so E) contains a nonzero vector. The upper
bound is proved by extending a basis of Ej to all of R™ and reading off that (A — ¢)*™®) divides pa(t). When
GM(XA) < AM(X) for some A, the matrix is short of eigenvectors and is called defective (Example 3.12).

3.4 A full 3 x 3 example

Example 3.7 (Eigenstructure of an upper-triangular matrix). Let

3 1 =2
A=10 5 -1
0 0 3
Eigenvalues. Since A — A\ is upper triangular, its determinant is the product of the diagonal, so
Pa) =B =NE-NE=-2)=B=1)G-N.
Thus A = 3 with AM(3) =2 and A = 5 with AM(5) = 1. (For any triangular matrix the eigenvalues are simply the
diagonal entries.)

Geometric multiplicity of A = 5. Reduce

-2 1 -2 1 -3 0
A-s5r=|0 0 —-1] 2 o o 1],
0 0 -2 0 0 0

giving 2 = 0, z = 1y, so B5 = span{(1,2,0)" } and GM(5) = 1 = AM(5).
Geometric multiplicity of A = 3. Reduce

0 1 -2

A-3I=(0 2 -1

0 0 O
Solving (A — 3I)v = 0 for v = (2,9, 2) ', the first two rows read y — 2z = 0 and 2y — z = 0. Substituting y = 2z
into the second gives 4z — z = 3z = 0, so z = 0, then y = 0, while z is free. Hence E3 = span{(1,0,0)"} is only

one-dimensional, and
GM(3) =1 < 2=AM(3).

Conclusion. The eigenvalue A = 3 is repeated twice but supplies only one independent eigenvector. The total
number of independent eigenvectors is 1 + 1 = 2 < 3 = n, so by Theorem 3.9 this matrix is defective and not
diagonalizable, even though it is triangular and its eigenvalues were free to read off. The lesson is exactly the one
Example 3.12 makes in two dimensions: a repeated eigenvalue is a warning rather than a verdict. You must com-
pute GM by solving (A — AI)v = 0; the eigenvalues alone never settle diagonalizability.

A common slip is to assume that because a triangular matrix hands you its eigenvalues for free, it must be
diagonalizable. Example 3.7 shows otherwise. Triangularity makes the eigenvalues easy; it says nothing about
whether enough eigenvectors exist.
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A (hard)

eigen-coords of @ ——3P scaled eigen-coords

D (easy: scale)

Figure 3.2. Diagonalization as a change of basis. Going directly across the top (applying A) is hard; the diagonal route
through the eigen-coordinates is easy. The two paths agree, which is exactly the statement A = PDP~1.

3.5 Diagonalization

Definition 3.8 (Diagonalizable matrix). A matrix A € R"*" is diagonalizable if it is similar to a diagonal
matrix: there exist an invertible P and a diagonal D with

A=PDP', D =diag(\1, ..., \n), P=[vi - vn], (3.4)

where the v; are eigenvectors and the \; the matching eigenvalues.

Reading AP = PD column by column recovers Av; = \;v;, so Eq. (3.4) holds exactly when P’s columns are n
independent eigenvectors. This gives the diagonalizability criterion.

Intuition. Read A = PDP~! right to left as three steps applied to a vector @. First P~! rewrites « in the eigen-
vector basis, reporting how much of each eigenvector it contains. Then D scales each of those coordinates by its
eigenvalue, the one thing A does simply. Finally P translates back to the standard basis. A complicated map be-
comes “change to the right coordinates, stretch along the axes, change back.” The whole difficulty of a matrix lives
in the change of basis P; in the eigen-coordinates it is just a diagonal scaling.

Theorem 3.9 (Diagonalizability criterion). A € R"*" is diagonalizable if and only if it has n linearly indepen-
dent eigenvectors, equivalently ), GM()) = n, equivalently GM(X) = AM(X) for every eigenvalue.

The chief payoff is that powers and polynomials of A become trivial. From Eq. (3.4),
A* = (PDP™ M = PD*P™',  D* =diag(\},...,\F), (3.5)

since the inner P~!P factors cancel. This is what makes diagonalization the tool of choice for linear recurrences,
Markov chains (long-run behavior follows the dominant eigenvalue), and the matrix exponential e** = PeP*P~! in
differential equations.

Example 3.10 (Diagonalizing a 2 x 2 matrix). Return to A = [4 1] from Example 3.3, with eigenvalues 2 and 5.
The eigenvector for A = 2 is (—1,2)" (Example 3.4); for A =5, (A — 5I)v = 0 gives [_21 _12]1) =0, ie z =1y, so the
eigenvector is (1, 1)T. Two distinct eigenvalues give two independent eigenvectors, so A is diagonalizable with

P= [_21 ﬂ , D= B g} ,  A=PDP"
Here det P = —3,s0 P~! = —% [ A :H, and multiplying out PDP~! returns [5 3], as it must. Distinct eigenvalues

always force independence of the eigenvectors, so a matrix with n distinct eigenvalues is automatically diagonaliz-
able; trouble can only arise at repeated eigenvalues, as in the next example.

Example 3.11 (The payoff: computing A"). Take the same A = [41] with P = [3'!], D = diag(2,5), and
p~t=_1[ 1 1 To cube it, we do not multiply A by itself twice; we cube the diagonal and sandwich:
30-2-1
3 _ 35-1_ |—1 1} ({8 0 1 1 -1
AT =PpPD°P _[2 1}[0 125](3) -2 1|

Working left to right, PD?* = [ 18 125] and
—8 125 [1 -1, [-258 —117] _[86 39
16 125| |—2 —1| 3 |—234 —141| |78 47|’
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3.6. EIGENVALUES, TRACE, DETERMINANT, AND RANK

The direct route confirms it: A> = [1§ 7] and A*> = A?A = [2832]. For k = 3 the two routes cost about the
same, but for large k the diagonal route is decisive: A¥ = PD*P~1 costs two matrix products and n scalar kth
powers, while repeated multiplication costs k — 1 matrix products. The same trick gives the matrix exponential eAt =
PePtP~1 (differential equations) and the long-run behavior of Markov chains, where the largest |A;| dominates A*
as k — oo.

Example 3.12 (A defective matrix). Not every matrix is diagonalizable. Let A = [J}]. Then pa(\) =
det[‘o’\ jA] = )2, 50 A = 0 with AM(0) = 2. But solving Av = 0 gives [ }][7] = [4] = 0, forcing y = 0 with z free,
so By = span{(1,0)"} and GM(0) = 1. Here GM(0) = 1 < 2 = AM(0): there are not enough eigenvectors to span
R?, so A is defective and cannot be diagonalized.

Example 3.13 (Complex eigenvalues: a rotation has none that are real). A defect of repeated eigenvalues
is one way real diagonalization fails; leaving the real line entirely is another. Take the matrix that rotates the plane
by 30°,

cos30° —sin30° _ ? —1
sin30°  cos30° | % '

Its characteristic polynomial uses tr(A) = v/3 and det(4) = 2 + 1 = 1:

IS

pa(A) =N —V3A+1, A=\/§i23_4:\/§2j”'

The discriminant 3 — 4 = —1 is negative, so the eigenvalues are the complex conjugate pair A = ? + %z = cos30° +
1s8in 30° = ei’soo, and there is no real eigenvalue. That is exactly what geometry demands: a genuine rotation sends
every nonzero real vector to a turned version of itself, so no real vector can satisfy Av = A\v with real A, because
nothing is left pointing along its original line. The eigenvalues sit on the unit circle, |A] = 1, which records that

a rotation preserves length, and their angle is the rotation angle itself. The same matrix is diagonalizable over C,
with complex eigenvectors (1, Fi), and this is the everyday situation for the matrices behind oscillations and AC
circuits: a complex-conjugate eigenpair re™™ encodes a rotation by w scaled by r each step, which is an undamped
oscillation when r = 1, a decaying one when r < 1, and a growing one when r > 1.

3.6 Eigenvalues, trace, determinant, and rank
The eigenvalues carry the three scalar summaries of a matrix.

Proposition 3.14 (Eigenvalue identities). For A € R"*™ with eigenvalues A1, ..., A, (counted with algebraic
multiplicity, over C):
r(A) =Y A, det(4) =[] A (3.6)
i=1

=1

If A is diagonalizable, rank(A) equals the number of nonzero eigenvalues.

Proof. Both identities read off coefficients of the characteristic polynomial. Factoring pa(A) = [[,(A: — A), the
constant term is pa(0) = det(A) = [], Ai. Expanding det(A— AI) instead, the coefficient of A" ™! equals (—1)"~" tr(A)
and also (—1)"~! >, Ai, giving the trace identity. For the rank claim, if A = PDP~' then rank(A) = rank(D)
(multiplying by invertible P, P! preserves rank), and a diagonal matrix has rank equal to its number of nonzero
entries. |

A zero eigenvalue therefore signals singularity: det(A) = 0, the null space is nontrivial, and rank(A) < n.

Example 3.15 (Rank from eigenvalues). A = [} 2] is triangular with eigenvalues 1 and 0. So det(4) = 0
(singular) and rank(A) = 1, the count of nonzero eigenvalues.
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Property General A € R"x" Symmetric AT = A
Eigenvalues possibly complex always real

Eigenvectors may be short (defective) always a full set

Eigenvectors of distinct A merely independent orthogonal

Diagonalization not guaranteed always, orthogonally: A = QAQT
Inverse of P compute P~1 free: Q71 =QT

Table 3.1. Why symmetry is special. Every entry in the right column is a strict improvement on the left, which is why
symmetric matrices, covariance matrices, and Gram matrices are so much easier to work with than general ones.

Application: PageRank as a dominant-eigenvector problem

The original Google ranking treats the web as a Markov chain: a random surfer at a page follows one of its
outgoing links uniformly at random. If M is the column-stochastic link matriz (M;; is the probability of step-
ping from page j to page 4, so each column sums to 1), the long-run fraction of time spent at each page is the
stationary distribution w = Mm: the eigenvector of M for eigenvalue 1. Importance is an eigenvector.

A three-page web. Let page 1 link to 2; page 2 link to 3; page 3 link to both 1 and 2. The link matrix and
stationary equation are

1 1
M = s 7T:M7T:>7T1:§ﬂ'3, 71'2:7T1+§7T3, T3 = T2.

o = O
= o o
[eXNIE NI

Solving with m1 + 72 + 73 = 1 gives ® = (%, %, %) = (0.2,0.4,0.4): pages 2 and 3 are twice as important

as page 1. One checks M7 = 7 directly. Because M is a stochastic matrix its largest eigenvalue is exactly
1, so power iteration v < Mwv (Example 3.11’s “largest eigenvalue dominates A*” idea) converges to 7 from
any start, which is how the ranking is actually computed on billions of pages. Real PageRank adds a small
“teleportation” term (1 — a)%ll-r to guarantee a unique positive 7.

3.7 The spectral theorem for symmetric matrices

Symmetric matrices, the ones with AT = A, are the best behaved in all of linear algebra. They are never defec-
tive, and their eigenvectors can be chosen orthonormal. Table 3.1 contrasts them with general square matrices: the
symmetric case removes every pathology of the general one.

Theorem 3.16 (Spectral theorem). Let A € R™*" be symmetric, AT = A. Then

(i) all eigenvalues of A are real,
(ii) eigenvectors for distinct eigenvalues are orthogonal;

(iii) there is an orthonormal basis of eigenvectors, i.e. an orthogonal matrix Q QTR=QQR" =1 ) and a diagonal A
with

A=QAQ" =) Naal, (3.7)
=1

where g; are the orthonormal eigenvectors and \; the eigenvalues.

Proof of (i) and (ii). (i) Let Av = Av with v # 0, possibly complex. Using the conjugate transpose and AT = A
real, \T'v =0 ' Av = (AD) v = AT v. Since ' v = ||[v]|> > 0, we get A = X, so \ is real. (ii) If Av; = A\;v; and
Avj = N\jv; with A; # )j, then \; v v; = (Av;) Tv; = v Av; = \; v v;, so (i — \j)v v; = 0 forces v v; = 0. Part
(iii) follows by inducting on dimension within each eigenspace; Eq. (3.7) is just Eq. (3.4) with P = @ orthogonal so
that P~ =QT. [ ]
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The sum form in Eq. (3.7) is the spectral decomposition: it writes A as a weighted sum of the rank-one orthogonal
projectors giq; (Example 2.5), each weight being its eigenvalue. Truncating the sum to the largest few |\;| gives
the best low-rank approximation of a symmetric matrix, the symmetric special case of the SVD story in Chapter 4.

Intuition. The spectral theorem is diagonalization with the change of basis made rigid. Because @ is orthogonal,
the change of coordinates QT is a pure rotation (or reflection), not a general skew. So a symmetric matrix acts as
“rotate to the principal axes, scale along each axis by its eigenvalue, rotate back.” Nothing is sheared. This is why
symmetric matrices map spheres to axis-aligned ellipsoids (Fig. 3.3) and why their geometry is so clean.

Example 3.17 (Spectral decomposition of a 2 x 2 symmetric matrix). Let A = [$ 2] (symmetric). The
characteristic polynomial is A2 — 4,80 A1 = 2, A\ = —2. For \; = 2, (A —2I)v = 0 gives ¢ = y, normalized

1

q = %(1,1)T. For Ao = —2, (A + 2I)v = 0 gives ¢ = —y, normalized g = ﬁ(_lv 1)7. They are orthogonal,

qqug = %(71 + 1) = 0, as the theorem promises. The spectral decomposition is

1 1 —1 1 0 2
A=2q1qf+(—2)q2q;={1 1]+[1 1}2{2 0],

recovering A.

Example 3.18 (A 3 x 3 symmetric matrix with a repeated eigenvalue). Let A = [é%

WO

], symmetric. Its block
structure makes the characteristic polynomial factor:

det(A—A)=(2-N)[B-N)"=1] =2-NA-2)A—4) =-(A-2°(A—4),
so A = 2 is a double root and A\ = 4 is simple. The crucial question is whether the repeated eigenvalue 2 supplies
two independent eigenvectors. Solving (A — 2I)v = 0, i.e. {% ? ﬂ v = 0, gives the single condition v2 + v3 = 0 with
vy free, a two-dimensional eigenspace F2 = span{(1,0,0),(0,1,—1)}. So GM(2) = 2 = AM(2) and the matrix is
diagonalizable, unlike the defective triangular matrix of Example 3.7; a repeated eigenvalue is only a warning, and

here the spectral theorem guarantees enough eigenvectors. For A = 4, (A — 4I)v = 0 gives v1 = 0, v2 = v3, SO
E, = span{(0,1,1)}. Orthonormalizing (the three are already mutually orthogonal),

1 0 0
Q=10 & |, A=diag224), A=QAQ .

1 1

O -5

The columns of @ are an orthonormal eigenbasis, exactly what the spectral theorem promises for any symmetric
matrix.

3.8 The Rayleigh quotient

The spectral theorem has a variational twin that we will lean on heavily in principal component analysis (Chap-
ter 11). It answers the question: over all unit vectors, in which direction does a symmetric matrix stretch the most?

Definition 3.19 (Rayleigh quotient). For a symmetric A € R"*™ and « # 0, the Rayleigh quotient is

z" Az

Ra(=) = z'x

. (3.8)
Theorem 3.20 (Variational characterization of eigenvalues). Let A be symmetric with eigenvalues Amin =
An < -+ <A1 = Amax. Then for every x # 0,

Amin < Ra (w) < Amax,

the maximum is attained at a top eigenvector and the minimum at a bottom one:

Amax = max Ra(z) = max ar:TAx, Amin = min ' Az. (3.9)
20 llzll=1 lzll=1
Proof. Diagonalize A = QAQT and substitute y = Q' x, so ||y|| = ||| because @ is orthogonal. Then x ' Az =

y Ay = Zl Xiy? and 'z = ZZ y2, so
— Zz Aiy;
Zi y;

Ra(x)
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is a weighted average of the eigenvalues with nonnegative weights y2. A weighted average lies between the smallest

and largest values being averaged, giving the bounds. Putting all the weight on the top eigenvalue (take y = ey, i.e.

T = q1) attains Amax; € = ¢n attains Amin. [ |
21 1

Example 3.21 (Rayleigh extremes). For A = [73] (eigenvalues 3 and 1, eigenvectors ﬁ(lv 1)" and

%(1, —1)T), the Rayleigh quotient at the eigenvectors gives Ra(1,1) = g =3 = Amax and R4(1,-1) = % =1=
Amin. At the in-between direction (1,0), R4(1,0) = 2, comfortably between. No unit vector stretches more than the
top eigenvector.

This is exactly the optimization that PCA solves: the first principal component is the unit direction maximizing
x " Cx for the covariance matrix C', which by Theorem 3.20 is its top eigenvector (Chapter 11). The Rayleigh quo-
tient is the hinge between the algebra of eigenvalues and the geometry of “directions of greatest variation.”

Enrichment: how eigenvalues are computed

We find small eigenvalues by hand through the characteristic polynomial, but that is hopeless beyond n = 4
or so (there is no general formula for polynomial roots of degree > 5). Real software never forms p4. The
simplest practical idea is power iteration: pick a random xo and repeat Try+1 = Axi/||Axg|. Writing 2 in the
eigenbasis, each step multiplies the coefficient of g; by s, so the largest |\;| dominates and x) aligns with the
top eigenvector; the Rayleigh quotient Ra(x)) then converges to Amax. This is the seed of the algorithms that
rank web pages and compute principal components at scale; production solvers refine it into the QR algorithm
[8, 24].

Example 3.22 (Power iteration converging by hand). Watch the method find the top eigenvalue of A = (2 1),
whose true eigenvalues are A = 3 (eigenvector (1,1)) and A = 1 (eigenvector (1,—1)). Start from zo = (1,0), which
deliberately points along neither eigenvector. Each step applies A; normalization only rescales, so we track the raw
iterates and report the Rayleigh quotient Ra(x) = ' Axz/z ' x, which is the running estimate of Amax:

) (2,1) 2/1 = 2.000

) (5,4) 14/5 = 2.800

) (14,13) 122/41 = 2.976
3) | (41,40) | 1094/365 = 2.997
(41,40) | (122,121) 2.99970

Two things happen at once. The direction tilts toward (1, 1), since 41 : 40 is nearly 1: 1, and the Rayleigh quotient
climbs to 3. The convergence rate is governed by the ratio |A2/A\1| = 1/3: the gap to 3 shrinks by roughly that
factor each step, which is why the error falls from 1.0 to 0.2 to 0.024 to 0.003. A wider spectral gap means faster
convergence, and a tiny gap means painfully slow progress, which is the practical reason production solvers add
shifts and deflation rather than iterating naively. The same multiply-and-renormalize loop, run on the web’s link
matrix, is PageRank (Example 3.11 and the box above).
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3.9. POSITIVE DEFINITE AND POSITIVE SEMIDEFINITE MATRICES

q2 (A:U

Figure 3.3. The quadratic form of A = [f %] The level set T Az = 1 is an ellipse whose axes are the eigenvectors qi, g2
and whose semi-axes have length 1/4/X;. The steep direction q; (A = 3) gives the short axis 1/v/3; the gentle direction g2
(XA = 1) gives the long axis 1. Positive definiteness is exactly the statement that this level set is a bounded ellipse rather
than an open hyperbola.

Type Notation FEigenvalues 2" Az for = # 0
Positive definite A=0 all \; >0 always > 0
Positive semidefinite A*0 all \; >0 always > 0
Indefinite none mixed signs both signs occur
Negative (semi)definite A <0 all \; <0 always < 0

Table 3.2. The definiteness types of a symmetric matrix, read off from the signs of its eigenvalues. Definiteness is the
matrix version of the sign of a number, and it decides whether a critical point is a minimum, maximum, or saddle (Chap-
ter 8).

3.9 Positive definite and positive semidefinite matrices

A recurring question is whether a symmetric matrix represents a “bowl” that curves upward in every direction. This
is definiteness, and the spectral theorem makes it an eigenvalue condition.

Definition 3.23 (Definiteness). A symmetric matrix A € R™*" is

o positive semidefinite (PSD), written A = 0, if x ' Az > 0 for all x;
« positive definite (PD), written A > 0, if 7 Az > 0 for all  # 0.

Proposition 3.24 (Definiteness via eigenvalues). A symmetric A is PSD if and only if all its eigenvalues sat-
isfy A; > 0, and PD if and only if all A\; > 0.

Proof. Diagonalize A = QAQ" and substitute y = Q" «. Since Q is orthogonal, y ranges over all of R as x does,
and

z Az =2 QAQ T =y Ay = A
i=1

This is nonnegative for all y iff every A; > 0, and strictly positive for y # 0 iff every A; > 0. |

Definiteness has a clean geometric meaning, collected in Table 3.2. The level set {x : ' Az = 1} of a positive defi-
nite matrix is an ellipsoid whose axes are the eigenvectors and whose semi-axis lengths are 1/v/;: large eigenvalues
(steep curvature) give short axes, small eigenvalues (gentle curvature) give long ones (Fig. 3.3). This is the same
ellipse that describes a Gaussian’s contours of equal probability (Chapter 6) and the local bowl of a function at a
minimum (Chapter 8).

Two facts we will reuse: for any matrix B, the Gram matrix B' B is always PSD (because ' B' Bx = || Bz||* > 0),
which is why singular values are real and nonnegative (Chapter 4); and the Hessian of a function is PSD exactly
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A1, Ao >0 Amin = 0
A
positive definite indefinite PSD, one zero
(bowl) (saddle) (valley)

Figure 3.4. The three shapes of a quadratic form a " Az, fixed by the eigenvalue signs. Left: both positive, level sets are
ellipses around a single lowest point (a bowl). Middle: opposite signs, level sets are hyperbolas straddling the asymptotes
(a saddle). Right: a zero eigenvalue, level sets are parallel lines and the surface is flat along that direction (a valley). This
is the second-derivative test read off the spectrum.

at the inputs where the function curves upward, the test for a local minimum (Chapter 8). Covariance matrices
(Chapter 6) are PSD for the same Gram-matrix reason.

Example 3.25 (Reading the shape of a quadratic form from the eigenvalues). The sign pattern of the
eigenvalues tells you the shape of the surface z = & " Az without plotting anything. Classify three symmetric matri-
ces.

(a) Both eigenvalues positive. For A = [2 1], the characteristic polynomial is (2 — A\)> — 1 = 0, so A = 3,1, both
positive. Expanding the form, " Az = 2z% 4+ 2122 + 223 = (z1 + 22)? + 2 + 2% > 0 for  # 0: a bowl opening
upward, with elliptical level sets (Fig. 3.4, left). The matrix is positive definite.

(b) Mized signs. For A = [(1) _01} the eigenvalues are +1 and —1, and ' Ax = 22 — 23 is positive along =1 but

negative along z2: a saddle, neither a max nor a min. The form is indefinite; at © = (1,0) it equals +1, at (0,1) it
equals —1.

(c) One zero eigenvalue. For A = [} 9] the eigenvalues are 1 and 0, and ' Az = x7 > 0 but vanishes along the
whole line 1 = 0: a flat-bottomed valley, PSD but not PD. The zero eigenvalue is the flat direction.

Like reading a topographic map from a few numbers, the eigenvalue signs alone fix the terrain: all positive is a
basin, mixed is a mountain pass, a zero is a level trough. This is exactly the second-derivative test in many vari-
ables (Chapter 8): a critical point is a minimum when its Hessian is positive definite, a saddle when the Hessian is
indefinite.

3.10 Summary

» Eigenvectors are the directions A merely scales: Av = Av. The eigenvalues are the roots of pa(A) = det(A — AI),
and eigenvectors are found in Nul(A — \I).

« Each eigenvalue has 1 < GM < AM. The matrix is diagonalizable, A = PDP™!, exactly when it has n indepen-
dent eigenvectors, i.e. GM = AM everywhere; otherwise it is defective.

« Diagonalization trivializes powers: A* = PD*P~!. The trace is the sum and the determinant the product of the
eigenvalues; rank counts the nonzero ones.

o The spectral theorem: a symmetric matrix has real eigenvalues and an orthonormal eigenbasis, A = QAQ ' =
Zi \iqiq; , acting as rotate-scale-rotate-back.

o The Rayleigh quotient Ra(x) = mTA$/me lies between Amin and Amax, with extremes at the corresponding
eigenvectors. This is the optimization PCA solves.

e A 0iff all eigenvalues are > 0; A = 0 iff all are > 0. Gram matrices B' B, covariance matrices, and minimizing
Hessians are all PSD; a PD form’s level set ' Az =1is an ellipsoid with semi-axes 1/v/\;.
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EXERCISES

Exercises

2 —1-1
Exercise 3.1. Let A = [—% 2 ! ] Find its rank, trace, and determinant. Is A positive definite or positive semidef-

inite? Finally, find an orthogonal diagonalization of A.

Solution. Trace, determinant, rank. tr(A) = 242 + 2 = 6. The rows sum to zero, so A(1,1,1)T = 0: the all-ones
vector is in the null space, hence A = 0 is an eigenvalue, det(A) = 0, and A is singular with rank(A) < 2. The first
two rows are independent, so rank(A4) = 2.

Definiteness. For any @ = (1, x2,23) ', a direct expansion gives the sum-of-squares form
' Az = (z1 — x2)> + (21 — x3)° + (22 — 23)> >0,

so A is positive semidefinite. It is not positive definite, since the quadratic form vanishes on = (1,1,1) " # 0.
(This A is the graph Laplacian of a triangle.)

Orthogonal diagonalization. Because tr(A) = 6 and one eigenvalue is 0, the remaining two sum to 6; solving
pa(A) = 0 gives eigenvalues 0, 3,3. The eigenvector for A = 0 is g1 = %(17 1,1)7. The eigenspace for A = 3 is the

orthogonal complement of (1,1, l)T; an orthonormal basis of it is
T T
q2 = %(17_170) 9 qs = %(1717_2) )

which one checks satisfy Ag> = 3q2, Agqs = 3qs, and are mutually orthonormal. With @ = [g1 g2 g3] and A =
diag(0, 3, 3), the spectral theorem gives A = QAQT. The nonnegative eigenvalues 0, 3,3 confirm A > 0 via Proposi-

10 0
Exercise 3.2. Let A = [0 1/21/

015 1/;} . Show that A? = A. Use this to determine the eigenvalues of A, and find its

eigendecomposition.

1/21/2

Solution. Idempotence. Direct multiplication gives A? = A (the lower-right block [1/2 172

} squares to itself, and
the 1 in the corner is unchanged). So A is a projection.

Eigenvalues. If Av = \v then A%v = A\2v; but A% = A gives A%v = v, so A2 = X and every eigenvalue is 0 or 1.
The number of 1’s equals tr(A) = 1+ 1 + 2 =2 = rank(A), so the eigenvalues are 1, 1,0.

Eigendecomposition. The eigenvectors are found directly: A (1,0,0)T = (1,0,0)" and A4(0,1,1)7 = (0,1,1) 7 give
A =1, while A(0,1,—1)" = 0 gives A = 0. Hence, with

1 0 0
P=10 1 1|, D=diag(1,1,0), A=PDP "
01 -1

Since A is symmetric, the eigenvectors can be normalized to an orthonormal set, making this an orthogonal diago-
nalization A = QAQ"; A is the orthogonal projection onto span{(1,0,0)",(0,1,1)" }. |

Exercise 3.3. Let T be an n x n real matrix and S an invertible n x n real matrix. (a) Prove that T and S™'TS
have the same eigenvalues. (b) What is the relationship between the eigenvectors of the two matrices?

Solution. (a) Suppose A is an eigenvalue of ST'T'S, so (S™!T'S)v = A for some v # 0. Multiply on the left by S:
TSv = ASv. Writing w = Sv, this is Tw = Aw, and w # 0 because S is invertible. So X is also an eigenvalue of
T. The argument reverses (replace S by S 71), so T and S™!TS have exactly the same eigenvalues. (Equivalently,
similar matrices share the characteristic polynomial: det(S™ TS — AI) = det(S™ (T — MI)S) = det(T — AI).) (b) The
computation shows v is an eigenvector of S™'T'S if and only if Sw is an eigenvector of T for the same eigenvalue:
the change of basis S maps one set of eigenvectors to the other. a

Exercise 3.4. Let T € R"*" and A € R. Prove there exists o € R with |a — A| < 755 such that 7' — ol is invertible.

Solution. The matrix T'— ol is singular exactly when « is an eigenvalue of T', by Definition 3.2. But T" has at most n
distinct eigenvalues (the characteristic polynomial has degree n). The interval (A — 1g55, A+ 1o55) contains infinitely
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many real numbers, so it certainly contains some « that is not one of the finitely many eigenvalues of T'. For that «,

T — oI is nonsingular, i.e. invertible, and o — \| < ==

Too0 as required. |

Exercise 3.5. Let A be an invertible n x n matrix. (a) If A # 0 is an eigenvalue of A, show 1/ is an eigenvalue
of A7'. (b) Do A and A~ have the same eigenvectors? (c) Must a real invertible matrix with n > 2 have a real
eigenvalue? Explain how the answer depends on whether n is odd or even.

Solution. (a) From Av = \v with v # 0, multiply by A= v = AA v, 50 A™'v = %’U (valid since A # 0,
which holds because A is invertible and has no zero eigenvalue). Thus 1/) is an eigenvalue of A™*. (b) Yes. The
computation in (a) shows the same v is an eigenvector of both A and A~1 only the eigenvalue is reciprocated. (c)
The characteristic polynomial has real coefficients and degree n. If n is odd, an odd-degree real polynomial has at
least one real root, so a real eigenvalue must exist. If n is even, it need not: for n = 4 the block-diagonal rotation

[B 9] with R = [9 '] is real and invertible but has only the complex eigenvalues +i. So the guarantee holds for
odd n and can fail for even n. O
Exercise 3.6. Let A = [32]. (a) Find the unit vector maximizing ' Az and the maximum value. (b) Find the

minimizing unit vector and minimum value. (c) Sketch the level set ' Az = 1 and mark its axes.

Solution. The characteristic polynomial is A2 —7A+ (10 —4) = A2 —7A+6 = (A= 6)(A—1), 50 Amax = 6 and Amin = 1.
For A =6, (A—6I)v = [ 3" % ]v = 0gives v « (2,1), normalized q1 = =2, DT forA=1,¢q = %(—1,2)?

(a) By Theorem 3.20 the maximum of 2" Az over unit vectors is Amax = 6, attained at 1 = %(2, 1)7. (b) The

minimum is Amin = 1, attained at g2 = %(—1, 2)". (c) The level set is an ellipse (the form is positive definite, both

eigenvalues > 0) with axes along q; and g2; the semi-axis along g1 has length 1/4/6 and along g2 length 1/v/1 = 1,
so it is short in the steep g1 direction and long in the gentle g2 direction, exactly as in Fig. 3.3. O

Exercise 3.7. Let A = [92]. (a) Find its eigenvalues and eigenvectors. (b) Write the diagonalization A = PDP™*
explicitly, including P~*.
Solution. (a) With tr A =1 and det A = —2 the characteristic polynomial is

paN) =2 —(trA)A+det A=X A —2=(A—-2)(A+1),

so A1 = 2 and A2 = —1; the negative eigenvalue says A flips orientation along one direction. For A = 2, (A —2I)v =
[]2 _21]'0 = 0 gives v1 = vz, so v1 = (1,1). For A = =1, (A+ I)v = [} 2]v = 0 gives v1 = —2v2, so v2 = (2,—1).
The matrix is not symmetric, so these eigenvectors are not orthogonal, but they are independent, hence a valid
eigenbasis. (b) Put the eigenvectors in P and the eigenvalues in D:

12 20 1 |-1o=2| 11 2
P_[l —1}’ D‘{o —1]’ P _detP[—l 1}_3{1 —1]’

since det P = (1)(—1) — (2)(1) = —3. Multiplying back confirms it: PD = [2 2] and PDP ™' =

1

(58] =[9%]=A4. 0
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CHAPTER 4

The Singular Value Decomposition

A matriz is not a grid of numbers. It is a sum of concepts, each a direction
of variation in your data.

Professor Chin, on the meaning of the SVD

The spectral theorem of Chapter 3 diagonalized symmetric matrices. But data matrices are rectangular and
never symmetric, so they have no eigenvectors at all. The singular value decomposition repairs this: every real
matrix factors as A = ULV with U, V orthogonal and ¥ diagonal and nonnegative. We construct it from
the eigendecomposition of AT A, work a full example by hand, read it as a sum of rank-one pieces and as the
image of a sphere becoming an ellipsoid, and prove the Eckart—Young theorem: truncating the SVD gives
the best low-rank approximation there is. Along the way the SVD finally delivers the general pseudoinverse
promised in Chapter 2 and sets up principal component analysis in Chapter 11.

Suggested reading: Deisenroth et al. [5], Section 4.5; Strang [21] for the four fundamental subspaces; Austin
[1] for a gentle, picture-first tour.

4.1 Why every matrix needs the SVD

Eigenvalues require a square matrix, and a clean orthonormal eigenbasis requires a symmetric one (Theorem 3.16).
A data matrix A € R™*™ with m examples and n features is neither: it is rectangular, so Av = A\v does not even
typecheck. Yet we still want to find the dominant directions of variation in the data. The singular value decomposi-
tion provides them for any matrix whatsoever, by separating the input directions (in R™) from the output directions
(in R™) and the scaling between them.

Rmxn

Theorem 4.1 (Singular value decomposition). Every matrix A € of rank r can be written

A=UxVT, (4.1)

where U € R™*™ and V € R™*™ are orthogonal (U'U = I,,, V'V = I,) and ¥ € R™*" is rectangular diagonal
with entries
o120 2> 2>0p >0, Ory1=-+-=0,

the singular values. The columns u; of U are the left singular vectors and the columns v; of V' are the right singular
vectors.

Unlike eigenvalues, which can be negative or complex, the singular values are always real and nonnegative, and
unlike the eigendecomposition, which fails for defective matrices (Example 3.12), the SVD exists for every matrix.
That universality is why it sits at the center of numerical linear algebra and machine learning.

Intuition. The SVD says that every linear map, however complicated, is the same three moves in sequence: rotate

(by V'T), stretch the axes (by I), rotate again (by U). No shears, no skews, no surprises. The right singular vectors
v; are the special input directions that come out unrotated relative to each other; the map merely scales them by o;
and re-aims them along the w;. The spectral theorem (Theorem 3.16) was this story for symmetric matrices, where
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4. THE SINGULAR VALUE DECOMPOSITION

the two rotations were forced to be the same; the SVD frees them, which is exactly what lets it handle rectangular
and non-symmetric matrices that have no eigenvectors at all.

Remark 4.2 (Full versus thin SVD). When m > n, the bottom m — n rows of X are zero, so the last m — n columns
of U multiply zeros. Dropping them gives the thin (or reduced) SVD A = U, £,V with U, € R™*", £, € R™*",
V € R™ ™. When the rank r is smaller still, the trailing n — r singular values vanish and one drops further to the

compact SVD A = U, X, V.7, which keeps only the r directions that matter. The thin form is what one computes in
practice; the full form is tidier for proofs.

4.2 Constructing the SVD from AT A

The recipe comes straight from the spectral theorem applied to the symmetric matrix A" A.

Proposition 4.3 (Where the pieces come from). Let A € R™*™. The matrix AT A € R™*" is symmetric
and positive semidefinite, so by Theorem 3.16 it has an orthonormal eigenbasis v1, ..., v, with real eigenvalues
A1 > -+ > An > 0. Then the SVD of A is given by

g; = \/ )\i, U; =

with the v; as the columns of V' and the u; as the columns of U (completed to an orthonormal basis of R™ by
Gram—Schmidt where o; = 0).

1_ Av;  (0: > 0), (4.2)

g

Proof. That AT A is symmetric is immediate, (ATA)T = AT A, and it is PSD because ' AT Az = ||Az||* > 0
(Proposition 3.24), so its eigenvalues A; are nonnegative and o; = v/\; is well defined. For a nonzero singular value
set u; = Av;/o;. These u; are unit vectors,

1 1 i
o = L w7 AT Ay = o () = Xl = 1,
o; A A

and they are orthogonal, since for i # j

T 1 1,7 AT
u; uj = v, A Av; = v, v; =0
00 ;03

because the v; are orthonormal. Finally, Av; = o;u; holds for every 4 (trivially when o; = 0, since then ||A'vi|\2
X = 0). Collecting these as AV = UY and right-multiplying by V' (orthogonal, so VV' = I) gives A = UV ",

The same computation with AAT instead of AT A produces the left singular vectors directly: AATu; = Asu;. So
U holds the eigenvectors of AAT, V holds the eigenvectors of AT A, and the two share the nonzero eigenvalues
)\7; = 0'1-2.

Computing the SVD by hand

Form A" A and find its eigenvalues \; and orthonormal eigenvectors v;. These v; are the columns of V.
Set the singular values o; = v/\;, in decreasing order, on the diagonal of .

For each o; > 0, set u; = Av;/o;. These are the first columns of U.

If r < m, extend {u;} to an orthonormal basis of R™ by Gram—Schmidt to fill out U.

> 8P
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4.3 A worked example

Example 4.4 (Full SVD of a 2 X 2 matrix). Let A =[39].

Step 1: AT A and its eigenstructure.
T, |3 4|3 0 |25 20
4 A= [O 5:| [4 5:| - [20 25] '

Its characteristic polynomial is (25 — A)? — 20% = 0, i.e. 25 — A = 420, giving A\; = 45 and A2 = 5. The eigenvectors of

the symmetric matrix [2) 22] are (1,1) for A1 (since equal coordinates) and (1, —1) for A2; normalized,

1 1
m—;H, m—%[_l].

Step 2: singular values. o, = /45 = 3v/5 and oo = \/5, S0 X = {3‘0/3 0 }

Step 3: left singular vectors u; = Av;/o;.

1 |3 1 1 |3 1 |1
AUl—ﬁlig, ul_ﬁ.ig_ilo?,’

3 1 3 3
1 o1 _ 1
Avs = 75 [_1] , Uz = NARE [_1] —~ [_J .
Both are unit vectors and u] us = —110 (3 —3) =0, as the construction guarantees.

Step 4: assemble and verify.
_ T a1 3|35 o, |1 1
A=UxV m[z& -1 0 VB vz 1 -1’

Multiplying UY = % [g _31} and then by V' T recovers [3 2], confirming the decomposition.

When A is rectangular the only change is bookkeeping. For A € R3*2 ¥ is 3 x 2 with the singular values on the
leading diagonal and a zero bottom row, and the third column of U is obtained by Gram—Schmidt as a unit vector
orthogonal to w1, us; it spans the part of R® that A cannot reach (Exercise 4.2).

Example 4.5 (SVD of a wide matrix). Let A = [} 19] € R**®. Because A is short and wide, work from the
smaller Gram matrix AAT € R**%;

1 0
S (IR O R
with eigenvalues 3 and 1, so 01 = v/3, 02 = 1, and the left singular vectors are u; = %(1, 1), us = %(1, —1). The
right singular vectors come from v; = ATui/m‘:
o= L ; =1(1,2,1) v 1. L (1) =-1(1,0,-1)
1_\/3\51_\/6”’ 2—1@7_1—&”'

These are orthonormal, and a third right vector vz = %(1, —1,1) spanning Nul(A) completes V. Then A =UXV "

with ¥ = [diag(v/3,1) | 0] a 2 x 3 matrix. The lone zero “column” of 3 is the null direction vs: Avs = 0, which is
why a wide matrix always has a nontrivial null space (here one-dimensional, since 3 — rank(4) =3 —2=1).

4.4 Two ways to read the SVD
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4. THE SINGULAR VALUE DECOMPOSITION

g1uU;

V2
vy ooy

NI |

unit circle in R™ ellipse in R™

Figure 4.1. The geometry of the SVD. The right singular vectors v; are the orthonormal directions in the input space
that A sends to the orthogonal directions u; in the output space, stretched by the singular values: Av; = o;u;. The unit
sphere maps to an ellipsoid whose semi-axis lengths are the singular values.

4.4.1 As a sum of rank-one matrices

Expanding ULV " by the rank-one rule Eq. (1.9) writes A as a weighted sum of outer products,
A= Zai wv; (4.3)
i=1

ordered so that o1 multiplies the most important rank-one piece. This is the exact analogue of the spectral decom-
position Eq. (3.7); indeed for a symmetric PSD matrix the two coincide. Each term o;u;v; reads the input along
v;, scales by o;, and writes the output along ;.

4.4.2 As a sphere becoming an ellipsoid

Because V' is orthogonal it rotates (or reflects) the input without changing lengths, 3 stretches the coordinate axes
by the singular values, and U rotates the result into the output space. The net effect of A on the unit sphere is an
ellipsoid (Fig. 4.1) whose axes point along the left singular vectors u; and whose semi-axis lengths are the singular
values o;. The largest singular value o1 is the largest factor by which A can stretch any unit vector, which is exactly
the matrix 2-norm [|A||2 = o1.

4.5 What the SVD reveals

The SVD is a Swiss-army knife: rank, norms, conditioning, the pseudoinverse, and the four fundamental subspaces
all read straight off the factors. We collect them here.

4.5.1 The four fundamental subspaces

Split the singular vectors at the rank r. The first r right singular vectors and the last n — r partition the input space;
the first r left singular vectors and the last m — r partition the output space:

Col(A) = span{u1,...,ur}, Nul(AT) = span{ur41,...,Um},
Row(A) = span{vi,..., v}, Nul(A) = span{v,41,...,0n}. (4.4)

The map A sends each row-space direction v; to the column-space direction o;u; (i < r) and annihilates every null-
space direction (Av, = 0 for ¢ > r). So A is a clean scaling isomorphism between Row(A) and Col(A), blind to
the rest (Fig. 4.2). This is the fundamental theorem of linear algebra, and the SVD hands it to us with orthonormal
bases for all four spaces at once.
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4.6. LOW-RANK APPROXIMATION: THE ECKART-YOUNG THEOREM

R R
Row(A) Col(A)
Xo;

{@nscooy v} I {ur, ..., Uy
Nul(A) L Nul(AT)
{vrg1,.. -, v} "‘--\_~ {urt1,-. . um}

— 0 T==a >

Figure 4.2. The four fundamental subspaces, read off the SVD. The map A scales the row space onto the column space
by the singular values and crushes the null space to zero. Least squares (Chapter 2) lives here: the residual is the part of
the target in Nul(AT), the one piece A cannot produce.

4.5.2 Rank, norms, and conditioning
Three scalar summaries of a matrix are singular values in disguise:

rank(A) = #{i: 0, >0}, [|Al2 =01, [Allr=1/>, oZ, k(A) = ?. (4.5)
The rank is the count of nonzero singular values (a far more honest test than a determinant, which only says zero-
or-not). The spectral norm ||A|l2 = o1 is the worst-case stretch; the Frobenius norm collects the total “energy”; and
the condition number k(A) = o1 /0, measures near-singularity, the quantity that made A" A dangerous to invert
in Remark 1.20. For the worked matrix A = [3 2] with o = (3/5,1/5), these are rank = 2, || A2 = 3v/5 ~ 6.71,
|AllF = v/50 = 5v/2, and x = 3, a well-conditioned matrix.

4.6 Low-rank approximation: the Eckart—Young theorem

Truncating the sum Eq. (4.3) after k terms gives a rank-k matrix

k
Ak = ZO’iui’U;r. (46)
1=1

The remarkable fact is that no rank-k matrix approximates A better.

Theorem 4.6 (Eckart—Young—Mirsky). Among all matrices B of rank at most k, the truncated SVD Aj mini-
mizes both the Frobenius and the spectral distance to A:

min_ [|A— Bllr = [|[A = Axllr =

min ||A — Bll2 = 0k1-
rank(B)<k

rank(B)<k

The error is governed entirely by the discarded singular values. When they decay quickly, a small k& captures almost
all of A, which is the mathematical reason compression and denoising work: the dominant singular components
carry the signal, and the small ones carry redundancy and noise. The decay is usually displayed as a scree plot
(Fig. 4.3); the “elbow” where it flattens is the natural place to truncate.

Example 4.7 (Best rank-one approximation). For A = [3 2] of Example 4.4, the best rank-one approximation
is

1 1.5 1.5
A1—01U1U;r—3\/5’x/11*0{3]'\}§[1 1]_[45 45}'

The approximation error is ||A — A1]|r = o2 = /5, exactly the singular value we dropped, in agreement with
Theorem 4.6.
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T

10

elbow:
keep k = 2

index 1%

1 2 3 4 5

Figure 4.3. A scree plot of singular values o = (10,8,1,0.5,0.2). The sharp drop after the second value (the “elbow”)
says two components capture almost all the matrix; truncating there discards little (Exercise 4.4 computes the retained
energy at over 99%).

4.7 Applications

o Compression. Storing Ay needs only k(m + n) + k numbers (the u;, v;, and o;) instead of mn. For an image
with slowly decaying singular values a modest k reproduces it almost exactly, the idea behind transform-based
image coding.

e Denoising. Noise spreads its energy across all directions and so lives mostly in the small singular values; trun-
cating to the top k keeps the coherent signal and discards the noise floor.

« Eigenfaces. Stack many face images as the rows of A. The top right singular vectors v; are the directions along
which faces differ most; reshaped back into images they look like ghostly composite faces (“eigenfaces”), and
every face is well approximated by a few of their coefficients. This is principal component analysis, developed in
full in Chapter 11.

e Latent structure. In a term—document matrix the top singular vectors group words and documents into latent
topics, the basis of latent semantic indexing.

Example 4.8 (Image compression by the numbers). A grayscale photo is a matrix; take a 512 x 512 image,
so A € RP12X512 (g5 5122 = 262,144 numbers to store in full. The rank-k truncation Ay = Zle Uiuiv;r stores
instead k left vectors of length 512, k right vectors of length 512, and k singular values: k(512 + 512 4+ 1) = 1025k

numbers. Comparing:

rank £  numbers stored vs. full compression

10 10,250 3.9% 25.6x
50 51,250 19.6% 5.1x
100 102,500 39.1% 2.6x

Because photographs have rapidly decaying singular values (most of their Frobenius energy ZZ o2 sits in the first
few dozen terms), a rank-50 approximation already looks nearly identical to the original while using a fifth of the
storage. By Eckart—Young (Theorem 4.6) this is the best possible rank-50 image in squared error, and the relative

error is exactly 4/ ED 5007 / ZZ o2, the fraction of energy in the discarded tail.

The thread running through all of these is principal component analysis, and the SVD computes it directly. If the
rows of A are data points with the column means subtracted (centered data), then the covariance matrix is C' =
%ATA, whose eigenvectors are exactly the right singular vectors v; of A, with variances 7 /m along them. The top
right singular vectors are therefore the directions of greatest variance, the principal components, and projecting onto
the first & of them is the best k-dimensional linear summary of the data by Eckart—Young. We build this out in full
in Chapter 11; see also Jolliffe [14]. Computing principal components through the SVD of A, rather than by forming
C = %ATA, is preferred for the same conditioning reason that QR beat the normal equations in Section 2.11.
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4.8 The pseudoinverse, finally in general

Chapter 2 built the Moore—Penrose pseudoinverse only for full-column-rank matrices, leaving the rank-deficient case
(Example 2.12) unresolved. The SVD closes the gap. If A= UXV ", define

At =vsiuT, ZT:diag(i,...,%,o,...,()), (4.7)
that is, invert each nonzero singular value and transpose. This A satisfies all four Penrose conditions Eq. (2.17) for

any matrix, and when A has full column rank it agrees with (AT A)™'AT. The least-squares solution * = A'b is
then the one of minimum norm among all minimizers, the canonical choice the rank-deficient problem lacked.

Example 4.9 (Pseudoinverse of a rank-one matrix). Take the rank-deficient A = [} 2] from Example 2.12. Tt
is the single rank-one term A = oyuiv] with o1 =5, u; = v; = %(17 2) (one checks ||A||r = 5 and the column and
row directions are both (1,2)). By Eq. (4.7),

1 111 11 2] 4
- = T:7~7 = — = —
A= =53 [2] =5 [2 4} 25°

A direct check confirms AATA = A: since A> = 5A (as v{ w1 gives the factor), AATA = A3/25 = 25A4/25 = A.
The naive formula (AT A)"'AT is unavailable here because AT A is singular, yet the SVD pseudoinverse exists and
is unique.

Example 4.10 (Minimum-norm solution of an underdetermined system). The phrase “minimum norm
among all minimizers” deserves a picture. Consider the single equation in two unknowns

1+ x2 =1, that is Am:bwithA:[l 1],b:1.

Infinitely many vectors satisfy it: (1,0), (0,1), (%, %), (2,—1), and every other point of the line 21 + z2 = 1. With
no extra criterion the problem has no single answer, so the pseudoinverse supplies one. Here A has full row rank, so

At = AT(AAT)™! and since AAT =12 412 = 2,

1|1 *
AT:QH’ o= = (33)

Among all solutions this one is shortest: ||z*]| = /3 + 1 = % ~ 0.707, against [|(1,0)|| = ||(0,1)|| = 1. Geometri-
11

cally the solution set is a line, and (3, 3) is the foot of the perpendicular dropped from the origin onto it, the point
of the line closest to 0. The pseudoinverse always returns that foot-of-perpendicular solution, which is exactly the
behavior minimum-energy control and the zero-noise limit of ridge regression rely on. Of all the ways to split one
unit across two accounts, the most balanced split, half and half, is also the one with the least total squared size.

Example 4.11 (Synthesis: one least-squares fit, three routes that agree). The book has built three differ-
ent machines for the same job. Run all three on the line fit y = a + bz to (0,1), (1,1), (2,3), with A = H g} and

y = (1,1,3), and watch them land on the same answer. Route 1, normal equations (Chapter 2). With AT A = 53]
and ATy = (5,7), the determinant is 15 — 9 = 6, s0 a = W = % = % and b = 3'76& = 1. Route 2, QR
(Example 1.5). Gram—Schmidt on the columns gives q1 = %(l, 1,1) and g2 = %(—1,07 1),s0 R = [‘/03 g} and

QTy = (%, V/2). Back-substitution gives v/2b = v/2, so b= 1, then v/3a + V3 = %, soa = % Route 3, the pseu-
doinverse (this chapter). A has full column rank, so A" = (ATA)"'AT and z* = Aly = (2,1) directly. All three

return (a,b) = (%, 1) with fitted values g = (37 g, %)7 because they are three computations of the same orthogonal
projection of y onto Col(A), differing only in numerical path. Normal equations are fastest but square the condition
number; QR is the stable workhorse; the SVD pseudoinverse is the most robust and the only one that still returns a
(minimum-norm) answer when A is rank deficient. Same destination, different roads, and the SVD is the road that

never washes out.
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Eigendecomposition A = PDP~! SVD A=UxV "

Applies to square matrices every matrix (any shape)
Always exists? no (defective matrices fail) yes

Bases one basis P, generally not orthogonal two orthonormal bases U,V
Scalars eigenvalues \; (real or complex) singular values o; > 0
Symmetric PSD A P = @Q orthogonal, D = A coincides: U=V =Q, g, = \;

Table 4.1. Eigendecomposition versus SVD. The SVD trades a single (possibly skew) basis for two orthonormal ones, and
in return works for every matrix. The two agree exactly on symmetric positive semidefinite matrices.

4.9 Relation to the eigendecomposition

The SVD and the eigendecomposition coincide exactly when A is symmetric positive semidefinite: then A = QAQT
with A > 0 is already of the form UXV " with U = V = Q and 0; = )\;. For a symmetric matrix with a negative
eigenvalue the singular value is its absolute value, o; = |\;|, and the sign is absorbed into u; = +v;. For a general
matrix the eigenvalues of A (if it has any) and its singular values are unrelated. Two facts transfer cleanly: the rank
of A equals the number of nonzero singular values, and the nonzero singular values of A are the square roots of the
nonzero eigenvalues of both AT A and AA". Table 4.1 lays the two decompositions side by side.

4.10 Summary

« Every matrix factors as A = USV " with U,V orthogonal and ¥ diagonal with nonnegative singular values
o12>--->0pr>0.

« Construct it from AT A: its orthonormal eigenvectors are the columns of V, o; = v/A;, and u; = Aw; /0.

e The SVD writes A = EZ oiusv; , a sum of rank-one pieces ordered by importance, and sends the unit sphere to
an ellipsoid with semi-axes o;u;. Every matrix acts as rotate—stretch-rotate.

+ The SVD reveals everything: rank(A) is the number of nonzero i, ||All2 = o1, ||Allr = /), 07, K(A) = 01/0v,
and orthonormal bases for all four fundamental subspaces Eq. (4.4).

o Eckart—Young: the truncation Ay = ZZ <k oiusv; is the best rank-k approximation, with error set by the dis-
carded singular values. This powers compression, denoising, eigenfaces, and PCA.

e The general pseudoinverse is At =vstuT, inverting the nonzero singular values; it exists for every matrix and
gives the minimum-norm least-squares solution.

Exercises

Exercise 4.1. Find the singular values and a singular value decomposition of

o O o o
o O o
O OO
o w o o

Solution. Compute BT B. Column 1 of B is zero, and columns 2, 3,4 are e1, 2ez, 3e3, so B' B = diag(0,1,4,9) is
already diagonal. Its eigenvalues are 0, 1,4,9 with eigenvectors the standard basis vectors, so the singular values are
their square roots, 3,2, 1,0 in decreasing order, with right singular vectors vi = e4, v2 = e3, v3 = e2, va = e;. The
left singular vectors for the nonzero singular values are u; = Bv;/o;:

U1:%364:€3, U2 = %363262, U3:B(22:el,
and uy = e4 completes the basis (it spans Nul(B")). Thus B = USV " with ¥ = diag(3,2,1,0), U = [e3 e2 e; e4],

and V = [es4 es ez e1]. The matrix simply shifts and rescales coordinates, and the zero column forces rank(B) = 3.
a
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Exercise 4.2. Find the singular values of A = H —21} and explain why ¥ is 3 x 2 while U is 3 x 3.

Solution. Here ATA = [_31 7 ], with characteristic polynomial (3 —A)(1 —A) —1=X2 —4XA+2=0,s50 A =2+ /2.

The singular values are o1 = \/2+ V2 = 1.848 and 02 = /2 — V2 ~ 0.765; since A has rank 2 there are two

nonzero singular values. Because A maps R? — R?, the matrix ¥ must be 3 x 2 (a 2 x 2 diagonal block of singular
values atop a zero row), and U must be 3 x 3 to be orthogonal in the output space R?. Only two left singular vectors
come from u; = Aw;/o;; the third column of U is any unit vector orthogonal to both, obtained by Gram—Schmidt,
and it spans Nul(AT"), the one direction in R® that A never reaches. a

Exercise 4.3. Let A = UXV " be the SVD of an invertible square matrix. Express A~', AT, and ||A|2 in terms of
U, ¥, V, and the singular values.

Solution. Since U,V are orthogonal, U™ =U" and V"' =V, so
Alt=wzvHt=vxluT,

where ¥ 7! = diag(1/01,...,1/0,) (all o; > 0 because A is invertible). The transposeis AT = VETUT = VEUT
(a diagonal ¥ equals its transpose for a square matrix). The spectral norm is the largest singular value, ||A||2 =

o1, while ||A71||2 = 1/0,; their product o1/0y, is the condition number of A, the quantity that measured near-
singularity in Remark 1.20. A matrix is ill-conditioned exactly when its smallest singular value is tiny next to its
largest. O

Exercise 4.4. A data matrix has singular values o = (10, 8, 1, 0.5, 0.2). What fraction of the Frobenius “energy”
> o? is retained by the best rank-2 approximation, and what is the resulting relative error ||A — Az||r/|A||r?

Solution. The total energy is ZZ 02 =100 + 64 4+ 1 + 0.25 + 0.04 = 165.29. The rank-2 truncation keeps o1, 02,
retaining 100 + 64 = 164, a fraction 164/165.29 ~~ 0.992, so over 99% of the energy lives in the top two components.

By Theorem 4.6 the error is ||[A — Az||r = /02 4+ 0% + 02 = /1.29 = 1.136, and the relative error is 1/1.29/165.29 ~

0.088, about 8.8%. Rapidly decaying singular values are exactly what make a low-rank approximation faithful. a

Exercise 4.5. Let A = [3 g] . (a) Find the singular values and the condition number k2(A) = Omax/0min. (b) The

system Az = b is solved, then b is measured with a 1% relative error. What is the largest relative error in @ that
conditioning permits?

Solution. (a) The matrix is diagonal, so it already is its own SVD (with U = V' = I): the singular values are the
magnitudes of the diagonal entries, o = (2, 3). Hence

Omax _ 2 _,
Omin 1/2

K2 (A) =

(b) The condition number is exactly the worst-case amplification of relative error in solving a linear system,

NA@]l o ay DR8I _ o yop — ags,
[E]

[l
The bound is attained when b points along the weakly-amplified output direction (0,1) (the o = % axis) while the
perturbation Ab points along the strongly-amplified (1,0) axis. A matrix with x near 1 barely magnifies input noise;
a large k, which means a tiny omin relative to omax, makes the system dangerously sensitive, the numerical reason

near-singular matrices are avoided and regularization (Section 2.8) is used to lift omin away from zero. O

Exercise 4.6. A grayscale image is a 100 x 80 matrix. You approximate it by its best rank-10 truncation. How many
numbers must you store, and what is the compression ratio against the full image?

Solution. The full image is 100 x 80 = 8000 numbers. A rank-10 truncation Ao = Z:il oiusv; needs only the pieces
of those ten terms: ten left singular vectors of length 100, ten right singular vectors of length 80, and ten singular
values, which is

10 (100 4 80 + 1) = 10(181) = 1810 numbers.
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The compression ratio is 8000/1810 ~ 4.4x, a saving of about 77%, and the image still looks faithful whenever the
singular values past the tenth are small (Exercise 4.4). The general rule for an m x n image at rank k is k(m +n + 1)
stored numbers against mn, so truncation pays off precisely when k < ;%; this is the arithmetic behind every

low-rank image and model compression scheme. O
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CHAPTER 5

Probability, Bayes, and Estimation

ayes’ theorem is not a formula. It is a systematic way to update what you
B " th . t la. It t ti t date what
believe in the presence of uncertainty.

Professor Chin

The course now turns from deterministic linear algebra to reasoning under uncertainty. We model data with
random variables, starting with the humble coin flip, and ask the central question of statistics: given the data,
what is the parameter? Two answers compete. The frequentist treats the parameter as a fixed unknown and
maximizes the likelihood; the Bayesian treats it as a random variable and updates a prior into a posterior
through Bayes’ theorem. We develop both for the Bernoulli model, prove they agree as data accumulates, and
make the ideas concrete with disease testing and the Monty Hall problem.

Suggested reading: Deisenroth et al. [5], Sections 6.1-6.3; Bishop [2], Sections 1.2 and 2.1 for the Bayesian
coin in detail.

5.1 The rules of probability

All of probability is built from two rules. For random variables X,Y with a joint distribution p(X,Y"), the sum rule
recovers one variable by summing (integrating) out the other, and the product rule factors a joint into a conditional
times a marginal:

p(X) = Zp(X, Y=y) (sum rule), p(X,Y)=p(X |Y)p(Y) (product rule). (5.1)

Bayes’ theorem (Section 5.5) is nothing more than the product rule written both ways. Two variables are inde-
pendent if p(X,Y) = p(X)p(Y), equivalently p(X | Y) = p(X): knowing one says nothing about the other. The
expectation and variance of a random variable summarize its center and spread,

E[X] =) ap(z),  Var(X)=E[(X - E[X])’] = E[X*] - E[X], (5.2)
with the integral replacing the sum for continuous variables. Expectation is linear, E[aX + bY] = aE[X] + bE[Y],

always, whether or not X and Y are independent; variance adds only when they are. These few rules, applied to the
coin flip, generate the whole chapter.

5.2 Random variables and the Bernoulli model

A random variable assigns a numerical outcome to a random experiment. The simplest is the Bernoulli variable, the
model of a single coin flip.

Definition 5.1 (Bernoulli random variable). A random variable X € {0,1} is Bernoulli with parameter p €
[0, 1], written X ~ Bernoulli(y), if
P(X =1) =y, P(X=0)=1—p.
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Its probability mass function can be written in one line as p(x | ) = p®(1 — p)*~* for = € {0,1}.

A short computation gives its mean and variance:
EX]=0-(1-p)+1-p=p,  Var(X)=E[X’] -E[X]" = p—p* = p(l - p), (5.3)

where E[X?] = 1 because X? = X for a 0/1 variable. The variance is largest at u = % (maximum uncertainty) and
zero at p € {0,1} (a certain outcome).

Example 5.2 (Mean and variance of a fair die). The Bernoulli has only two outcomes; the same two formulas
handle any discrete variable. Let X be the roll of a fair six-sided die, uniform on {1,2,3,4,5,6} with probability é
each. The expectation is the probability-weighted average

— == =23.5.

6
14+2+43+4+5+6 21 7
_ 1o -
E[X]_;kG 6 5 =3

For the variance, first take the second moment E[X?] =", k. § = 1H49820425436 — 31 then subtract the squared
mean:

o <0t 2 (1) -

6 5 2 =5~ 2.917,

so the standard deviation is 1/35/12 ~ 1.708. Notice the mean 3.5 is not a value the die can ever show: expectation
is the balance point of the six equal weights placed at 1 through 6, the center of mass of the histogram rather than
a typical outcome. The variance, meanwhile, is the average squared distance from that balance point, and its square
root reports spread in the original units (pips), which is why the standard deviation, rather than the variance, is the
one quoted alongside a mean.

We rarely observe p directly. Instead we see a dataset of n independent flips of the same coin,
D=A{z1,...,zn}, T £ Bernoulli(u), (5.4)

and must infer p. Write m = ZLI z; for the number of ones (heads). The whole chapter is about turning D into a
statement about u.

5.3 Maximum likelihood estimation

The likelihood is the probability of the observed data viewed as a function of the parameter. Because the flips are
independent, their joint probability is the product of the individual masses:

n

P ) =]u (= =p" = )" (5.5)

i=1
The mazimum likelihood estimate (MLE) is the parameter that makes the data most probable, i = arg max ¢ (o 1 P(D |

1)

Intuition. The same expression p(D | p) is read two ways. Fix p and let the data vary: it is a probability, summing
to one over all datasets. Fix the observed data and let p vary: it is a likelihood, a function of the parameter that
does not integrate to one. Maximum likelihood asks the natural question, “which coin bias would have made what I
actually saw the least surprising?” and answers by climbing that curve to its peak.

Proposition 5.3 (Bernoulli MLE). The maximum likelihood estimate of the Bernoulli parameter is the sample

mean,
n n

. RN
MUMLE = m le (56)
i=1

Proof. Maximizing the likelihood is the same as maximizing its logarithm, since log is increasing; the log turns the
product into a sum and is far easier to differentiate. The log-likelihood is

() =logp(D | p) = mlog p+ (n —m)log(1l — p).
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5.4. TWO PHILOSOPHIES

Frequentist Bayesian
The parameter p is  a fixed unknown constant a random variable
Probability means long-run frequency degree of belief
What is random the data the parameter (given the data)
The output is a point estimate (AmLE) a posterior distribution
Small samples can be brittle (3 heads = fi=1) regularized by the prior

Table 5.1. Two philosophies of inference. They are interpretations rather than competing theorems, and Section 5.7
shows their estimates coincide as the data grows.

Differentiating and setting to zero,

_m n—m
pool-p

=0 = m(l—p) =Mnm—-—muy = m=nu,
so fi = m/n. The second derivative £ (1) = —m/u® — (n —m)/(1 — u)? < 0 confirms a maximum. ]

The MLE is intuitive but brittle in small samples. Flip a coin three times and see three heads, and the MLE de-
clares 1 = 1: the coin will never come up tails. It also reports a single number with no measure of confidence. Both
shortcomings motivate the Bayesian treatment.

5.4 Two philosophies

e The frequentist regards p as a fixed but unknown constant. Probability describes the long-run frequency of
repeatable events, and the data is random while the parameter is not. The output is a point estimate like the
MLE.

e The Bayesian regards u as a random variable carrying our uncertainty. Probability describes a degree of belief.
We start with a prior distribution over p and update it to a posterior once the data is in. The output is a whole
distribution rather than a single number.

These are not rival theorems, only rival interpretations (Table 5.1), and we will see they deliver the same answer
once the data is plentiful. The Bayesian machinery rests on a single identity.

5.5 Bayes’ theorem

The joint probability of two random quantities factors two ways, by the definition of conditional probability:
p(X,Y) =p(X)p(Y | X) =p(Y)p(X | Y).
Equating the last two expressions and dividing gives the result.

Theorem 5.4 (Bayes’ theorem). For events or random variables with p(Y’) > 0,

p(Y | X)p(X)
p(X|Y)=——"FTFH—"+. 5.7
(X |v) = P (5.7)
When X is a parameter 6 and Y is data D, the pieces have names:
likelihood prior
D|o 0
pio | )= EELO PO 9 D) o p(D] 0)p00). (58)
~—— p(D)
posterior Y

The evidence p(D) = fp(D | 0)p(0) d is a constant in 0; it only normalizes the posterior to integrate to one, which
is why the proportionality on the right is usually all we need. In words: the posterior is the prior reweighted by how
well each parameter value explains the data.
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10,000 people

TN

100 diseased 9,900 healthy
99 test 4 1 test — 495 test + 9,405 test —
P(D | +) % ! t iti (blue) t bered 5:1 by fal iti (red)
= = —: true positives ue) are outnumbered 5:1 by false positives (re
99 + 495 6

Figure 5.1. The disease test in natural frequencies. Splitting 10,000 people by disease status and then by test result
makes the base-rate effect obvious: because only 1% are sick, the few true positives are buried under false positives drawn
from the large healthy majority.

Example 5.5 (Disease testing and base rates). A test for a disease has sensitivity P(+ | D) = 0.99 and false-
positive rate P(+ | =D) = 0.05, and the disease has prevalence P(D) = 0.01. A patient tests positive. What is
P(D | +)? By Bayes’ theorem, with P(—=D) = 0.99,

P(+ | D)P(D) 0.99 - 0.01 L0011 e

]P)D == = = —_— =
(D] +) P(+ | D)P(D) 4+ P(+ | =D)P(=D) ~ 0.99-0.01 +0.05-0.99  0.06 6

Despite a highly accurate test, a positive result means only a one-in-six chance of disease, because the disease is rare
to begin with. Ignoring the small prior P(D), the base rate, is the classic error this computation guards against. The
arithmetic is most transparent in natural frequencies (Fig. 5.1): of 10,000 people, the 99 true positives are swamped
by 495 false positives, and 99/(99 + 495) = 1/6.

Example 5.6 (A second test: yesterday’s posterior is today’s prior). Suppose the patient of Example 5.5
takes a second, independent test and it is also positive. Bayesian updating is sequential: the posterior after the first
test, P(D) = %, becomes the prior for the second. With the same test (P(+ | D) = 0.99, P(+ | =D) = 0.05),

0.99 - ¢ 0.165 0.165
P(D = ° = = ~ 0.80.
(P14 = 555 14005-2  0.16540.0417 ~ 0.2067

One positive test left the odds at one in six; a second pushes them to about four in five. Equivalently, fold both

2
. .01
observations in at once with the prior ﬁ and squared likelihoods, P(D | ++) = 0.992 (000915)) —5-009022(0.99) ~ 0.80,

the same answer: updating one datum at a time or all at once agrees, which is the hallmark of Bayesian consistency.
Evidence compounds, and a rare disease can become probable once two independent tests concur.

Example 5.7 (A naive-Bayes spam filter). The same updating classifies email. Suppose 40% of mail is spam,
so the prior is P(spam) = 0.4, P(ham) = 0.6. Two words have class-conditional rates

P(“free” | spam) = 0.8, P(“free” | ham) = 0.1, P(“money” | spam) = 0.7, P(“money” | ham) = 0.2.

An email contains both words. The naive assumption is that the words are conditionally independent given the
class, so the likelihoods multiply. Up to the shared normalizer,

P(spam | free, money) x 0.4 - 0.8 - 0.7 = 0.224, Ptham | --+) < 0.6-0.1-0.2 = 0.012.

0.224 . .
022410012 *© 0.949: about 95% spam. Each word’s likelihood ratio

multiplies the odds, so evidence accumulates exactly as in the repeated medical test. The independence assumption
is “naive” (words are correlated in real text) yet works remarkably well, because the classifier needs only to get the
ranking of the two posteriors right, not their exact values.

Normalizing, P(spam | free, money) =

Example 5.8 (Two factories: total probability, then Bayes). A company sources a part from two factories.
Factory A makes 60% of the parts with a 2% defect rate; factory B makes the other 40% with a 5% defect rate. A
part is drawn at random and found defective. Which factory did it most likely come from?
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5.6. THE BETA DISTRIBUTION AND CONJUGACY

a part
Factory A Factory B
7 \ .98 .05 / \s
def good def good
.6x.02=.012 .588 .4x.05=.020 .380

.012
P(def) = .012 4 .020 = .032, P(A | def) = oag = 0375

Figure 5.2. The two-factory problem as a tree. Split first by source (.6 vs .4), then by quality; each leaf multiplies the
probabilities along its branch. The two “defective” leaves (red) sum to the total defect rate .032; the posterior P(A | def) is
factory A’s share of that total. Even though A is the larger source, its lower defect rate makes it the minority of defectives.

Step 1: the overall defect rate (law of total probability). Splitting on the source,
P(def) = P(def | A)P(A) + P(def | B)P(B) = (0.02)(0.60) + (0.05)(0.40) = 0.012 + 0.020 = 0.032,

s0 3.2% of all parts are defective: a weighted blend of the two rates, tilted by how many parts each factory makes.

Step 2: invert with Bayes’ theorem. The posterior probability the defective part came from A is its share of that
0.032,

P(def | AYP(A)  0.012 0.020
- —0. P(B | def) = -2 — 0.625.
P(def) 0.032 03T (B | def) 0625

P(A | def) =
(A ] def) 0.032

Even though A makes the majority of parts, a defective one more likely came from B (62.5% versus 37.5%), because
B’s higher defect rate outweighs its smaller share. This is the base-rate lesson again, mirror-imaged: the prior favors
A, but the likelihood favors B, and Bayes weighs the two. Think of it as tracing a leak back upstream: more water
flows from the bigger pipe, but the leakier pipe is the better suspect for any given drop.

5.6 The Beta distribution and conjugacy

To be Bayesian about the Bernoulli parameter we need a prior on u € [0,1]. The Beta distribution is the natural
choice.

Definition 5.9 (Beta distribution). For shape parameters a,b > 0, the density of u ~ Beta(a,b) on [0, 1] is

_ I'(a+b)

T@ri) h o

1= p

where I' is the gamma function (I'(k) = (k — 1)! for integer k), and the leading constant makes the density integrate to

one. Its mean is E[u] = 4.

The exponents a — 1 and b — 1 make the Beta density a rescaled copy of the Bernoulli likelihood Eq. (5.5), and that
shared algebraic form is what makes the prior and posterior stay in the same family.

Definition 5.10 (Conjugate prior). A prior is conjugate to a likelihood if the posterior belongs to the same
family as the prior. Conjugacy turns Bayesian updating into simple bookkeeping on the parameters.
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density
A

posterior
Beta(10,4)

prior Beta(2,2)
ILE 0.80
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> i
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Figure 5.3. Bayesian updating for the coin. The gentle prior Beta(2,2) becomes the sharper posterior Beta(10,4) after
seeing 8 heads in 10 flips. The data pulls belief toward 0.8, but the prior holds the posterior mean back to 0.71; more data
would sharpen the posterior further and erase the gap.

5.7 Bayesian estimation of a Bernoulli parameter

Put a Beta(a,b) prior on u and observe m heads in n flips. Multiply the likelihood Eq. (5.5) by the prior Eq. (5.9)
and drop constants:

p(p| D) o p™ (=) " p (1 = ) = peF T T (5.10)

likelihood prior

The right-hand side is the kernel of another Beta density, so the posterior is

The Beta—Bernoulli update

wu ~ Beta(a,b) and m heads in n flips = w| D ~ Beta(a+m, b+n—m).

Updating just adds the observed heads to a and the observed tails to b. The prior parameters act as pseudo-counts:
a imaginary prior heads and b imaginary prior tails, mixed in with the real data. From the Beta mean,

(a+m)(b+n—m)
(a+b+n)2(a+b+n+1)

a+m

a+b+n’ (5.11)

Elu| D] = Var(u | D) =
Two limits confirm the picture. With no data (n = 0) the posterior mean is the prior mean a/(a + b). As n — oo the
pseudo-counts a, b become negligible and E[u | D] — m/n, the MLE, while the variance shrinks to zero: with enough
data the posterior collapses onto the frequentist answer, and the choice of prior stops mattering. The Bayesian

estimate is, in effect, a smoothed MLE that behaves sanely in small samples (the three-heads coin no longer forces

a=1).

Example 5.11 (Posterior, posterior mean, and MAP). Start from a mild prior Beta(2,2) (centered at u = %,
gently favoring fairness) and observe m = 8 heads in n = 10 flips. The posterior is Beta(2 + 8, 2 + 2) = Beta(10,4).
Three estimates of pu compare as follows:

10 _5

7 =m_ - =
AMLE = - 0.80, E[u|D] 4= 7

10_1:3:0.75,

ROTI, fvar = 5 = 75

where the mazimum a posteriori estimate is the mode of the posterior, (a’ — 1)/(a’ + b — 2) for Beta(a’,’). The
Bayesian estimates sit between the data (0.80) and the prior mean (0.5): the prior pulls the estimate toward fair-
ness, an effect that fades as n grows (Fig. 5.3).

Remark 5.12 (MAP estimation is regularization). Taking the log of Bayes’ rule Eq. (5.8) turns the MAP estimate
into
Ovap = arg max [logp(’D | 6) +1logp(6) },
—_———  ——

0
fit penalty
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a data-fit term plus a prior term. This is exactly the shape of regularized least squares from Section 2.8: there the
Gaussian noise model gave the squared-error fit and a Gaussian prior  ~ A(0,72I) gave the penalty \||0]|* with
A= o2 / 72. Ridge regression is MAP estimation under a Gaussian prior, and the Beta prior here plays the same
regularizing role for the coin: the prior is a penalty that keeps the estimate sane when the data is thin.

5.8 The Monty Hall problem

Bayes’ theorem resolves a famously counterintuitive puzzle and shows why who reveals information, and how,
changes the answer.

5.8.1 Three doors

A car hides behind one of three doors, goats behind the others. You pick Door 1. The host, who knows the lay-
out, opens a different door showing a goat, say Door 2, and offers you the switch. Let H; be the event “car behind
Door i” and E the event “host opens Door 2.” The priors are uniform, P(H;) = % The likelihoods encode the host’s
behavior:

P(E | H1) = 3 (car behind your door; host picks 2 or 3 freely), P(E|Hz) =0, P(E|Hs)=1.
The evidence is P(E) = 3 -+ + 0+ 1- % = 1, and Bayes’ theorem gives

. 1-
P(Hi | B)= 275 =5, P(Hs|E)= > =3.
2 2

=

Wl
[

W=
[\

Switching wins with probability %, double the % from staying. The host’s choice is not random; by never opening
the car door he leaks information, and that information flows entirely onto the door you did not pick.

5.8.2 Four doors

With four doors (one car) you pick Door 1 and the host opens Door 2 on a goat. Now P(H;) = %, and the likeli-
hoods of opening Door 2 are

P(E|H) =3, B(E|H)=0, P(E|Hs)=1, PB(E|H)=1,

since with the car behind your door the host chooses among Doors 2,3,4, while with the car behind Door 3 or 4 he
chooses between the two remaining goat doors. The evidence is

RE) = (3 +0+3+4) =4

and the posteriors are

wl=
—_
Dl

1 1
= . = . 3
P(H: | B) = 452 = -, P(Hs | E) =P(Hy | B) = 472 = 2.
) 4 3 8
3 3
Staying keeps i, while either remaining door now carries % > i, so again you should switch. The opened door’s
prior mass redistributes onto the doors you neither picked nor saw opened.

5.9 Looking ahead: multiple outcomes

When outcomes have K > 2 categories rather than two, the Bernoulli becomes the categorical distribution and n
trials give the multinomial. Its conjugate prior is the Dirichlet, the multivariate cousin of the Beta, with density
p(p) o Hszl ,u,z’rl on the probability simplex {g : pr > 0, Y, ur = 1}. Everything in this chapter, MLE,
conjugacy, and the count-updating rule, carries over, and Chapter 6 develops it alongside the continuous workhorse
of the course, the Gaussian. The conjugate pairs we will use are collected in Table 5.2.
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Likelihood Parameter Conjugate prior Where
Bernoulli / Binomial bias u Beta this chapter
Categorical / Multinomial probabilities 4 Dirichlet Chapter 6
Gaussian (known variance) mean g Gaussian Chapter 6
Gaussian (known mean) variance inverse-gamma Chapter 6

Table 5.2. Conjugate prior families. In each row the posterior stays in the same family as the prior, so updating is just
arithmetic on the parameters. The Beta and Dirichlet count successes; the Gaussian—Gaussian pair averages means.

5.10 Summary

o A Bernoulli variable models one binary trial: E[X] = u, Var(X) = u(1 — p). For n iid flips the likelihood is
(L = ),

e The MLE maximizes the (log-)likelihood and equals the sample mean, i = m/n; it is brittle for small n and
reports no uncertainty.

o Bayes’ theorem, p(6 | D)  p(D | 6)p(#), updates a prior into a posterior. Base rates matter (Example 5.5).

e The Beta prior is conjugate to the Bernoulli likelihood: the posterior is Beta(a+m, b+n—m), the prior parameters

acting as pseudo-counts. The posterior mean a‘fbfn tends to the MLE as n — oo.

e Monty Hall shows that conditioning on an informed host’s action shifts the posterior: switching wins with proba-
bility 2 (three doors) or 2 per remaining door (four doors).

Exercises

Exercise 5.1. Let x1,...,z, id Bernoulli(u) with m = Zz x; heads. Starting from the likelihood, derive the
maximum likelihood estimate (i and show the stationary point is a maximum.

Solution. The likelihood is p(D | u) = [, " (1 — p)' =" = p™(1 — p)"*~™. Its logarithm is £(1) = mlogpu + (n —
m)log(l — p). Then

m n—m m
O(p) = — — =0 = m(l—p)=(n— = g=—.
(1) 14 m(l—p)=(n—mu f=
The second derivative £/ () = ,ﬁz - % is negative throughout (0, 1), so £ is concave and fi = m/n is the
m —
global maximizer. The MLE is the sample mean. g

Exercise 5.2. A test has sensitivity P(+ | D) = 0.99 and false-positive rate P(+ | =D) = 0.05. The disease has
prevalence P(D) = 0.01. A patient tests positive. Find P(D | +), and explain why it is so much smaller than the
test’s accuracy.

Solution. By Bayes’ theorem with the law of total probability in the denominator,

B(D | +) = P(+ | D)P(D) _ (0.99)(0.01) _ 001 _1
" P(+ [ D)P(D) + P(+ [ ~D)P(=D) ~ (0.99)(0.01) + (0.05)(0.99) ~ 0.06 6

So a positive test gives only a 16.7% chance of disease. The reason is the small base rate: among 10,000 people only
about 100 have the disease (almost all testing positive), while about 5% of the 9,900 healthy people, roughly 495,

also test positive. True positives are outnumbered by false positives five-to-one, so a positive result is dominated by
the large healthy population. O

Exercise 5.3. You place a Beta(2,2) prior on a coin’s bias u and then observe 8 heads in 10 flips. Find the poste-
rior distribution, its mean, and the MAP estimate, and compare them with the MLE.

Solution. The Beta prior is conjugate, so the posterior adds heads to the first parameter and tails to the second:

Beta(2 + 8, 2 + (10 — 8)) = Beta(10,4). Its mean is ﬁ = 5 ~ 0.714. The MAP estimate is the posterior
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mode, % = % = 0.75. The MLE is % = 0.80. The Bayesian estimates lie between the data (0.80) and the
prior mean (0.5): the prior, worth four pseudo-flips, pulls the estimate toward fairness. With far more data the pull
would vanish and all three would converge to m/n. a

Exercise 5.4. Four doors hide one car and three goats. You pick Door 1; the host opens Door 2 on a goat. Com-
pute the posterior probability that the car is behind each door, and decide whether to switch.

Solution. Let H; be “car behind Door 4” with uniform prior P(H;) = i, and F the event “host opens Door 2.” The
host never opens your door or the car, and chooses uniformly among the doors he may open:

P(E|Hi) =3, P(E|H2)=0, P(E|Hs)=3, P(E|Hi)=3.

2

The evidence is P(E) = $(3 + 0+ 3 + 3) = 3. Hence

Wl
=

1 1
1, 1 i 3
P(H) | E)=At% = 2, P(Hy| B)=0, P(H:|E)=P(H:|B)=32=2,
3 3

which sum to 1. Staying on Door 1 wins with probability %; switching to either Door 3 or Door 4 wins with prob-
ability % > i. You should switch. The mass that was on the opened door has moved onto the doors you neither

chose nor saw opened. O

Exercise 5.5. Let X ~ Binomial(10,0.3) count the heads in ten flips of a coin that lands heads with probability 0.3.
Find E[X], Var(X), and the standard deviation, working from the fact that X is a sum of ten independent Bernoulli
variables.

Solution. Write X = Zzlil B; with each B; ~ Bernoulli(0.3) independent. Expectation is linear, so it adds whether
or not the terms are independent:

10
E[X] =) E[Bi]=10(0.3) = 3.
=1
Variance adds too, but only because the flips are independent; using Var(B;) = p(1 — p) = 0.3(0.7) = 0.21,
Var(X) =Y Var(Bi) =10(0.21) =21, SD = V21~ 1.45.

These are the general binomial formulas E[X] = np and Var(X) = np(1 —p), recovered from first principles. The mean
of 3 heads is the obvious center; the spread of about 1.45 says a run of ten flips will usually land within a head or

two of three. Had the flips been correlated, the mean would be unchanged but the variance would not be a simple
sum, the same lesson the Gaussian sum rule of Chapter 6 carries into continuous variables. O

Exercise 5.6. A game pays you $X, where X is the value rolled on a fair six-sided die, but it costs $4 to play. Find
the expected net gain per play and decide whether the game is favorable.

Solution. The payout has expectation E[X]
and expectation is linear, so the expected net gain is

= LE243144546 — 35 (the fair-die mean). The cost of $4 is a constant,

E[X —4] =E[X]-4=35—4=—0.5.

You lose half a dollar per play on average, so the game is unfavorable; a fair price to play would be exactly $3.50,
the expected payout. This is the logic behind every insurance premium and casino edge: the expected value, rather
than any single lucky or unlucky roll, governs the long-run average by the law of large numbers (Chapter 7). A risk-
neutral player declines this game; whether a risk-averse or risk-seeking player would is a separate question about
utility, not expectation. O

Exercise 5.7. Roll two fair dice. Let A be the event “the first die is even” and B the event “the sum is 7.” Are A
and B independent?
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5. PROBABILITY, BAYES, AND ESTIMATION

Solution. Independence means P(AN B) = P(A)P(B), so compute all three. The first die is even in half the outcomes,
P(A) = 3. The sum is 7 in six of the 36 equally likely outcomes ((1,6),...,(6,1)), so P(B) = 5 = &. For the
intersection, a sum of 7 with an even first die means the first die is 2,4, or 6 paired with 5, 3,1, three outcomes, so
P(ANB) = & = 5. Now check: P(A)P(B) = 3 - ¢ = 15 = P(AN B), so A and B are independent. This is mildly
surprising, since the first die’s value obviously affects the sum; the point is that a target sum of exactly 7 is special.
Whatever the first die shows, there is always exactly one second-die value completing a 7, so conditioning on the
first die never changes P(B). Try the sum 6 instead and independence breaks, because 6 cannot be reached from a

first die of 6, so the symmetry is lost. |
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CHAPTER 6

Distributions, the Gaussian, and Covariance

A data vector is semantically empty until you fix the basis, and a random
vector is empty until you fix its mean and covariance.

Professor Chin

Chapter 5 estimated a single binary parameter. This chapter scales up in two directions. First, from two
outcomes to K: the categorical and multinomial distributions, their maximum likelihood estimate by Lagrange
multipliers, and the Dirichlet prior that generalizes the Beta. Second, from discrete to continuous and from
one dimension to many: the multivariate Gaussian, the workhorse distribution of machine learning, whose
entire shape is fixed by a mean vector and a covariance matrix. Covariance ties the two halves together, and
the spectral theorem of Chapter 3 returns to explain the geometry.

Suggested reading: Deisenroth et al. [5], Sections 6.4-6.6; Bishop [2], Section 2.3 for the Gaussian in depth.

6.1 From two outcomes to K: categorical and multinomial
A single draw from K categories generalizes the Bernoulli.

Definition 6.1 (Categorical distribution). A categorical variable takes a value z € {1,..., K} with probabilities
= (1, .., px), g >0, >, pk =1, so P(x = k) = px. Encoding the outcome as a one-hot vector x € {0, 1}% (a

single 1 in position x) gives the compact form p(x | p) = Hi{:l T

Repeating the draw NN times independently and recording only the counts my = Zl 1[z; = k] gives the multinomial.

Definition 6.2 (Multinomial distribution). The count vector m = (mu,...,mx) with ), my = N has proba-

bility
N A N N!
m N) = Mk [ — 1
p(m | p, N) (ml,...,mx)kl_[l’uk’ (ml,...,mK> mal- - -mg!’ (6.1)

the multinomial coefficient counting the orderings that yield the same histogram. With K = 2 this is the binomial,;
with N =1 it is the categorical.

The parameter p lives on the probability simplex A® = {u € R* : . >0, Zk ur = 1}, a flat (K — 1)-dimensional
triangle (for K = 3, an actual triangle). Estimating g therefore means optimizing over the simplex, a constrained
problem.
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6.2 Maximum likelihood for the multinomial

Dropping the constant multinomial coefficient, the log-likelihood is

K

K
= ka log i, subject to Zuk =1. (6.2)

k=1

The constraint forbids maximizing each i freely, so we use a Lagrange multiplier A for i ik = 1 (the method is
developed in full in Chapter 9).

Proposition 6.3 (Multinomial MLE). The maximum likelihood estimate is the empirical frequency,

fig = (6.3)

N
Proof. Form the Lagrangian L(p,\) =Y, mylog px + )\(1 - Mk>‘ Setting 0L /Our = mu /e — X = 0 gives py, =
mi/A. Summing over k and using the constraint, 1 = Zk e = % Zk mir = N/X, so A= N and fip = my/N. [ |

The MLE simply reports the fraction of trials landing in each category, the multi-class version of i = m/n from
Proposition 5.3. Its weakness is the same: an unobserved category (my = 0) is assigned probability zero, an overcon-
fident verdict the Bayesian update repairs.

Example 6.4 (Estimating a die’s biases, MLE and smoothed). Roll a three-sided die N = 100 times and
observe counts (m1,ma, m3) = (20,30,50). The MLE is just the empirical frequencies,

i = % © e = (0.20, 0.30, 0.50).

A Dirichlet(a) prior with e = (2,2,2) adds two pseudo-observations per face; the posterior is Dirichlet(mi + ax) =
Dirichlet(22, 32, 52), with mean
me +or (22,32,52)
N+>,a 106

= (0.208, 0.302, 0.491).

The smoothed estimate barely moves the well-sampled faces but would have rescued a zero count: a face never
rolled gets MLE probability 0 (it “can never happen”), while the prior assigns it ax /(N + Z ag) > 0. This Laplace
smoothing is exactly what keeps a naive-Bayes text classifier (Example 5.7) from collapsing to zero on an unseen
word.

6.3 The Dirichlet prior

The conjugate prior for the multinomial is the Dirichlet, the multivariate Beta.

Definition 6.5 (Dirichlet distribution). For concentration parameters a = (a1, ...,ax) with a; > 0 and
Qo = Zk ay, the density on the simplex is

plu| @)= H“ 1:[ : (6.4)

Multiplying the multinomial likelihood by this prior adds the exponents,
s ([ ([ - TLo
k

so the posterior is again Dirichlet, p | m ~ Dirichlet(ae + m). The posterior mean is

Qg + my

TN (6.5)

Elur | m] =

exactly the MLE smoothed by the pseudo-counts ay. Because a > 0, no category is ever assigned probability zero,
curing the MLE’s overconfidence.
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6.4. THE MULTIVARIATE GAUSSIAN

—30 —20 —1lo H lo 20 30

Figure 6.1. The one-dimensional Gaussian and the 68-95-99.7 rule: about 68% of the mass lies within +1c of the mean,
95% within +20, and 99.7% within +30. The multivariate version replaces these intervals with the ellipsoidal shells of
Fig. 6.3.

Example 6.6 (Dirichlet smoothing). Roll a three-sided die N = 10 times and observe counts m = (4,2,4).
With a uniform prior ¢ = (1,1,1) (a0 = 3), the posterior is Dirichlet(5, 3,5) and
4+1 5

3
Elp1 [ m] = 10—|—3:E’ E[u2|m]:ﬁ,

5
Bl | m] = 1.

The single pseudo-count per category pulls the estimates gently off the raw frequencies (0.4,0.2,0.4) toward unifor-
mity.

6.4 The multivariate Gaussian

For continuous data the central model is the Gaussian, and it is worth meeting in one dimension first. A scalar

X ~ N (p1,0°) has the bell-shaped density p(z) = = 127r exp(f(x - ,u)2/202), centered at the mean p and with width
set by the standard deviation o. The familiar 68-95-99.7 rule (Fig. 6.1) says how much mass lies within one, two,
and three standard deviations of the mean.

Intuition. Why is the Gaussian everywhere? Two reasons. It is the distribution that assumes the least (it has the
largest entropy) once you fix a mean and variance, so it encodes “I know the center and spread and nothing more.”
And by the central limit theorem, a sum of many small independent effects looks Gaussian regardless of their in-
dividual shapes, so measurement noise, aggregated errors, and averages drift toward it automatically. That is why
least squares (Chapter 2) quietly assumed Gaussian noise and why so much of machine learning is Gaussian under-
neath.

n=1 n =2 n =3

VAN //\n

Figure 6.2. The central limit theorem in action. The density of the average of n independent uniform draws is flat for
n = 1, a triangle for n = 2, and already hugs the limiting Gaussian (dashed) by n = 3. A sum of many small independent
effects converges to a Gaussian whatever the shape of each piece.

The multivariate version packages a mean vector and a covariance matrix into the same exponential shape.

Definition 6.7 (Multivariate Gaussian). A random vector € R? is Gaussian, & ~ N (u, 3), if it has density
1 1 Te-1
p(x) = e bRE eXP<—§($ —p) X (z - H))7 (6.6)

with mean vector g = E[z] € R? and covariance matrix & = E[(x — p)(z — p) "] € R¥*?, symmetric and positive
semidefinite. Here |X| is the determinant.

The exponent is a quadratic form in © — p, so the level sets {z : (x — p,)TEfl(w — p) = ¢} are ellipsoids centered
at p. By the spectral theorem applied to 3, their principal axes point along the eigenvectors of 3, with semi-axis
lengths proportional to the square roots of the eigenvalues: large variance in a direction stretches the ellipsoid along
it. This is exactly the quadratic-form ellipse of Fig. 3.3, now drawn by X1,
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6. DISTRIBUTIONS, THE GAUSSIAN, AND COVARIANCE

Figure 6.3. Density contours of a two-dimensional Gaussian with 3 = [21]. The contours are ellipses centered at the
mean p, with axes along the eigenvectors g1 = %(17 1), g2 = %(1, —1) of ¥ and semi-axis lengths v/ X1 = /3 and

v/ A2 = 1. Correlation tilts the ellipse off the coordinate axes.

Definition 6.8 (Mahalanobis distance). The quantity in the exponent,

ds(@.p) = /(@ — p) B (@ — p), (6.7)

is the Mahalanobis distance from x to the mean. It is ordinary Euclidean distance measured in units of standard
deviation along each principal axis: a point two standard deviations out in a low-variance direction is “farther,” in
Mahalanobis terms, than a point the same Euclidean distance out along a high-variance direction. The Gaussian
density depends on @ only through this distance, so all points on one contour ellipsoid are equally probable. When
3 =1 it reduces to the Euclidean distance and the contours are spheres.

Example 6.9 (A 2-D Gaussian). Let y = 0and £ = [?1]. Then [B| = 4 -1 = 3and Z7! = %[31 _21],
so the density is p(x) = ﬁ exp(f%wTﬁflm). The eigenvalues of 3 are A\; = 3 (eigenvector (1,1)) and A =
1 (eigenvector (1,—1)), so the contours are ellipses elongated along the 45° line, as in Fig. 6.3. The positive off-
diagonal covariance ¥12 = 1 makes x; and z2 tend to rise and fall together.

Mahalanobis distance. Compare two points the same Euclidean distance from the mean is misleading; the right
yardstick is Mahalanobis. For = (1,1) (along the correlation direction) and z = (2,0) (across it),

o' E e = %(17 1) |:_21 _21:| |}:| = %(17 1) |}:| = %7 Z2'n 2= %(2,0) |:_22:| = %

So (1,1) has Mahalanobis distance \/2% ~ 0.82 while (2,0) has /8/3 ~ 1.63: the point lying along the cloud’s
long axis is statistically nearer even though both are a couple of units out in plain Euclidean terms.

Conditioning. Fixing z2 gives a Gaussian on z1 with mean 312/322 22 = %CCQ and variance Y11 —2%2/222 = 2—% =
2. So observing x2 = 2 updates our belief about z1 to N'(1, 3): the mean shifts toward 1(2) = 1 (the correlation
pulls it up) and the variance shrinks from 2 to % (knowing z2 tells us something about z1). This is Remark 6.12 on
numbers.

The Gaussian is closed under the operations we care about: any affine image is Gaussian,
z~ N, = Az +b~N(Apu+b, AXAT), (6.8)

and every marginal and every conditional of a Gaussian is again Gaussian (the conditional mean is a linear function
of the conditioning variables). These closure properties, collected in Table 6.1, are why Gaussians are so tractable
and why they anchor principal component analysis and Gaussian mixture models in Chapter 11.

Example 6.10 (Pushing a Gaussian through a linear map). Let z ~ N (p, ¥) with p = (1,2) and X = [2 9]
(so x1, x2 are independent with variances 2 and 3). The affine rule says y = Az + b is again Gaussian with mean
Ap + b and covariance AL AT; let us compute both for two maps.

70



6.4. THE MULTIVARIATE GAUSSIAN

Operation Input Output

Affine map x~N(p,X) Az +b~N(Ap+b, ATAT)

Sum (independent) x; ~ N (ui, X;) ZZ T~ N(Zl i, Zl 3)

Marginal drop some coordinates  Gaussian on the kept coordinates
Conditional fix some coordinates Gaussian, mean linear in the fixed ones

Table 6.1. The Gaussian is closed under every linear operation we use. No other continuous distribution is this well
behaved, which is the practical reason it dominates.

Sum of the coordinates. For the scalar y = z1 + x2, take the row a' = (1,1). The mean is a"p=1+2=3, and the

variance is
T . 2 0f (1| _ 2|
csa-an 2 0[] -anf]-s

so y ~ N (3,5). The variances added because the coordinates are independent, exactly as Var(zi + x2) = Var(z1) +
Var(z2) predicts.

A rotation-like map. For A = H fl] and b = 0, the mean is Ap = (142, 1-2) = (3, —1), and the covariance is

T A L T A | A e

Soy ~ N ((37 -1), [f’l 3 ]) The off-diagonal —1 is new: mixing the two independent coordinates has made the
outputs correlated, even though the inputs were not. Think of shining a Gaussian cloud through a lens (the matrix
A): it stays a Gaussian cloud, but the lens can stretch it and tilt its axes. This single fact, that Gaussians survive
linear maps, is what makes them the workhorse of Chapter 11.

Example 6.11 (Sums and combinations of independent Gaussians). The affine rule has a one-dimensional
cousin that comes up constantly: independent Gaussians combine into a Gaussian, with means adding always and
variances adding only under independence. Let X ~ N(1,4) and Y ~ A(2,9) be independent, so their standard
deviations are ox = 2 and oy = 3. The sum is

X+Y ~N1+2, 4+9) =N(3, 13),

with standard deviation /13 = 3.61. The standard deviations did not add to 5; the variances added, and the spread
grew in quadrature. Any linear combination works the same way. Take Z = 2X — Y

E[Z] =2(1)—2=0,  Var(Z) =2 Var(X) + (=1)* Var(Y) = 4(4) + 9 = 25,

so Z ~ N(0,25) with standard deviation 5. Each coefficient enters the variance squared, which is why doubling X
quadrupled its contribution, and the cross term dropped out only because X and Y are independent. This is the
precise sense in which independent noise sources add in quadrature: combine two independent measurement errors
of 2 and 3 units and the result wobbles by /22 4+ 32 = /13 units, not 5.

Remark 6.12 (Conditioning is linear regression). The conditional-mean fact is more than a curiosity. If (x,y) are
jointly Gaussian, then Ely | €] = pty + ZyaSza (T — Hz), an affine function of z. The best predictor of y from x

under a Gaussian model is therefore linear, with coefficients EyEE;ml that are exactly the least-squares weights of
Chapter 2 written in terms of covariances. Linear regression is what Gaussian conditioning looks like.

6.4.1 Estimating the Gaussian

Given iid samples @1, ..., z, ~ N (u, ¥), maximizing the log-likelihood (a matrix-calculus computation carried out
in Chapter 8) yields the natural estimates: the sample mean and the sample covariance,

=Y a, =13 (@@ -n)". (6.9)

The Bayesian treatment places a Gaussian prior on u, and conjugacy makes the posterior Gaussian as well, with a
mean that is a precision-weighted average of the prior mean and the sample mean, again converging to [t as n — oco.
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Cov >0 Cov =0 Cov < 0

rise together no linear tie move opposite

Figure 6.4. Covariance is the tilt of the data cloud. Positive covariance tilts the ellipse up the diagonal (the variables rise
and fall together), negative covariance tilts it down, and zero covariance leaves it axis-aligned. The covariance matrix X
records this tilt for every pair of coordinates at once.

Example 6.13 (Gaussian—Gaussian update: a precision-weighted average). Make that precision-weighted
average concrete in one dimension. Suppose we believe a quantity u is around 0 with prior u ~ N(0, 1), then take a
single noisy measurement x = 2 whose likelihood is z | u ~ N (u, 1). Precision is the reciprocal of variance, and for
the Gaussian—Gaussian pair precisions simply add:

1 1

2
= 27 Upost = = 3"
Tpost 2

e B

+

1
Tpost = Tprior + Tlik = I

The posterior mean is the two means averaged in proportion to their precisions:

w _Tpriorﬂprior+71ikx_1‘0+1'2_1
post Tprior + Tik 2 ’

so the posterior is u | x ~ N (1, %) Two features are worth naming. The posterior mean 1 sits between the prior’s 0
and the data’s 2, pulled halfway because prior and likelihood are equally precise here; a sharper prior (larger Tprior)
would hold the estimate nearer 0, a more precise measurement nearer 2. And the posterior variance % is smaller

than either input variance, because combining independent evidence can only sharpen belief. This single update is
the scalar heart of the Kalman filter and of Bayesian linear regression: every step there is a Gaussian prior meeting

a Gaussian likelihood and averaging by precision.

6.5 Covariance

Definition 6.14 (Covariance). The covariance of two scalar random variables is
Cov(X,Y) = E[(X — E[X])(Y — E[Y])] = E[XY] - E[X]E[Y]. (6.10)

It is positive when X and Y tend to deviate from their means in the same direction, negative when in opposite
directions, and zero when there is no linear relationship. Its self-version is the variance, Cov(X, X) = Var(X).

Independence is stronger than zero covariance.

Proposition 6.15 (Independence implies uncorrelated; the converse can fail). If X 1 Y then
Cov(X,Y) = 0. The converse fails in general.

Proof. Independence gives E[XY] = E[X]E[Y], so Cov(X,Y) = 0 by Eq. (6.10). For the converse, let X ~
Uniform(—1,1) and Y = X2, Then E[X] = 0 and E[XY] = E[X?] = 0 (an odd moment of a symmetric distri-
bution), so Cov(X,Y) = 0; yet Y is a deterministic function of X, so they are about as dependent as two variables
can be. Zero covariance only rules out linear association. For jointly Gaussian variables, however, zero covariance
does imply independence. |
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6.6 The covariance matrix

For a random vector & € R? the covariances of all coordinate pairs assemble into the covariance matrix
T
S=E[@-w@-wT], Iy =Coviw,z,), (6.11)
with variances Var(z;) on the diagonal and covariances off it. It is symmetric, and it is positive semidefinite.

Proposition 6.16 (Covariance matrices are PSD). For any random vector  with covariance matrix ¥, and
any fixed @ € R?, a' Za = Var(a'x) > 0. Hence I > 0.

Proof. The scalar a'  has variance Var(a'z) = E[(a" (x — p))?] = E[a" (x — u)(z — ) "a] = a' Xa, which is
nonnegative as the expectation of a square. So a' Xa > 0 for all a, the definition of positive semidefinite (Defini-
tion 3.23). n

Because X is symmetric PSD, the spectral theorem (Theorem 3.16) gives X = QAQT with orthonormal eigenvectors
and nonnegative eigenvalues. The eigenvectors are the principal azes of the data’s spread and the eigenvalues are
the variances along them, which is precisely the content of principal component analysis (Chapter 11). The affine
rule Eq. (6.8) specializes to covariances for any distribution:

Cov(Azx +b) = A Cov(z) AT = ADAT. (6.12)

Choosing A = QT rotates the data into the eigenbasis, where the covariance becomes the diagonal A: the coordi-
nates are then uncorrelated. This decorrelation is the engine of PCA.

Example 6.17 (Sample covariance from data, and its principal axes). Take five points in R?:
(1,2),(2,3),(3,5),(4,4), (5,6). Their mean is £ = £(15,20) = (3,4). Center each point (&; = x; — &):

(-2,-2), (-1,-1), (0,1), (1,0), (2,2).

The (unbiased) sample covariance sums their outer products and divides by n — 1 = 4:
1. .t _1[10 9] [25 225
E_ZZWD" _4{9 10}_[2.25 2.5}

The positive off-diagonal 2.25 says x1 and x2 rise together, as the upward drift of the points shows. Diagonalizing,
the eigenvalues are 2.5 + 2.25 = {4.75, 0.25} with eigenvectors %(1, 1) and %(17 —1). So the data’s principal axis
is the 45° direction (1, 1), carrying 4.75/(4.75 + 0.25) = 95% of the total variance, while the perpendicular direction
holds the remaining 5%. This eigendecomposition of the covariance is principal component analysis (Chapter 11),
here done by hand on five points.

Example 6.18 (From covariance to correlation). A covariance carries the units of both variables, so its raw
size says little on its own: rescale 1 from metres to millimetres and the covariance balloons by a thousand without
the relationship changing at all. The correlation coefficient strips the units out,

_ Cov(X1, X2)

ox, 0xy
and always lands in [—1,1]. Take the sample covariance just computed, ¥ = ( 25 2% ). The standard deviations are
Ox, = 0xy, = V2.5, 50
225 295
P= asvas 25

A value of 0.9 signals a strong positive linear relationship: the five points hug an upward line closely but not per-
fectly. The extremes are worth holding onto. p = £1 happens exactly when the points lie on a single straight line,
and p = 0 means no linear relationship, though a curved one such as points on a parabola can still hide behind a
zero correlation. The useful mental picture: covariance measures co-movement in the original, unit-laden coordi-
nates, while correlation measures the same co-movement after standardizing both axes to unit spread, the way a
z-score makes two differently-scaled exam distributions comparable.

0.9.
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Distribution Support Parameters Mean Conjugate prior
Bernoulli {0,1} m m Beta

Binomial {0,...,n} T nu Beta

Categorical {1,...,K} m - Dirichlet
Multinomial counts, E =N pu,N Np Dirichlet

Beta [0,1] a,b oy -

Dirichlet simplex AK a a/og -

Gaussian R w3 m Gaussian (on p)

Table 6.2. The distributions used in the course. The discrete families pair with a counting conjugate prior (Beta, Dirich-
let); the Gaussian is conjugate to itself for the mean. Every mean is the parameter that the corresponding MLE estimates
by a frequency or an average.

6.7 The distributions at a glance
Table 6.2 collects the distributions of Chapter 5 and this chapter. Reading it top to bottom traces the two general-

izations of the coin flip: across (more outcomes) from Bernoulli to categorical, and in aggregate from a single trial
to counts. The continuous Gaussian sits apart, the limit that a sum of many such trials approaches.

6.8 Summary

e The categorical and multinomial distributions generalize Bernoulli and binomial to K outcomes; the MLE is the
empirical frequency fix = my /N, obtained by a Lagrange multiplier for the simplex constraint.

o The Dirichlet is the conjugate prior; the posterior is Dirichlet(ca + m) with mean “01“01";,’“ , a smoothed MLE.

e The multivariate Gaussian is set by a mean p and covariance 3; its contours are ellipsoids with axes along the
eigenvectors of 3, level sets of the Mahalanobis distance \/(w — pu)TE"H(x — p). It is closed under affine maps,
marginalization, and conditioning (Gaussian conditioning is linear regression), and its MLE is the sample mean

and sample covariance.

o Covariance measures linear association; independence implies zero covariance but not conversely (except for
jointly Gaussian variables).

e The covariance matrix is symmetric PSD; its spectral decomposition gives the principal axes of variation, and
Cov(Azx +b) = AZAT.

Exercises

Exercise 6.1. A four-sided die is rolled 10 times, giving counts m = (2,3,4, 1) for faces A, B,C, D. (a) Find the
maximum likelihood estimate of the face probabilities. (b) Compute the multinomial probability of this exact count
vector under g = (0.2,0.3,0.4,0.1).

Solution. (a) By Proposition 6.3 the MLE is the empirical frequency, it = m/N = (0.2,0.3,0.4,0.1) (which here

equals the p in part (b)). (b) The multinomial coefficient is (2 31?1 1) = ﬁ%u = g?g_%ig? = 12600, so

p(m | p) = 12600 (0.2)%(0.3)*(0.4)*(0.1)" = 12600 (0.04)(0.027)(0.0256)(0.1) ~ 0.0348.

About a 3.5% chance of this precise histogram, which is large for a multinomial because g matches the observed
frequencies exactly. a

Exercise 6.2. With a uniform Dirichlet prior e« = (1,1, 1) and observed counts m = (4,2,4) (N = 10), find the
posterior distribution and its mean. How does the mean differ from the MLE, and why?

Solution. The Dirichlet is conjugate, so the posterior is Dirichlet(ax + m) = Dirichlet(5, 3,5). Its mean is E[ux | m] =
QetmE | oiving (5 3 5) ~ (0.385,0.231,0.385). The MLE is m/N = (0.4,0.2,0.4). The posterior mean is pulled

ag+N 13° 137 13
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slightly toward the uniform (%, é, %) because each pseudo-count ax = 1 adds imaginary evidence of one observation
per class; the effect shrinks as N grows. (|

Exercise 6.3. For & ~ N (0,X) with 3 = [2 1], compute |Z| and 7!, find the eigenvalues and eigenvectors of 3,
and describe the density contours.

Solution. The determinant is || =2-2—1-1=3,and ™! = %[31 31]. The eigenvalues solve (2 — \)? — 1 =0, so
A = 3,1, with eigenvectors (1,1)/+/2 and (1, —1)/+/2 respectively. The density contours are ellipses centered at the
origin with axes along these eigenvectors; the semi-axis along (1, 1) has length proportional to v/3 and the one along
(1, 1) length proportional to 1, so the cloud is stretched along the 45° line. The positive covariance makes the two

coordinates positively correlated. O

Exercise 6.4. Prove that any covariance matrix X = E[(x — p)(x — p) "] is symmetric and positive semidefinite.

Solution. Symmetry: ¥;; = Cov(x;,x;) = Cov(zj,z;) = Xji, since the defining product (x; — p:)(x; — pj) is
symmetric in 4, j; equivalently £7 = E[((x — p)(x — ) ") ] = 2. PSD: for any a € R?,

a'Ta = E[aT(.’r —p)(x — u)Ta] = E[(aT(m — p))2] = Var(a'x) >0,

the expectation of a nonnegative quantity. So a' Xa > 0 for all a, which is the definition of ¥ > 0. By Proposi-
tion 3.24 all its eigenvalues are therefore nonnegative, as a set of variances should be. O

Exercise 6.5. Give a pair of random variables that are uncorrelated but not independent, and verify both claims.

Solution. Let X ~ Uniform(—1,1) and Y = X?. By symmetry E[X] = 0 and E[X?] = 0, so
Cov(X,Y) = E[XY] - E[X|E[Y] = E[X’] — 0-E[X?] = 0,

and the variables are uncorrelated. They are not independent: Y is completely determined by X, so for instance
P(Y < | X =0) =1#P(Y < 1). This shows zero covariance captures only linear dependence; the quadratic
dependence here is invisible to it. (Were (X,Y) jointly Gaussian, zero covariance would have forced independence,
but Y = X? is not Gaussian.) O

Exercise 6.6. Let X and Y be independent with Var(X) = 4 and Var(Y) = 9. Compute Var(2X — 3Y) and its
standard deviation. Why do the means of X and Y not enter, and would the answer change for 2X + 3Y?

Solution. Variance uses squared coefficients, and for independent variables the cross-covariance term vanishes:
Var(2X — 3Y) = 2° Var(X) 4 (—3) Var(Y) = 4(4) + 9(9) = 16 + 81 = 97,

so the standard deviation is v/97 & 9.85. The means never appear because variance measures spread about the

mean, not location: adding a constant to X or Y slides the whole distribution without changing its width, so Var(X +
¢) = Var(X). And because each coefficient is squared, the sign of the —3 disappears; under independence 2X + 3Y has
the identical variance 97. The sign would matter only if X and Y were correlated, through the term 2ab Cov(X,Y")
that independence here sets to zero. O

Exercise 6.7. A two-dimensional Gaussian has covariance ¥ = [21]. Find the directions and the lengths of the
axes of its one-standard-deviation ellipse.

Solution. The covariance ellipse has its axes along the eigenvectors of X, with semi-axis lengths equal to the square
roots of the eigenvalues. The characteristic polynomial is (2 —X)2 =1 =0,502— X =41 and A\; = 3, \a = 1. For
A =3, (-3 = [_11 _11}1) = 0 gives the direction (1,1); for A2 = 1 the direction is (1, —1), orthogonal as the
spectral theorem promises for a symmetric matrix. The one-sigma ellipse therefore stretches farthest along the 45°
line (1,1), with semi-axis v/ A1 = v/3 ~ 1.73, and is narrowest along (1, —1), with semi-axis v/ A2 = 1. The positive
off-diagonal tilts the cloud along the diagonal, exactly the elongated, rotated ellipse a scatter of positively-correlated
data traces out, and these axes are the principal components of Chapter 11 in disguise. (|
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6. DISTRIBUTIONS, THE GAUSSIAN, AND COVARIANCE

Exercise 6.8. A call center receives an average of A = 3 calls per hour, modeled as a Poisson process. Find the
probability of receiving (a) no calls and (b) exactly five calls in a given hour, and state the mean and variance of
the count.

_ Aee?

Solution. The Poisson probability of k events when the rate is X is P(X = k) P (a) With £ =0,
0,-3
P(X =0) =3 g, = e % 2 0.0498,

so a fully quiet hour happens about 5% of the time. (b) With k =5,

3%e™® 243 _4
= 130° = 2.025 (0.0498) ~ 0.1008,

about a 10% chance. The Poisson is the rare-event limit of the binomial (many trials, each unlikely), and it has the
memorable property that its mean and variance are both equal to the rate, E[X] = Var(X) = A = 3, so the standard
deviation is v/3 ~ 1.73 calls. A useful sanity check on any Poisson model is exactly this: if a count’s sample variance
is far from its mean, the data is over- or under-dispersed and Poisson is the wrong model.
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Concentration and Learning Theory
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CHAPTER 7

Concentration Inequalities and Learning
Theory

With enough samples we can guarantee, with overwhelming probability, that
the training error reflects the true error.

the promise of learning theory

Why does minimizing error on a finite training set say anything about error on unseen data? The answer is
concentration: averages of independent random variables cluster tightly around their means. We build the
tools in increasing sharpness, Markov, then Chebyshev, then the exponentially tight Chernoff bound, proving
each. Combined with the union bound they yield generalization guarantees for empirical risk minimization, a
sample-complexity rule, the bias—variance tradeoff, and finally the VC dimension, which measures the capacity
of an infinite hypothesis class.

Suggested reading: Shalev-Shwartz and Ben-David [20], Chapters 4 and 6; Deisenroth et al. [5], Section 8.2
for the learning-theory framing.

7.1 Markov’s inequality

The crudest tail bound uses only the mean of a nonnegative variable.

E[X]

Theorem 7.1 (Markov’s inequality). If X > 0 is a random variable and a > 0, then P(X > a) <

Proof. Split the expectation at the threshold a. Because X > 0, both pieces below are nonnegative, and on the
event {X > a} the integrand is at least a:

E[X] =E[X 1[X < a]] + E[X 1[X > q]] > E[X 1[X >a]] > aE[1[X > d]] = aP(X > a).
Dividing by a gives the bound. n
Example 7.2 (A server’s response time). If requests take E[X] = 2 minutes on average, then without knowing

anything else about the distribution, P(X > 10) < 2/10 = 0.2: at most a fifth of requests can take ten minutes or
longer.

7.2 Chebyshev’s inequality
Bringing in the variance sharpens the bound and lets it apply to two-sided deviations.

Theorem 7.3 (Chebyshev’s inequality). If X has mean u and variance o2, then for any a > 0, P(|X — u| > a) <
2

o

?;
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7. CONCENTRATION INEQUALITIES AND LEARNING THEORY

Proof. Apply Markov’s inequality to the nonnegative variable Y = (X — u)2, whose mean is E[Y] = Var(X) = 2.

Since | X — p| > a exactly when Y > a2,

P(X — p| > a) =P(Y > a®) < =Z. ]

Example 7.4 (Test scores). Scores with u = 70 and o = 10 obey P(]X — 70| > 20) < 10?/20% = 0.25: at most
a quarter of scores lie twenty or more points from the mean, whatever the score distribution. Applied to a sample
mean of n iid variables, whose variance is o2 /n, Chebyshev gives P(|X — p| > a) < 0?/(na®) — 0, which is the weak
law of large numbers.

Example 7.5 (Markov versus Chebyshev on the same variable). A server logs a nonnegative number of
errors per day, X > 0, with mean E[X] = 4 and variance Var(X) = 4. How likely is a very bad day, X > 10?7

Markov uses only the mean. For a nonnegative variable and threshold a > 0, P(X > a) < E[X]/a, so
EX] _ 4 _
10 10

Chebyshev also uses the variance. Writing the event in terms of the deviation from the mean, X > 10 means X —4 > 6,
which forces | X — 4| > 6, so

P(X > 10) < 0.40.

Var(X) 4 _ 1 o1,

62 36 9
Chebyshev’s bound (0.11) is more than three times tighter than Markov’s (0.40), and the reason is information:
Markov knows only where the distribution sits (its average), while Chebyshev also knows how spread out it is (its
variance), so it can be far more confident that the variable will not stray six units out. It is the difference between
“the average commute is 4 minutes, so it is at most 40% likely to take 10” and “the commute is 4 minutes give or
take 2, so 10 is three standard deviations away and very unlikely.” Neither bound assumes any particular distribu-
tion; the next section shows that knowing more shape, through the moment-generating function, tightens the tail all
the way to exponential.

P(X > 10) < P(X — 4] > 6) <

7.3 Why polynomial bounds are not enough

Markov’s bound decays like 1/a and Chebyshev’s like 1/a?, far too slowly for the high-confidence guarantees learn-
ing theory needs. Consider n = 1000 fair coin flips, so X ~ Binomial(1000, %) with 4 = 500 and o> = 250. How
likely is X > 6007

500 250
 — = 0. : - > <
Markov 500 0.83, Chebyshev: P(|X — 500| > 100) < 002

Markov is useless and Chebyshev still says “up to 2.5%,” while the true probability is about 107!°. We need a
bound that decays exponentially in the number of trials. That is the Chernoff bound, and its engine is the moment-
generating function. Figure 7.1 shows the qualitative gap, and Table 7.1 (filled in over the next two sections) lists
what each inequality assumes and how fast it decays.

= 0.025.

7.4 Moment-generating functions

Definition 7.6 (Moment-generating function). The moment-generating function (MGF) of a random variable
X is Mx(s) = E[e®¥], for s € R where the expectation is finite.

Two properties make the MGF the right tool. First, for a Bernoulli variable Y ~ Bernoulli(p),

My (s) = (1=p)+pe* =1+p(e —1) <Y, (7.1)

where the inequality uses 1 + 2 < e” with x = p(e® — 1). Second, the MGF of a sum of independent variables
factorizes, since the exponential of a sum is a product and expectation of a product of independents is the product
of expectations:

X = Z X; independent = Mx(s) =E {es 2 XI} = HE[@SX"’] = H Mx, (s). (7.2)

i=1 i=1
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7.5. THE CHERNOFF BOUND

tail bound
A

Markov ~ 1/a
Chebyshev ~ 1/a?

» deviation a

Figure 7.1. Why polynomial bounds are not enough (schematic). Markov decays like 1/a, Chebyshev like 1/a?, but the
Chernoff bound decays exponentially. For the 1000-coin example the three give 0.83, 0.025, and ~ 10~% at a corresponding
to 600 heads. Exponential concentration is what makes finite-sample guarantees possible.

For independent Bernoulli variables with means p; summing to u, combining Eq. (7.1) and Eq. (7.2) gives the clean
exponential bound Mx (s) < [, e?i(¢" =" = ele" =Dk,

7.5 The Chernoff bound

Theorem 7.7 (Chernoff bound, upper tail). Let X = Z:;l X, be a sum of independent Bernoulli variables
with p = E[X]. For any ¢ > 0,

P(X > (1+0)u) < exp(—,u[(l +6)In(146) — 5]) < e ns, (7.3)

A symmetric argument gives P(X < (1 —d0)u) < ef‘“szﬂ7 and the two combine into the two-sided bound P(|X — | >
op) < 2e=H3%/3,

Proof. The idea is to apply Markov’s inequality not to X but to e**, which amplifies large deviations. For any
s > 0, monotonicity of e*") gives

sX
_ sX s(146) Ele*”]  Mx(s)
P(X > (1 +5)“) = ]P’(e e #) < s (1100 gs(ito)n’

by Markov. Bounding the MGF by Mx(s) < e&*=Dr from Section 7.4,
IP’(X > 1+ 5);4) < exp(u [(es —1)—s(1+ 5)})

This holds for every s > 0, so we minimize the exponent f(s) = (¢* — 1) — s(1 + §). Setting f'(s) =e* — (1+5) =0
gives the optimal s = In(1 4+ §) > 0. Substituting, e> — 1 = § and s(1 + 6) = (1 + J)In(1 + J), so the exponent
becomes p[d — (1 + 6)In(1 + 9)], which is Eq. (7.3). The looser form e7#9*/3 follows from the Taylor estimate
(14 68)In(1+6) — & > 62/3 for § € (0,1]. The lower tail repeats the argument with s < 0. |

Example 7.8 (The coin, revisited). For X ~ Binomial(1000, 1) and the event X > 600 = (1 4 0.2), the exact
Chernoff bound Eq. (7.3) gives exp(—500[(1.2)In 1.2 — 0.2]) = 8.3 x 1075. Compare Chebyshev’s 0.025: the Chernoff
bound is hundreds of times tighter, and it correctly reports a vanishingly small probability (the truth is ~ 107°).

Exponential concentration is what makes learning from finite data possible.

For bounded variables there is a closely related additive form, Hoeffding’s inequality: for Z1,..., Z,, independent
with Z; € [0, 1] and sample mean Z,

P(1Z -E[Z]] > €) < 277", (7.4)

It is proved by the same exponential-moment method and is the form we use next, because classification errors are
exactly bounded [0, 1] averages.

Example 7.9 (How many samples? Hoeflfding versus Chebyshev). We estimate a coin’s bias p by the empir-
ical frequency p over m flips and want to be 95% sure the estimate is within € = 0.05, i.e. P(|p — p| > 0.05) < & = 0.05.
How many flips are enough?
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7. CONCENTRATION INEQUALITIES AND LEARNING THEORY

Inequality Assumes Bounds Decay
Markov X >0, mean P(X > a) <E[X]/a 1/a
Chebyshev ~ mean, variance P(|X —u| >a) <o%/a® 1/a?
Chernoff sum of indep. Bernoulli < 2e—H8*/3 exponential
Hoeffding indep., bounded in [0,1] < 2¢~2me” exponential

Table 7.1. The concentration inequalities, in increasing order of assumptions and sharpness. More structure (a variance,
then independence and boundedness) buys faster decay. Chernoff and Hoeffding are the exponential bounds that learning
theory runs on.

Chebyshev. The variance of a single flip is p(1 —p) < i, so Var(p) < ﬁ7 and Chebyshev gives P(|p—p| > ¢) < ﬁ.
Forcing this <9,
1

1
P . S—T) 1|}
= 162~ 4(0.05)(0.05)2

m

Hoeffding. The exponential bound Eq. (7.4) gives 9¢2me <94, ie.

In(2/6)  1n40  3.689
> = =
"= T2 T 2(0.05)2 ~ 0.005

~ 738.
Hoeffding asks for 738 flips, Chebyshev for 2000: nearly a 3x saving, and the gap only widens as § shrinks (Hoeffd-

ing scales like In(1/d), Chebyshev like 1/§). This is the practical payoff of an exponential tail over a polynomial one,
and the same counting, applied to a whole hypothesis class, yields the generalization bounds below.

7.6 Generalization: training error versus test error

Fix a hypothesis h : X — {0,1} and draw a training set S = {(x;,y:)}i~; iid from the data distribution D. The
training error and test error are

_ 1«
ari(h) = — % 1fh(@) £yl err(h) = Pay)onlh(@) # yl- (7.5)
i=1
The indicators Z; = 1[h(x;) # y;] are iid Bernoulli(err(h)), so the training error is their sample mean and

E[err(h)] = err(h): the training error is an unbiased estimate of the test error. Hoeffding’s inequality Eq. (7.4) then
controls the gap for this single, fixed h: P(|ere(h) — err(h)| > ) < 2e~2m7".

7.6.1 From one hypothesis to a whole class

Learning chooses a hypothesis after seeing the data, by empirical risk minimization, herm = argming, 4, err(h).
Now the bound must hold simultaneously for every h € H, lest the search cherry-pick one that fits by chance. The
union bound, P(|J; Ai) < . P(A;), handles this. For a finite class with [H| = K,

]P’(Hh e H: |&E(h) — err(h)| > 7) <K -2e72m (7.6)
Setting the right side to § and solving for v gives the uniform convergence guarantee: with probability at least 1 — 0,

In(2K/9)

err(h) — <
lerr(h) — err(h)| < S

for all h € H. (7.7)
Proposition 7.10 (Sample complexity and the ERM guarantee). To make the gap at most v with confi-
dence 1 — 9, it suffices to take
S In(2K/4)
=T
Under Eq. (7.7), the ERM hypothesis is near-optimal: err(hgrm) < minpey err(h) + 27.

. (7.8)
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7.7. THE BIAS-VARIANCE TRADEOFF

error

test error

variance

L2
bias®

model complexity
sweet spot

Figure 7.2. The bias—variance tradeoff. As the hypothesis class grows more complex, bias falls (it can fit the truth) but
variance rises (it can fit the noise). Test error bottoms out at intermediate complexity and climbs toward either extreme.

The sample size grows only logarithmically in the number of hypotheses K and in 1/6, but quadratically in 1/v. For
instance, with K = 1000, v = 0.05, § = 0.05, Eq. (7.8) gives m > In(40000)/(2 - 0.0025) =~ 2120 samples.

A guarantee of this shape, “with probability at least 1 — § (probably) the error is within « of the best (approzimately
correct),” is called PAC learning, for probably approzimately correct. The two knobs are the confidence § and the
accuracy v, and Eq. (7.8) is the number of samples that buys them. The whole edifice rests on one idea: a fixed
hypothesis’s training error concentrates around its test error (Hoeffding), and the union bound pays the small price
of making that hold for the entire class at once.

7.7 The bias—variance tradeoff

The bound Eq. (7.7) says a richer class (larger K) costs more samples, hinting at a tension. Decomposing the ex-
pected squared error of a prediction g for target y makes it precise:
E[(y - 9)°] = (Bl - )" +E[(7 - Elg)*] + o°. (7.9)

noise

bias? variance

A simple class has high bias (it underfits, unable to represent the truth) but low variance; a complex class has low
bias but high variance (it overfits, chasing the noise in the particular sample). The union-bound term /In K/(2m)
in Eq. (7.7) is exactly a variance penalty that grows with capacity, so test error behaves like bias®+O(In K /m)+noise,
minimized at intermediate complexity (Fig. 7.2). More data lets you afford a richer class safely.

7.8 VC dimension

Infinite hypothesis classes, like all linear classifiers in R%, have K = 0o, so In K is useless. The right measure is not
how many hypotheses there are but how many points they can label in every possible way.

Definition 7.11 (Shattering and VC dimension). A class H shatters a set of points {x1,..., 2, } if for every
one of the 2" binary labelings there is some h € H realizing it. The Vapnik—Chervonenkis dimension dyc(H) is the
size of the largest set H can shatter.

Example 7.12 (Linear classifiers). For lines in R?, Ay, p(x) = sign(w ' 2 + b), three points in general position can
be split in all 2% = 8 ways (Fig. 7.3), but four points cannot (the XOR labeling, diagonal pairs same-class, defeats
every line). So dvc = 3. In general, linear classifiers in R? have dvc = d+ 1: the d weights set the orientation and the
bias sets the offset of the separating hyperplane.

Example 7.13 (Intervals on the line: dyc = 2). The simplest shattering argument is for the class H = {1[z €
[a,b]]} of intervals on R (label + inside, — outside). Two points can be shattered. For 1 < z2, all 2% = 4
labelings are realizable: (—, —) by an interval to the left of both, (+,—) by [z1 — ¢, Z5%2], (—, +) by an interval

83
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3
[ ]

a separating line

Figure 7.3. Three points in general position in R2. A linear classifier can realize all 23 = 8 labelings (the line shown sepa-
rates one labeling; tilting and shifting it produces the rest), so the points are shattered. No line can shatter four points, e.g.
the XOR pattern. Hence dyc = 3 for lines in R2.

no line
,,,,,,, o e - = separates
+ from —

Figure 7.4. The XOR labeling defeats every line. The two filled + points sit on one diagonal, the two open — points on
the other; no straight line can put both diagonals’ endpoints on the correct sides. So four points cannot be shattered by
lines, confirming dyc = 3 for linear classifiers in R?.

around z2 only, and (+,+) by [z1,22]. So dvc > 2. Three points cannot. For 1 < z2 < z3, the labeling
(+,—,+) would need an interval containing x1 and z3 but not the z2 between them, which is impossible because an
interval is connected. One labeling out of eight fails, so no 3-point set is shattered and dvc = 2. This matches the
two free parameters a, b, and the same “a connected set can’t skip a middle point” idea is why intervals generalize
better than, say, arbitrary unions of intervals.

Example 7.14 (Axis-aligned rectangles: dvc = 4). A classifier that labels + inside an axis-aligned rect-
angle and — outside can shatter four points but not five. Four points. Place them at the compass tips, e.g.
(0,1),(0,-1),(1,0), (—1,0). For any subset to be labeled +, choose the rectangle to be the bounding box of just
those points; because each point is the unique extreme one in its direction (top, bottom, right, left), the box can
always include exactly the chosen ones and exclude the rest. All 2* = 16 labelings are realizable, so dvc > 4. Five
points. Given any five points, take the one that is not extreme in any of the four directions (some interior or
non-extreme point always exists). Label the four extreme points + and that fifth point —. Any rectangle containing
the four extremes must contain their bounding box, which contains the fifth point too, so it cannot exclude it. That
labeling fails, so no five points are shattered and dvc = 4, matching the four free parameters (the rectangle’s four
sides).

The VC dimension replaces In K in the generalization bound: for a class of VC dimension dvc, with high proba-

bility the gap between training and test error is O( \/dvc (ln(m/dvc))/m). A finite VC dimension makes even an
infinite class learnable, and it is the honest measure of capacity in the bias—variance picture: a larger dyc lowers

bias but demands more data to keep variance in check.
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7.9. SAMPLE COMPLEXITY IN PRACTICE

Hypothesis class dvc Free parameters
Thresholds 1[z > t] on R 1 1(t)

Intervals 1[z € [a,b]] on R 2 2 (a,b)

Linear classifiers in R? d+1 d+1 (w,b)
Axis-aligned rectangles in R? 4 4 (sides)

Table 7.2. VC dimension for common classes. It usually tracks the number of free parameters, formalizing the intuition
that capacity is “degrees of freedom.” The generalization bound replaces In K with dyc, so a finite VC dimension makes
even an infinite class learnable.

7.9 Sample complexity in practice

The bounds above are not just asymptotics; they give usable sample-size numbers. The worked examples here turn
each inequality into a concrete count, and Fig. 7.5 shows the learning curve those bounds predict.

Example 7.15 (How many samples for a finite hypothesis class). Suppose a learner chooses among K = 100
candidate rules and the true rule is among them (the realizable case). How many labeled examples guarantee, with
probability at least 0.95, that the empirically best rule has true error below € = 0.17 The realizable PAC bound says
it suffices that

m > é <an +1In %) = —(In100 + In20) = 10(4.605 + 2.996) = 76.0,

1
0.1
so m = 77 examples suffice. The dependence is gentle: the class size K and the confidence ¢ enter only through
logarithms, so growing the hypothesis pool from 100 to 1000 adds just In 10 ~ 2.3 to the bracket, about 23 more
samples. Accuracy is the expensive axis, entering as 1/¢.

Example 7.16 (The uniform generalization gap). With K = 1000 hypotheses and m = 1000 samples, how
tightly does training error track true error simultaneously for every hypothesis? Combining Hoeffding with a union
bound over the K rules gives, with probability 1 — §,

cup| () — R(W)| < \/ln(2K/5) _ \/111(2.1000/0.05) _ \/10.6 0,073,
h

2m 2000 2000

So no hypothesis’s training error misleads by more than about 7.3 percentage points. The union bound is what
makes the guarantee uniform: it pays a In K price to protect against the worst of the K rules being the one we pick,
the multiple-comparisons tax of searching a large model space.

Example 7.17 (The law of large numbers, quantified). A quantity has standard deviation ¢ = 10. How many
independent samples drive the standard error of the mean below 1?7 The sample mean has standard error o//m, so
we need 10//m < 1, i.e.

vVm >10 = m > 100.

A hundred samples cut the spread tenfold, from 10 to 1. The \/m in the denominator is the law of large numbers
made quantitative: to halve the error you must quadruple the data, the diminishing return that governs every
Monte Carlo estimate and every opinion poll.

Example 7.18 (A Hoeffding confidence interval). A bounded loss in [0, 1] is averaged over m = 100 held-out
points. How wide is a 95% confidence interval for the true risk? Hoeffding gives a half-width

In(2/6) \/1n(2/0.05) 3.689
_ - = =~ 0.136.
© \/ om 200 200 0136

So the test estimate pins the true risk to within about 40.136 with 95% confidence, without any distributional as-
sumption beyond boundedness. This is exactly the error bar one should report next to a held-out accuracy, and it
shrinks as 1/y/m just like the standard error.
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error

A

test error

training error

» samples m

Figure 7.5. The learning curve the bounds predict. Training error rises from zero as the model can no longer fit every
point, test error falls as more data constrains it, and the gap between them, bounded by the generalization results, closes
at the 1/4/m rate. Both approach the irreducible Bayes error from opposite sides.

7.10 Summary

« Markov: P(X > a) < E[X]/a for X > 0. Chebyshev follows by applying it to (X — u)?: P(|X — u| > a) < 0*/a>.

 These decay polynomially. The Chernoff bound, via the MGF and Markov on e** optimized over s, decays
exponentially: P(|X — pu| > op) < 9e~HO%/3, Hoeffding gives the additive form 2¢72m<” for bounded averages.

e Training error is an unbiased estimate of test error; the union bound makes the estimate uniform over a hypothe-
sis class, giving the gap /In(2K/§)/(2m) and sample complexity m > In(2K/8)/(2y*). ERM is then within 2y
of the best hypothesis.

o Test error decomposes into bias? + variance + noise; complexity trades bias against variance, minimized at
intermediate capacity.

 For infinite classes, the VC dimension (largest shatterable set) replaces In K; linear classifiers in R? have dvc =
d+ 1.

Exercises

Exercise 7.1. A nonnegative random variable has mean y = 5 and variance 6 = 4. (a) Bound P(X > 20) with
Markov. (b) Bound P(|X — 5| > 6) with Chebyshev. (c) Which used more information, and which is tighter here?

Solution. (a) Markov: P(X > 20) < u/20 = 5/20 = 0.25. (b) Chebyshev: P(|X — 5| > 6) < ¢%/6% = 4/36 =
1/9 ~ 0.111. (c) Chebyshev uses the variance as well as the mean, and here it bounds a different (two-sided) event;
on the comparable upper-tail event it is generally tighter because it exploits the extra information. Markov needs
only nonnegativity and the mean, so it applies more broadly but bounds more loosely. a

Exercise 7.2. For n = 1000 fair coin flips, X ~ Binomial(1000, %), compare the Chebyshev and Chernoff bounds on
P(X > 600).

Solution. Here u = 500, o2 = np(1 — p) = 250, and 600 = (1 4 §)u with 6 = 0.2. Chebyshev: P(]X — 500| > 100) <
250/100% = 0.025. Chernoff Eq. (7.3): P(X > 600) < exp(—500[(1.2)In 1.2 — 0.2]) = 8.3 x 107°. The Chernoff bound
is roughly 300 times smaller, and far closer to the true value (= 107'°): exponential versus polynomial decay in the
deviation. |

Exercise 7.3. A finite hypothesis class has K = 1000 members. How many iid samples guarantee that, with proba-
bility at least 0.95, every hypothesis has training error within v = 0.05 of its true error?

Solution. Use Eq. (7.8) with 6 = 0.05:

. In(2K/5) _ In(2-1000/0.05) _ In(40000) _ 10.60

= ~ = 2120.
292 2(0.05)2 0.005 0.005
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EXERCISES

About 2120 samples suffice. Note the mild dependence on K and ¢ (both logarithmic) against the strong depen-
dence on accuracy (1/4?): halving the allowed gap quadruples the required sample size. O

Exercise 7.4. Let H be the set of threshold classifiers on the line, h¢(z) = 1[x > t] for t € R. Find dvc(H).

Solution. A single point x1 is shattered: choose ¢t > x1 to label it 0 and ¢ < x1 to label it 1, realizing both labelings,
so dyvc > 1. Two points 1 < x2 cannot be shattered: a threshold labels everything to the right of ¢ as 1, so the

labeling (z1 — 1, x2 — 0) is impossible (it would need z1 > t but z2 < t, contradicting z1 < z2). Hence no set of
two points is shattered and dvc(H) = 1. Thresholds are a one-parameter family, consistent with the rule of thumb
that VC dimension tracks the number of free parameters. a

Exercise 7.5. Explain, using the decomposition Eq. (7.9) and the generalization bound Eq. (7.7), why fitting a
degree-20 polynomial to 15 data points generalizes poorly, and what changes if you collect far more data.

Solution. A degree-20 polynomial class is very expressive, so its bias is small: it can pass near almost any target
shape. But with only m = 15 points it has more than enough freedom to interpolate the sample, including its
noise, so the variance term is large, the model swings wildly between data points, and test error is dominated by
variance (overfitting). In the bound Eq. (7.7) the effective capacity (here the polynomial degree, a VC-dimension-
like quantity) is large while m is small, so the gap y/(capacity)/m is large and the training error badly understates
the test error. Collecting far more data shrinks that gap: with large m the variance term falls, the expressive class
can be fit reliably, and the low bias finally pays off. This is the quantitative form of “more data lets you safely use a
more complex model.” O

Exercise 7.6. You evaluate 10 candidate models on a validation set. Each individually has at most a 1% chance of
looking good by pure luck when it is actually no better than random. Bound the probability that at least one of the
ten looks good by luck.

Solution. Let E; be the event “model i looks good by luck,” with P(E;) < 0.01. The union bound (Boole’s inequal-
ity) says the probability of any event in a collection is at most the sum of their probabilities, with no independence

assumption needed:
10

10
IP’(U E) <> P(E;) <10(0.01) = 0.10.
i=1 i=1

So there is at most a 10% chance that some model fools you. This is exactly the “multiple comparisons” problem:
testing more hypotheses inflates the chance that one passes by accident, which is why a finite hypothesis class of
size K pays a log K price in the generalization bound (Exercise 7.3), and why honest practice corrects the threshold
(for instance Bonferroni, dividing the allowed error by the number of tests) before celebrating the best of many
models. |
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Vector Calculus and Optimization
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CHAPTER 8

Vector Calculus, Backpropagation, and
Gradient Descent

The gradient is a compass needle pointing uphill. To learn, step the other
way.

the one-line summary of optimization

Every model in the course is trained by minimizing a loss, and minimization needs derivatives. This chapter
builds the calculus of vectors and matrices: the gradient and Jacobian, the handful of identities used every-
where, and the chain rule that, run in reverse, becomes backpropagation. The Hessian and convexity then
explain why following the negative gradient works, with a clean payoff: the linear-regression cost is convex,
so gradient descent reaches its one global minimum. We finish with the optimizers that train real models,
momentum, RMSProp, and Adam, and with logistic regression as a convex loss.

Suggested reading: Deisenroth et al. [5], Chapter 5; Goodfellow et al. [9], Chapters 6 and 8 for backpropa-
gation and optimizers; Nocedal and Wright [16] for the optimization theory.

8.1 Gradients and Jacobians

Definition 8.1 (Gradient and Jacobian). For a scalar field f : R? — R, the gradient is the column vector of

partial derivatives V f(x) = (%, cey %)T € R?. For a vector field F : R® — R™ with components F}, the
Jacobian is the m x n matrix of all first partials,
Jij = , J e R™*™,
aCL’j

The gradient is the special case m = 1 (transposed to a column).

The gradient points in the direction of steepest increase of f, and its magnitude is the rate of that increase. Both
facts are made precise by the directional derivative in Section 8.4.

Example 8.2 (A Jacobian and the chain rule on numbers). Let F : R* — R? be F(z,y) = (z* +y, zy). Its
Jacobian collects the four partial derivatives, 0F/0x = 2z, 0F1 /0y = 1, 0F>/0x =y, 0F>/0y = x, so

oF,  8Fy

o oMY 9, 4 1

JF(xyy)_[aan ;Pyz}—{y x} JF(2,3)—{3 2].
Ox Ay

Now feed in a curve g(t) = (¢, t*), so 2 = t and y = t>. The chain rule says the velocity of the output is the
Jacobian times the velocity of the input, 4% F(g(t)) = Jr(g(t)) g'(t), with ¢(t) = (1, 2t) and Jr(t,t*) = [fﬁ 1]

4 2 1111 2t + 2t 4
aF(g(lt)) = [t2 J [Qt] - [tQ +2t2} - {31‘/2] .
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8. VECTOR CALCULUS, BACKPROPAGATION, AND GRADIENT DESCENT

forward

x —P z =Wz —» a=0(z) —» L(a)
M&r(l
wTs 6 =0L/0z OL/da

VwL =48z

Figure 8.1. The computational graph of one layer. The forward pass (blue) computes z, a, L left to right; the backward
pass (red) propagates the error § = 9L/0z right to left, and the weight gradient VL = dz ' (green) falls out at each
node. Deep networks chain many such blocks.

Check it directly: F(g(t)) = (£* +t3, t-?) = (2t*, t*), whose derivative is indeed (4¢, 3t*). The matrix multiplication
is the chain rule; reading it right to left, ¢’ pushes the input forward and Jg turns that into output motion, the
same pattern backpropagation runs in reverse (Section 8.3).

8.2 Matrix calculus identities

A short table of identities covers almost every gradient in machine learning. Throughout, a, b are constant vectors,
A a constant matrix, and « the variable.

The identities to memorize

Ve (a'x) =a, Ve (zAz) = (A+ AN )z, (8.1)
Ve (2" Ax) = 24z (A symmetric), Ve || Az — b|j3 = 247 (Az — b). (8.2)

The last identity, the gradient of a squared residual, is the one behind least squares (Chapter 2) and is worth de-
riving once. Expanding ||Az — b||> = &' AT Az — 2b" Az + b' b and applying the first two identities with the
symmetric matrix AT A gives V = 24T Az — 2ATb = 2A7 (Az — b). Trace identities such as tr(AB) = tr(BA) and
Vatr(AT B) = B extend the toolkit to derivatives with respect to matrices, used in Section 8.7.

8.3 The chain rule and backpropagation

Composite functions differentiate by the chain rule. If z = g(x) and y = f(z), the Jacobian of the composition is
the product of Jacobians, Jfoq(x) = Jf(2) J4(x), the multivariate generalization of (f o g)’ = f'-¢’. A neural network
is a deep composition, and applying the chain rule from the output backward is exactly backpropagation [19].

Intuition. Backpropagation is the chain rule plus bookkeeping. A forward pass computes and stores each layer’s
output; the backward pass then multiplies Jacobians from the loss back toward the inputs, reusing those stored
values. The reuse is the whole trick: computing the gradients separately for each of a million parameters would be
hopeless, but sweeping backward once produces all of them together, at about the cost of a second forward pass
(Fig. 8.1).

Example 8.3 (Backpropagation through one layer). Consider a single layer with weights W, input @, pre-
activation z = W, activation a = o(z) (applied elementwise), and scalar loss L(a). To update W we need Vw L.

Work backward:
AL dL , T
=—=_—00(z) , VwL=6dx ,

output error, propagated through o

oL

-
8—x—W 4.

The quantity § is the error signal at the layer’s input; the weight gradient is its outer product with the layer’s input,
and W' 8 passes the error to the previous layer. Chaining these three formulas through every layer, from the loss
back to the first weights, computes all gradients in one backward sweep, reusing each layer’s stored forward values.
This reuse is why training a network of millions of parameters costs only about twice a forward pass, and it is the
algorithm that makes deep learning feasible.
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8.4. DIRECTIONAL DERIVATIVES AND STEEPEST DESCENT

Example 8.4 (Backpropagation on real numbers). Take a tiny two-layer scalar network on input x = 2. Layer
one has weight w; = 1, bias by = 0, and a ReLU; layer two has weight ws = %, bias b = —1 and a linear output.
The target is y = 1 and the loss is L = £ (§ — y)2.

Forward pass (left to right, storing each value):

21:w1x+b1:2, alzReLU(zl):Z, 22:102&1+b2:0, g:ZQZO, L:%(0—1)2:%

Backward pass (right to left, chain rule). Start at the loss: % =9 —y = —1. Through layer two,
oL oL oL oL 0L 0L
= =(=1)(2) = -2 = = =1 —— = =(=1)i=-1
aw2 8:[] a1 ( )( ) ’ 61)2 83} ’ 8(11 8@ w2 ( )2 2
Through the ReLU, ReLU’(21) = 1 since 21 = 2 > 0, so the error at 2y is §; = % ReLU’(21) = —%, and through
layer one,
oL oL
— =5hz=(-12)=-1 = =5 ==L
Ow, 1z ( 2)( ) ) b, 1 2

A gradient-descent step with rate o = 0.1 would update ws + £ — 0.1(—2) = 0.7 and w1 < 1 — 0.1(—1) = 1.1, both
moving to raise §j toward the target y = 1, exactly as a single step should. Notice every backward quantity reused a
value stored on the forward pass (a1, z1, z); that reuse is the whole efficiency of backpropagation.

8.4 Directional derivatives and steepest descent

Definition 8.5 (Directional derivative). The rate of change of f at x along a unit vector u is D, f(x) =
Viz) .

By the Cauchy-Schwarz inequality (Theorem 1.3), Dy f = Vf'u is largest when u aligns with Vf and smallest
(most negative) when u = —V f/||Vf]|. So the negative gradient is the direction of steepest descent: among all
directions, stepping along —V f decreases f fastest to first order. This single fact is the engine of gradient descent
(Section 8.8).

8.5 The multivariate Taylor expansion
Near a point «, a twice-differentiable f is approximated by its second-order Taylor expansion,
fl@+h)=f(@)+Vf(@) h+Fh"Vf(@)h+o(|h]*), (83)

where V2 f is the Hessian (Section 8.6). The linear term is the gradient’s first-order change; the quadratic term, gov-
erned by the Hessian, is the curvature. This expansion underlies both the optimality conditions below and second-
order methods like Newton’s.

Newton’s method minimizes the quadratic model exactly at each step: setting the gradient of Eq. (8.3) to zero gives
the step h = —[V2f(2)] "'V f(x), 50 141 = x: — [V>f(2:)] 'V (). Where gradient descent uses only the slope,
Newton also uses the curvature, and near a minimum it converges quadratically (the error roughly squares each
step).

Example 8.6 (Newton’s method, iteration by iteration). Minimize f(z) = 12* — z, with f/(z) = z* — 1 and
3
zy — 1

336? . From 2o = 2:

f"(z) = 3z%; the minimum is at 2* = 1 (where f’ = 0). Newton’s step is Ts11 = T+ —

t Tt f’(mt) :ngl f//(xt)zgx%
0 2.00000 7.000 12.00
1 141667 1.843 6.021
2 1.11053 0.370 3.700
3 1.01064 0.032 3.064
4 1.00011 0.0003 3.001
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f
A
@y, f (@)
model ¢
N
> T
\._/ x=2
x
=1 it

4 _ x in value,

Figure 8.2. Newton’s method as repeated quadratic fitting. At x; = 2 the dashed parabola ¢ matches f = im
slope, and curvature; its vertex sits at zy4+1 = 1.417, the next iterate. Refitting at ;41 and stepping to the new vertex

races toward the true minimum x* = 1, squaring the error each step.

chord above

convex: one global min nonconvex: local traps

Figure 8.3. Convex versus nonconvex. For a convex function every chord lies above the graph and there is a single global
minimum, so a zero-gradient point is the answer. A nonconvex function has local minima and saddle points that can trap a
gradient method. The losses in this chapter are built convex to avoid exactly this.

The error |z; — 1| drops 1 — 0.42 — 0.11 — 0.011 — 0.0001: each step roughly squares the previous error, the
hallmark of quadratic convergence. Gradient descent on the same problem would creep linearly. The price is that
Newton needs the Hessian (here f”) and its inverse every step, which is O(n3) per iteration in n dimensions, why
large models use first-order methods or cheap Hessian approximations instead.

94



8.6. THE HESSIAN AND CONVEXITY

8.6 The Hessian and convexity

Definition 8.7 (Hessian). The Hessian of f : R? — R is the symmetric matrix of second partials, (V2f)ij =
%y
Oz; Oz

(symmetric when the mixed partials are continuous, by Clairaut’s theorem). It measures local curvature.

Curvature decides whether a stationary point is a minimum, and convexity makes the local picture global.

Definition 8.8 (Convex set and convex function). A set C C R is convez if the segment between any two
of its points stays inside: Ax + (1 — M)y € C for all z,y € C and X € [0,1]. A function f is convez if its epigraph
{(z,t) : t > f(x)} is a convex set, equivalently if

Fz+ (1= Ny) <Af(2)+ (1= Nf(y) (8.4)

for all z,y and A € [0, 1]: the chord lies above the graph.

Theorem 8.9 (The convexity triangle). For a differentiable f (twice differentiable for (iii)), the following are
equivalent characterizations of convexity:

(i) First-order: f(y) > f(x) + Vf(x)" (y — ) for all =,y (the graph lies above every tangent plane);
(ii) Global optimality: if f is convex and V f(x*) = 0, then x* is a global minimizer;

(iii) Second-order: f is convex if and only if V2 f(x) >= 0 everywhere.

Proof. (ii) follows from (i): putting & = &* with V f(2*) = 0 in the first-order inequality gives f(y) > f(z*) for all
y, so &* is globally optimal. (i) from convexity: rearranging Eq. (8.4) as M < f(y) — f(z) and letting
A — 0T turns the left side into the directional derivative Vf(x)" (y — ), giving (i). (iii): integrating the second-
order Taylor remainder Eq. (8.3) along the segment from z to y shows V?f > 0 implies the first-order inequality;
conversely a negative curvature direction would violate it. |

This is the reason zero gradient is enough for convex problems: there are no local minima to get trapped in, only
the global one. Everything in this chapter’s applications is built to be convex for exactly this guarantee.

Example 8.10 (Finding and classifying critical points with the Hessian). When a function is not convex, a
zero gradient alone cannot tell a minimum from a maximum or a saddle; the Hessian’s curvature decides. Find and
classify every critical point of

fla,y) =a° +y° — 3ay.

Stationary points. Set the gradient to zero: Vf = (3z2 — 3y, 3y> — 3z) = 0 forces y = 22 and x = 3. Substituting
the first into the second gives © = 2*, so z(z* — 1) = 0 and 2 € {0,1}. The two critical points are (0,0) and (1, 1).
Curvature. The Hessian is

V2 f(z,y) = {62 g?ﬂ :

At (0,0) it is (f)3 ’03) with det =0-0 — (=3)? = =9 < 0. A negative determinant means eigenvalues of opposite sign
(here £3), so the surface rises in one direction and falls in the perpendicular one: a saddle. At (1,1) the Hessian is
(_63 }3) with det = 36 — 9 = 27 > 0 and trace 12 > 0, so both eigenvalues are positive (3 and 9): a local minimum,
where f(1,1) =1+ 1—3 = —1. In two dimensions the second-derivative test reads straight off the Hessian: det < 0
is a saddle, det > 0 with positive trace is a minimum, and det > 0 with negative trace is a maximum. The saddle is
exactly a mountain pass, where you climb along one axis while descending along the one across it, and that crossed
curvature is what a negative-determinant Hessian encodes.
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cost contours J(0) = const

Figure 8.4. Gradient descent on a convex quadratic cost. Each step moves opposite the gradient, perpendicular to the
contour through the current point, converging to the unique minimum 6*. A poorly conditioned cost (elongated contours)
forces the zig-zag the optimizers of Section 8.9 are designed to damp.

8.7 Linear regression: gradient, Hessian, and a unique minimum

Take the regression cost J(6) = 51| X6 — y||5. Writing the squared norm as a trace and using tr(AB) = tr(BA)
expands it to

JO) =5 (0TXTX0-20"X"y+y'y).
The identities Eq. (8.1) with the symmetric A = X T X then give the gradient and, differentiating again, the Hes-
sian:

vJ(6) = %XT(XO —y), V2J(O) = %XTX. (8.5)

The Hessian is positive semidefinite, since 2" X "Xz = 1| Xz||*> > 0 for all z, so J is convex by Theorem 8.9(iii).
Setting VJ = 0 recovers the normal equations X ' X0* = X Ty of Chapter 2, and convexity certifies that this
stationary point is the global minimum rather than merely a local one.

8.8 Gradient descent

When the closed-form solution is too expensive (Section 2.11), or absent, we minimize iteratively. Gradient descent
repeatedly steps along the steepest-descent direction:

6t+1 = Ot — OLVJ(Gt), (86)
with learning rate o > 0. For the quadratic cost this is @¢+1 = 6, — %XT(XOt —y).

The learning rate must be tuned: too large and the iterates overshoot and diverge; too small and progress crawls.
For a strongly convex quadratic with Hessian eigenvalues in [y, L], gradient descent converges (linearly) for any
fixed step a € (0,2/L), where L = Amax(X ' X)/m is the largest curvature. The ratio L/u, the condition number,
sets the speed: ill-conditioned problems with elongated contours zig-zag slowly (Fig. 8.4).

Example 8.11 (Gradient descent on a quadratic, iteration by iteration). Minimize f(8) = (367 + 63),

a quadratic bowl with Hessian A = diag(3,1) (so the curvatures are L = 3 and p = 1, condition number 3). The

gradient is Vf = A8 = (301, 02), so the step 0:4+1 = 0; — a A0 = (I — aA)O; multiplies each coordinate by its own
factor 1 — a\;. Take v = 0.2 from 0y = (1, 1), so the factors are 1 — 0.2(3) = 0.4 and 1 — 0.2(1) = 0.8:

t 0 [(0:)  Vf(6:)

0 (1, 1) 2.000 (3, 1)

1 (0.4, 0.8) 0.560 (1.2, 0.8)

2 (0.16, 0.64) 0.243  (0.48, 0.64)
3 (0.064, 0.512)  0.137  (0.192, 0.512)
4 (0.0256, 0.4096) 0.085 (...)

The steep coordinate 6; collapses quickly (as 0.4') while the shallow 62 crawls (as 0.8"), so the slow direction sets
the pace: after four steps 6 is nearly zero but 6 is still 0.41. This is ill-conditioning in miniature, and it is why
momentum and preconditioning (Section 8.9) help. With a larger step a = 0.7 > 2/L = 2 the factor 1 — 0.7(3) = —1.1
has magnitude > 1 and 6; would diverge, oscillating with growing amplitude, the overshoot the bound o < 2/L
rules out.
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8.9. PRACTICAL OPTIMIZERS: MOMENTUM, RMSPROP, ADAM

8.8.1 Stochastic gradient descent

The gradient VJ(0) = % Zl V J;(0) is an average over all m training examples, so one step of full-batch gradi-
ent descent reads the entire dataset. With m in the millions this is far too expensive per step. Stochastic gradient
descent (SGD) replaces the full average by the gradient on a small mini-batch B:

1
0t+1 = 0,5 — = Z VJZ(Ot) (87)
|B] i€B
The mini-batch gradient is an unbiased estimate of the true gradient (E[VJ;] = VJ), so on average SGD heads
downhill, but each step is noisy. That trade is overwhelmingly worth it: a mini-batch of 128 costs a tiny fraction of
a full pass, so SGD takes thousands of cheap, approximate steps in the time full-batch descent takes one exact step.

The noise even helps, jostling the iterate out of shallow nonconvex traps. Decaying the learning rate a; — 0 tames
the noise near the optimum. SGD and the variants below are how every large model is trained.

8.9 Practical optimizers: momentum, RMSProp, Adam

Plain gradient descent is rarely used as-is. Three refinements address its weaknesses, all maintaining running statis-
tics of the gradients g: = V.J(6,).

¢ Momentum averages recent gradients into a velocity that damps zig-zags and accelerates along consistent
directions:

Vi1 = pue + (1 — B)gs, 0ir1 =60 — vy,

with 8 =~ 0.9. Like a heavy ball rolling downhill, it carries through small bumps in noisy gradients.

« RMSProp divides each coordinate’s step by a running root-mean-square of its gradient, so steep coordinates
take small steps and flat ones take large:

e!
Si+1 = pse + (1 — p) (gt © gt), 0:11 :Bt—m@gh
with p &~ 0.9 and a small e for numerical safety (©® is the elementwise product).

o Adam combines the two, tracking a first moment m; (like momentum) and a second moment v; (like RM-
SProp), with a bias correction for the early steps:

meyr1 = Bime + (1 — B1)ge,  Vip1 = Bave + (1 — B2)(g: © g¢),

. mey1 . Vi+1
+ b= +

= —_— Gt 1:0—06
t+1° t+1° + t
1-5 1-5,

_m

Vo +e

with typical 81 = 0.9, B2 = 0.999. Adam [15] is a default for training large models: it adapts the step size per
coordinate and tolerates a poorly tuned learning rate.

start

gradient desg

min
momentum

Figure 8.5. Momentum versus plain gradient descent on an ill-conditioned bowl. Plain descent zig-zags across the narrow
valley, taking many small steps; momentum accumulates a velocity along the valley floor, damping the oscillation and
reaching the minimum in far fewer strides. RMSProp and Adam add a per-coordinate rescaling on top of the same idea.
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8. VECTOR CALCULUS, BACKPROPAGATION, AND GRADIENT DESCENT

Optimizer Idea Fixes

Gradient descent  step along —g; baseline

Momentum accumulate a velocity zig-zag, slow valleys
RMSProp per-coordinate step o 1/\/g:2 badly scaled coordinates
Adam momentum + RMSProp + bias fix  both, with little tuning

Table 8.1. The optimizer family. Each refinement keeps running statistics of the gradients to repair a specific weakness of
plain descent; Adam combines them and is the common default. All are first-order: they use only g¢, never the Hessian.

Figure 8.6. The logistic sigmoid o(z) = 1/(1 4 e~ *) turns a real-valued score into a probability. It is monotone, symmetric
about (0, %), and saturates toward 0 and 1; its derivative ¢/(z) = o(2)(1 — o(z)) is what the backprop error signal of
Example 8.3 multiplies by.

8.10 Logistic regression: a convex loss

For binary labels y; € {0,1}, logistic regression passes the linear score z; = 0" x; through the sigmoid o(z) =
1/(1 4+ e~ %) to get a probability p; = o(z;). The sigmoid (Fig. 8.6) squashes the unbounded score into (0,1): large
positive scores map near 1, large negative near 0, and a score of zero to the undecided % Fitting by maximum
likelihood minimizes the cross-entropy loss

m

00) =~ 3" [ysTop + (1~ ) log(1 — o], (85)

i=1

whose gradient has the same clean form as linear regression, V£(0) = X T (p — y) with p = 0(X8). The loss is
convex (its Hessian %XT diag(p:(1 — pi))X is PSD), so gradient descent finds the global optimum. The choice of
loss matters: the squared loss ﬁ (i — y:)? on the same model is nonconvexr because p; is a nonlinear function of
0, which is why cross-entropy is the standard choice. Logistic regression returns in Chapter 10 as the probabilistic

cousin of the support vector machine.

Example 8.12 (Two steps of logistic-regression training). Fit 8 = (61,02) (intercept and one feature) to

three points with design matrix X = H g} and labels y = (0,0,1), starting at 8p = 0 with learning rate a = 1.

Step 0. Every score is 0, so p = 0(0) = (3, 1, 1) and the gradient is

1
2 1
V=1XT(p-y)=1 Ll) 1 1} 1121 { 2 ] — (0.167, —0.167).

Updating, 6; = 0 — (0.167, —0.167) = (—0.167, 0.167). Step 1. Now the scores are X6; = (—0.167, 0, 0.167), giving
p = (0.458, 0.500, 0.542) and V¢ = %XT(p —y) = (0.167, —0.139), so 62 = (—0.333, 0.306). The intercept 01
drifts negative and the slope 02 positive, steadily raising the predicted probability on the lone positive point x = 2
(ps : 0.5 — 0.542 — 0.569) and lowering it on the negatives. Each step is the same residual-times-design-matrix
formula as linear regression; only the nonlinear p = o(X8) differs.

Example 8.13 (The softmax gradient: why it is just p — y). Multiclass classification replaces the sigmoid with
2k

the softmaz, which turns a vector of scores z = (z1,...,2xK) into a probability vector py = —, and the loss is
J

e
e

the cross-entropy L = — « Yk log p, against a one-hot label y. The gradient with respect to the scores collapses to

98



8.11. SUMMARY

a remarkably clean form. First differentiate the softmax itself, which has two cases that combine into one using the
Kronecker delta dx;:
Opx
azi

Now apply the chain rule to L = — Zk Y log pr, using O(log px)/0z; = (Ski — pi):
oL
52 = ;yk(&ﬂ- —pi)=~Yi+pi ;yk =Dpi — i,

since a one-hot label sums to Zk yr = 1. In vector form V,L = p — y: the gradient is simply the predicted distri-
bution minus the true one. As a check, scores z = (2, 1,0) give p = (0.665, 0.245,0.090), so with true class one the
gradient is (0.665 — 1, 0.245, 0.090) = (—0.335, 0.245, 0.090), which pushes z; up and the other two down, exactly the
correction needed. This is the same “prediction minus target” shape as the linear-regression residual and the logistic
gradient X T (p — y); all three are the same idea, and it is what makes the output layer of a neural network so simple
to backpropagate through.

= pr(0ki — Ds).

8.11 Summary

o+ The gradient (Vf € R%) and Jacobian (J € R™*™) package first derivatives; the identities Eq. (8.1)-Eq. (8.2)
cover most ML gradients.

« The chain rule, run in reverse, is backpropagation: each layer computes an error signal 8, a weight gradient da ',
and passes W ' d back, giving all gradients in one backward sweep.

o The negative gradient is the steepest-descent direction. The Hessian measures curvature; convexity (chord above
graph, tangent below graph, PSD Hessian) makes a zero-gradient point a global minimum.

o Linear regression has VJ = L X T(X6 — y) and PSD Hessian X ' X, hence a unique global minimum at the
normal equations.

o Gradient descent 0;4+1 = 0; — aVJ converges for o € (0,2/L); stochastic gradient descent uses cheap mini-
batch gradients to scale to huge datasets, and momentum, RMSProp, and Adam refine it (Table 8.1). Logistic
regression’s cross-entropy loss is convex with gradient =X T(p—y).

Exercises

Exercise 8.1. Using the matrix-calculus identities, derive the gradient and Hessian of the ridge-regression cost
1

J(0) = 1] X0 —y||5 + 3/0]13, and explain why the Hessian is positive definite for A > 0 even when X is rank deficient.
Solution. Write J = 2(X60 —y)" (X0 —y) + 360 '6. By Eq. (8.2) and V(3076) = )0,
VJIO)=XT(X0—y)+ 0= (X"X+A)0—-X"y, VJ=X"X+A.

Forany z # 0, z' (X'X + M)z = || Xz||? + \|z]|> > Mz[|> > 0,s0 V2J = 0 (positive definite) whenever
X > 0. The ridge term lifts every eigenvalue of X T X by A, curing the rank deficiency that made X X singular in
Example 2.12; the minimizer 8* = (X' X 4+ AI)™'X Ty is then unique. a

Exercise 8.2. For logistic regression with data X = H —21}, labels y = (1,0, 1), and 69 = (0, 0), take one full-batch

gradient-ascent step on the log-likelihood with learning rate o = 0.01.

Solution. At @y = 0 every score is z; = 0, so p; = 0(0) = % for all 4, giving p = (%, %, %) The log-likelihood
gradient (for ascent) is X ' (y — p):

D=

y-p=(3-313) XTy-p =t 1M=L = 3
27 272 2 —1 0 12 % :
2
One ascent step is 1 = 8y + a X (y — p) = (0,0) + 0.01(0.5,1.5) = (0.005, 0.015). The positive update to both
coordinates nudges the model toward predicting the observed labels. O
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Exercise 8.3. Prove that if f : R* — R is convex and differentiable and V f(x*) = 0, then x* is a global minimizer.

Solution. By the first-order characterization of convexity (Theorem 8.9(i)), for every y,
fy) > f@) + V") (y—2"),

Since Vf(x*) = 0, the inner-product term vanishes and f(y) > f(x*) for all y. Hence * attains the global mini-
mum. This is exactly why, for a convex loss, solving Vf = 0 (or running gradient descent to a stationary point) is
guaranteed to find the best parameters, with no risk of a local trap. a
Exercise 8.4. Minimize f(0) = %02 by gradient descent from 6y = 4 with learning rate . Write 6; in closed form,
and determine the range of « for which the iterates converge to 0.

Solution. Here f'(0) = 0, so the update is 6;4+1 = 0; — af; = (1 — a)b;. Iterating from 0y = 4 gives 6; = (1 — a)t 4.
This tends to 0 if and only if |1 — a| < 1, i.e. 0 < a < 2. (The curvature is L = 1 here, matching the general bound
a € (0,2/L).) For @ = 1 it reaches the minimum in one step; for a > 2 the iterates grow and diverge; at o = 2 they
oscillate between 4 and —4 forever. O

Exercise 8.5. In Example 8.3, let © € R", W € R"*"  s0 z,a € R" and L € R. Verify the shapes of §, Vw L, and
OL/0x, and confirm they are consistent with updating W and propagating the error.

Solution. The error signal § = OL/0z has the shape of z, namely h x 1. The weight gradient Vi L = dx ' is

(h x 1)(1 x n) = h X n, the same shape as W, so the update W < W — aVw L typechecks. The backward signal
AL/dx = WTd is (n x h)(h x 1) = n x 1, the shape of @, so it can serve as the error handed to the previous layer.
The shapes line up exactly, which is the quickest sanity check on any backprop derivation. a

Exercise 8.6. For f(z,v,2) = 2%y + 2%, (a) find the gradient V£, (b) evaluate it at the point (1,2,3), and (c) give
the directional derivative there in the direction of the unit vector u = (1,0, 0).

Solution. (a) Differentiate with respect to each variable, holding the others fixed:

Vf= (%, %’ %) = (2zy, 2° + 2°, 2y2).

(b) At (1,2,3) thisis (2-1-2, 12 +32, 2-2-3) = (4, 10, 12). (c) The directional derivative in a unit direction u

is the projection of the gradient onto it, Dy f = Vf u. With u = (1,0,0) this simply reads off the first component,
Do f = (4,10,12)7(1,0,0) = 4, which is just df/0z as expected. The gradient (4,10, 12) also points in the direction
of steepest ascent, and the function climbs fastest at the rate |V f|| = v/16 + 100 + 144 = /260 ~ 16.1 per unit step
in that best direction, four times steeper than along the z-axis alone. |

Exercise 8.7. Fit the through-origin model y = 6z to the points (1,1) and (2, 3) by gradient descent on J(6) =
>, (0z; — y:)*. (a) Find the closed-form least-squares 6*. (b) Write the gradient-descent update with step o = 0.05
and trace a few iterations from 6y = 0, confirming it approaches 6*.

Solution. (a) Setting J'(0) = 0 gives the one-variable normal equation. With Y 27 = 1+4 = 5and Y zy; =
1(1) +2(3) =17,

"(0) = 2 _ ) = o s T
J(@)f2(02xz Z:czyl)72(59 =0= 0"=;=14.

(b) The update is 6141 = 6; — aJ'(6;) = 6, — 0.05(106; — 14) = 0.56, + 0.7. From 6y = O this gives

0.7, 1.05, 1.225, 1.3125, 1.35625, ..., halving the gap to 1.4 each step (the factor 0.5 = 1 — - J” with J” = 10).
The iteration is contracting because |1 — aJ”| = |1 — 0.5| < 1, and its fixed point § = 0.50 4 0.7 solves to § = 1.4,
exactly the closed-form answer. Gradient descent and the normal equations reach the same least-squares solution;
the closed form is one matrix solve, while descent crawls there iteratively but scales to problems too large to solve
in closed form. |
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CHAPTER 9

Constrained Optimization: Linear
Programming, Duality, and KKT

The dual problem assigns a price to every constraint, and at the optimum
the buyer and the seller agree.

the bargaining picture of duality

Chapter 8 minimized smooth functions with no constraints. Real problems have them: probabilities sum to
one, margins must be respected, budgets cannot be exceeded. This chapter handles constraints. We begin
with linear programming and the simplex method, then build the general theory: the Lagrangian folds con-
straints into the objective with multipliers, the dual problem produces lower bounds, and weak and strong
duality relate the two. The Karush—Kuhn—Tucker conditions characterize a constrained optimum in four lines,
and they are the exact tool that derives the support vector machine in Chapter 10.

Suggested reading: Boyd and Vandenberghe [3], Chapters 4 and 5; Nocedal and Wright [16] for the algorith-
mic side.

9.1 The constrained problem

The general constrained optimization problem minimizes an objective subject to inequality and equality constraints:
min f(w) subject to g¢i(w)<0(i=1,...,K), hj(w)=0(G=1,...,L). (9.1)
weR™

The set of w satisfying every constraint is the feasible set. A constraint is active at a point if it holds with equality

there, and inactive if there is slack. The problem is convex when f and the g; are convex and the h; are affine, the

case where the theory is cleanest and the case that covers least squares, logistic regression, and the SVM.

9.2 Linear programming

When the objective and all constraints are linear, Eq. (9.1) is a linear program (LP). A standard form is

max ¢ @ subject to Ax <b, (9.2)
x>0

which any LP can be rewritten to match: negate ¢ to flip a minimization, negate a row to reverse a > constraint,
and split an equality into two inequalities. Introducing slack variables s; > 0 then turns each inequality a; © < b;
into an equality a; @ + s; = b;, the equality form the simplex method pivots on. The feasible set is a polytope, the
intersection of half-spaces, and because the objective is linear it is optimized at a vertez (corner) of that polytope.

Example 9.1 (A two-variable LP). Maximize x1 + 2z2 subject to 1 + z2 < 4, 1 + 3x2 < 6, 1,22 > 0. The
feasible region is the quadrilateral with vertices (0,0), (4,0), (3,1), (0,2) (Fig. 9.1), where the last is the intersection
of the two constraint lines (z1 + z2 = 4 and z1 + 322 = 6 give 2 = 1,21 = 3). Evaluating the objective at the vertices
gives 0,4,5,4, so the maximum is 5 at (3,1). The optimum sits at a corner, as the theory promises, and there both
constraints are active.
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optimum (3, 1), value 5
L]

0 4

Figure 9.1. A linear program in two variables. The feasible polytope is shaded; the number at each vertex is the objective
z1 + 2z2. The objective increases in the direction ¢ = (1,2), so the maximum is attained at the vertex (3,1) where both
constraints are active. The simplex method walks vertex-to-vertex toward it.

9.3 The simplex method

Checking every vertex is hopeless once there are many variables, since the number of vertices grows combinatori-
ally. The simplex method instead starts at one vertex and repeatedly moves to an adjacent vertex that improves the
objective, stopping when no neighbor is better, which for a convex polytope means the global optimum has been
reached. Mechanically, one introduces slack variables, writes the system as a tableau, and pivots: a nonbasic vari-
able with a favorable objective coefficient enters the basis while a basic variable leaves (chosen by a ratio test that
keeps all variables nonnegative). In Example 9.1 the method would start at the origin (0,0), pivot to (4,0) (raising
the objective from 0 to 4), and pivot again to (3,1) (objective 5), at which point no adjacent vertex improves and

the algorithm halts. Each pivot is one step of Gaussian elimination on the tableau; the art is only in choosing which
variable enters and leaves.

Example 9.2 (A full simplex run, tableau by tableau). Maximize z = 10 + 20z, + 16z2 + 53 subject to
r1 <4, 2z + 22 + 23 < 10, 221 + 222 + 23 < 16, and x1, 22, x3 > 0. Add slacks x4, x5, 26 > 0 to turn the inequalities
into equalities 1 + x4 = 4, 221 + x2 + x3 + x5 = 10, 221 + 222 + 3 + ©6¢ = 16. Starting with the slacks basic
(1 = w2 = x3 = 0) gives the feasible corner x4 = 4, x5 = 10,26 = 16 with z = 10; the bottom row holds the reduced
costs ¢j — zj, initially the objective coefficients:

basis | x1 2 3 x4 x5 x¢ | RHS
T4 1 0 0 1 0 0 4
xs 2 1 1 0 1 0 10
Te 2 2 1 0 0 1 16
cj—z; 120 16 5 0 0 0| =2=10

Pivot 1. The largest reduced cost is 20 (z1 enters). The ratio test %7 %, % =4,5,8 is smallest in the x4 row, so x4
leaves. Pivoting on that 1:

basis | 1 x2 3 zs x5 x6 | RHS
T1 1 0 0 1 0 0 4
Ts5 0 1 1 —2 1 0 2
T 0 1 -2 0 1 8
cj—2; 0 16 5 =20 0 0| 2=90

because x1 = 4 raises z by 20 - 4 to 90. Pivot 2. Now z2 enters (reduced cost 16); the ratio test %7 % = 2,4 picks the
T5 Tow, SO T3 leaves:

basis | 1 X2 Tr3 T4 Trs Tg RHS
T 1 0 0 1 0 0 4
T2 0 1 1 =2 1 0 2
T 0 O -1 2 —2 1 4
cj—2j 0O 0 —-11 12 —-16 0| 2=122
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Pivot 3. A positive reduced cost 12 remains (the slack x4 can still help once feasibility is restored). x4 enters; the

ratio test %, % = 4, 2 picks the zg row, so xs leaves:

basis | 1 2 T3 T4 Ts T6 RHS
T 1 o 4+ 0 1 -1 2
T2 0 1 0o 0 -1 1 6
T4 0 0 —3 1 -1 1 2
cj—2; 0 0 -5 0 —4 —6|2=146

Every reduced cost is now < 0, so no neighbor improves and we stop. The optimum is z; = 2, 2 =6, 3 = 0 with
z =10+ 20(2) 4+ 16(6) = 146, which a direct LP solver confirms. Each pivot was one Gauss—Jordan elimination, and
the objective climbed 10 — 90 — 122 — 146 as the search walked corner to corner.

Every LP comes paired with a dual LP, an instance of the general duality below. The primal max{ch Az <

b, > 0} has the dual min{bTy ATy >ec y> 0}, with one dual variable y; per primal constraint. Weak duality
reads ¢' @ < b"y for any feasible pair, and for LPs strong duality holds whenever either problem is feasible, so the
two optima coincide exactly. The dual variable y; is the shadow price of primal constraint ¢ (Remark 9.9).

Example 9.3 (The dual of the two-variable LP). Take the primal of Example 9.1: max z1 + 2z2 subject to
x1+ @2 < 4, 21 + 3x2 < 6, & > 0, whose optimum was (3, 1) with value 5. Here ¢ = (1,2), b= (4,6), A =[] 1], so the
dual is

min 4y; +6y2 s.t. yi+y2>1, y1+3y2>2, yi,y2 > 0.

Both primal constraints were active at (3,1), so both dual variables are positive, which by complementary slackness

makes both dual constraints tight: y1 + y2 = 1 and y1 + 3y2 = 2. Subtracting gives 2y2 = 1, so y2 = % and y; = %
The dual objective is 4(%) + 6(%) =24 3 =5, equal to the primal optimum, confirming strong duality. The shadow

prices y1 = y2 = % say that relaxing either resource bound by one unit would raise the primal objective by about %

9.4 The Lagrangian

For nonlinear constraints we need a more general device. The Lagrangian attaches a multiplier to each constraint
and adds it to the objective:

Lw,a,B) = flw)+ Y aigi(w) + > B hy(w), (9:3)

with inequality multipliers a; > 0 and equality multipliers $; € R. The multiplier is a price: it penalizes violating its
constraint. The sign restriction «; > 0 reflects that an inequality g; < 0 may only be pushed back on from one side.
Minimizing £ over w (with the multipliers fixed) trades the objective against the constraints and is the gateway to
duality.

Intuition. The geometry is cleanest with a single equality constraint h(w) = 0. At a constrained optimum the ob-
jective cannot decrease along the constraint surface, so its gradient V f can have no component along the surface: it
must point straight across it, parallel to the constraint’s normal Vh. That is the multiplier equation Vf = —8 Vh,
i.e. stationarity of the Lagrangian (Fig. 9.2). The constraint contour and an objective contour are tangent at the
optimum; the multiplier 5 is the ratio of the gradient lengths.

Example 9.4 (Lagrange multipliers: the nearest point on a line). Find the point of the line 2z + y = 10
closest to the origin, i.e. minimize f(z,y) = 2* + y* subject to h(x,y) = 2x +y — 10 = 0. Form the Lagrangian
L(z,y,\) = 2> +y° + A2z + y — 10).

Setting the partials to zero,

9L optor=0 = z=-) 2E_9y4x=0= y=-3.
ox oy
Substituting into the constraint 2z + y = 10 gives 2(—\) + (—=3) = —% = 10, so A = —4, and therefore z = 4,

y = 2. The minimum value is f(4,2) = 16 + 4 = 20, and indeed the distance from the origin to the line 2z + y = 10
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vf

o K \h<w):g

T

Figure 9.2. Lagrange multipliers, the tangency picture. Minimizing f = 22 4+ 22 on the line z; + z2 = 1: the optimum
w* = %, %) is where an objective contour just touches the constraint line. There the gradients are parallel, Vf = —3Vh,
which is the stationarity condition V., £ = 0.

is -1 — 10 whose square is 20, matching. Geometrically, at the optimum the objective’s gradient Vf =

V22412 V5

(2z,2y) = (8,4) is parallel to the constraint normal Vh = (2, 1), since (8,4) = 4(2,1): the level circle of f just kisses
the line. Think of the shortest leash from a post at the origin to a straight fence; the taut leash meets the fence at a
right angle, and the multiplier A measures how hard it pulls.

9.5 The dual function and the dual problem

Definition 9.5 (Dual function and dual problem). The dual function is the infimum of the Lagrangian over
the primal variables,

0(c, ) = inf L(w,aB). (9.4)
weR?
The dual problem maximizes it over the admissible multipliers, maxa>o0, g ¢(cx, 8).

Example 9.6 (Computing a dual function). Minimize z2 + 22 subject to &1 + z2 = 1. The Lagrangian is
L=} + 23+ B(x1 + x2 — 1). Setting OL/0x; = 2x; + B = 0 gives 1 = x2 = —3/2, and substituting back,

0(8) =25 +8(-p—1)=-5 - 5.

Maximizing the dual, §’'(8) = =8 — 1 = 0 gives 8* = —1 and §(—1) =
value i + % = %, so the dual maximum equals the primal minimum her:

. The primal optimum is 1 = 2 = % with

1
2 2
c.

9.6 Weak and strong duality

Theorem 9.7 (Weak duality). For any @ > 0 and any 3, the dual function is a lower bound on the primal
optimum: (e, B) < f(w*), where w” is an optimal feasible point of Eq. (9.1).

Proof. At any feasible w* we have g;(w*) < 0 and hj(w*) = 0, so with a; > 0 every term «;g;(w*) < 0 and every
Bihj(w*) = 0. Hence L(w*, a, B) = f(w*) + >, cigi(w*) + Zj Bihj(w*) < f(w*). Taking the infimum over w on
the left only decreases it, 8(a, 8) = infy L(w, e, B) < L(w*, e, B) < f(w™). |

The gap f(w*) — maxq,g 0 is the duality gap. It is always nonnegative, and for nice problems it is zero.

Theorem 9.8 (Strong duality). If the problem is convex (f and g; convex, h; affine) and Slater’s condition holds,
namely there is a strictly feasible point with g; (@) < 0 for all ¢, then the duality gap is zero:

Jnax 0(c, B) = min f(w).

When strong duality holds we may solve whichever of the two problems is easier, and the dual is often simpler: for
the SVM it has fewer variables and exposes the support vectors (Chapter 10).
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Condition Equation Meaning

Stationarity Vwl =0 objective gradient balanced by constraint prices
Primal feasibility —g; <0, h; =0 the point obeys the constraints

Dual feasibility a; >0 inequality prices are nonnegative

Compl. slackness «;g;, =0 only active constraints carry a price

Table 9.1. The four KKT conditions. Together they are necessary for any optimum and, for convex problems, sufficient:
a point satisfying all four is globally optimal. Complementary slackness is the workhorse, pairing each constraint with its
multiplier.

Remark 9.9 (Multipliers are shadow prices). The multiplier measures how much the optimal value would improve if
a constraint were relaxed. If the constraint g;(w) < u; is loosened by raising u; from zero, the optimal value changes
at rate 0f*/Ou; = —aj. So ] is the shadow price of constraint 4: the marginal value of one more unit of that
resource. A binding constraint with a large multiplier is expensive to satisfy and worth relaxing; an inactive one
has price zero and can be ignored. This is the precise sense in which the epigraph’s “buyer and seller” agree at the
optimum, and it is why the dual variables carry genuine economic meaning rather than mere algebraic bookkeeping.

Example 9.10 (Strong duality on an inequality). Minimize z? subject to > 1, i.e. g(z) = 1 — z < 0. The
Lagrangian is £ = 2° 4+ a(1 — z); minimizing over x gives z = /2 and 6(a) = —%- + o. The dual maximum is at
o* = 2, where 6(2) = 1, matching the primal optimum z* = 1, f = 1. The multiplier &* = 2 > 0 signals that the
constraint is active at the optimum.

9.7 The Karush—Kuhn—Tucker conditions

Duality crystallizes into a checklist that any optimum must satisfy, and that certifies an optimum for convex prob-
lems.

Theorem 9.11 (KKT conditions). Under mild regularity, if (w*, a*, 8*) solves Eq. (9.1) then it satisfies the four
KKT conditions:

(stationarity) Vuwl(w*, a*,B*) =0,
(primal feasibility) gi(w*) <0, hj(w*) =0,
(dual feasibility) a; >0, (9.5)
(complementary slackness) a; gi(w*) =0

For a convex problem these conditions are also sufficient: any point meeting them is a global optimum.

Stationarity balances the objective’s gradient against the constraints’ gradients, each weighted by its price. Comple-
mentary slackness is the most useful in practice: it says o ¢;(w*) = 0, so a constraint that is inactive (g; < 0) must
have zero multiplier, and only active constraints (g; = 0) can carry a positive price. Geometrically, only the fences
you are touching push back; distant fences exert no force. In the SVM this is precisely why only the support vectors,
the points on the margin, have nonzero multipliers.

Example 9.12 (KKT, worked). Minimize f(w) = (w — 3)? subject to g(w) = 2 —w < 0 (that is, w > 2). The
Lagrangian is £ = (w — 3)* + (2 — w) with a > 0. Stationarity: £'(w) = 2(w —3) —a = 0,s0 w = 3 + %.
Complementary slackness: «(2 —w) = 0, so either & = 0 or w = 2. Case a = 0: stationarity gives w = 3, which is
feasible (3 > 2), with f(3) = 0. Case w = 2: stationarity gives a = 2(2 — 3) = —2 < 0, violating dual feasibility,
so it is rejected. Hence w* = 3, a* = 0: the unconstrained minimum already lies inside the feasible region, so the
constraint is inactive and carries no price. One checks all four KKT conditions hold.

Example 9.13 (KKT with an active constraint, in 2-D). Now a case where the constraint bites. Minimize
flz,y) = (z — 2)* + (y — 2)? subject to g(z,y) = +y — 2 < 0. The unconstrained minimum (2,2) has  +y = 4 > 2,
so it is infeasible and the constraint must be active. Form £ = (z —2)? + (y —2)* + a(z +y —2), a > 0. Stationarity:

0:L=2(x—-2)+a=0and 9,L =2(y —2) + « =0, so x = y (both equal 2 — §). Complementary slackness:
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(1)

ecasible

Tty =2

Figure 9.3. The active-constraint KKT example. The objective’s circular contours are centered at the unconstrained
optimum (2, 2), which is infeasible. The constrained optimum (1,1) is where the smallest feasible contour touches the
boundary line z + y = 2, i.e. the foot of the perpendicular from (2,2) to the line. The gradient of f there points along the
constraint normal, the stationarity condition.

a(z+y—2) = 0. Since we argued « > 0, the constraint is tight: x+y = 2, hence x = y = 1. Recover the multiplier:
stationarity gives o = 2(2 —z) = 2(2 — 1) = 2 > 0, satisfying dual feasibility. So (z*,y*) = (1,1) with f = 2 and
o = 2. Geometrically (1,1) is the point of the half-plane z + y < 2 nearest the unconstrained optimum (2, 2), the
foot of the perpendicular onto the boundary line. The shadow price a* = 2 says relaxing the budget to x +y < 2+ ¢
would lower the objective by about 2¢, the mirror image of Example 9.12, where an inactive constraint had o* = 0.

9.8 Why this matters: the SVM ahead

The support vector machine of Chapter 10 is a convex quadratic program: minimize %|lw||* subject to the margin

constraints y;(w ' @; + b) > 1. Forming its Lagrangian, taking the dual, and reading off the KKT conditions turns it
into a cleaner problem in the multipliers a;, where complementary slackness reveals that almost all a; = 0 and only
the support vectors remain. Every tool of this chapter, the Lagrangian, the dual, strong duality, and complementary
slackness, is used there in sequence. The constrained optimization theory is not an aside; it is the derivation engine
for the most important classifier in the course.

9.9 Worked constrained problems

The examples here exercise the machinery end to end: an inequality-constrained quadratic program solved through
KKT, a multivariable equality problem, and a numerical check of weak duality.

Example 9.14 (A quadratic program with an active constraint). Minimize f(x,y) = (z — 1)> 4 (y — 1)?
subject to 2z +y < 2. First test the unconstrained minimum (1, 1): it gives 2(1) + 1 = 3 > 2, violating the constraint,
so the constraint is active and the optimum lies on the line 2z + y = 2. Geometrically the solution is the point of that
line closest to (1,1), the foot of the perpendicular:

2(1)+1-2
=00~ 2020 )= ) - 1) = 06, 09)
The objective there is (0.6 — 1)% + (0.8 — 1)? = 0.16 + 0.04 = 0.2. Check KKT with the constraint written g(z,y) =
2z +y — 2 < 0: stationarity Vf 4+ uVg = 0 reads 2(—0.4, —0.2) + u(2,1) = 0, giving p = 0.4 > 0, and the constraint is
tight, so complementary slackness holds. All KKT conditions are met, certifying the global minimum of this convex

program (Fig. 9.4).

Example 9.15 (A multivariable equality constraint). Minimize z?42y*+4 2% subject to z+y-+2 = 6. Stationarity
of the Lagrangian gives V(z? + 2y* + 2°) = AV(z + y + 2), i.e. (22,4y,22) = A(1,1,1). Soz = 2 = 3 and y = 3.
Substituting into the constraint,

3+34+5=2=6 = A=2 =48,
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> T
\2m+y:2

Figure 9.4. The quadratic program. Objective contours are circles about the unconstrained minimum (1, 1); the feasible
region is the shaded half-plane 2z + y < 2. The constrained optimum (0.6, 0.8) is where a contour just touches the constraint
line, the foot of the perpendicular from (1,1).

so x =z = 2.4, y = 1.2, with minimum value 2.4% + 2(1.2%) +2.4% = 5.76 4+ 2.88 + 5.76 = 14.4. Notice y is smallest: its
heavier coefficient (2y2) makes spending the budget on y costly, so the optimizer leans on the cheaper z and z. The
multiplier A = 4.8 is the rate at which the optimum would rise if the budget 6 were increased.

Example 9.16 (Weak duality, checked on numbers). Take the primal max z1 + x2 subject to z1 < 3, z2 < 2,
x > 0, whose optimum is plainly (3,2) with value 5. Its dual is min 3y1 + 2y2 subject toy1 > 1,52 > 1,y > 0,
with optimum (1,1) and value 3 + 2 = 5. Weak duality says every feasible primal value is at most every feasible dual
value. Test a non-optimal pair: the primal point (2,1) gives 3, and the dual point (2,2) gives 3(2) + 2(2) = 10, and
indeed 3 < 10. As both are pushed to their optima the values squeeze together to the common 5, the strong-duality
equality. The dual optimum (1,1) are the shadow prices: relaxing z1 < 3 to z1 < 4 would raise the primal optimum
by y1 = 1.

Example 9.17 (A linear program by vertex enumeration). Maximize 2z + 3y subject to z +y < 5, z < 3,
y < 4, z,y > 0. The feasible region is a polygon, and a linear objective is maximized at a corner, so evaluate the
objective at each vertex:

(0,0):0, (3,0):6, (3,2):12, (1,4):14, (0,4):12,
where (3,2) is the meet of x = 3 and x + y = 5, and (1,4) the meet of y = 4 and = + y = 5. The maximum is 14 at
(1,4), where the constraints y < 4 and x + y < 5 are both active. The objective increases along ¢ = (2,3), and the

corner farthest in that direction wins (Fig. 9.5).

Yy
z=3

N
\ (1,4), obj 1
y=4

e=(2,3) z+y=5

/

Figure 9.5. The feasible polygon (shaded) and the objective direction ¢ = (2, 3). The maximum sits at the vertex (1,4),
the corner farthest along ¢, where the constraints y < 4 and « + y < 5 are both active.
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9. CONSTRAINED OPTIMIZATION: LINEAR PROGRAMMING, DUALITY, AND KKT

Example 9.18 (The dual and complementary slackness). The LP of Example 9.17 has one dual variable per
constraint. With ¢ = (2,3), b = (5, 3,4), and constraint matrix rows (1, 1), (1,0), (0,1), the dual is

min 5y1 +3y2 +4ys st. y1+y22>22, y1+ys >3, y=>0.

At the primal optimum (1,4), constraints 1 (x +y < 5) and 3 (y < 4) are active while constraint 2 (z < 3) is slack,
so complementary slackness forces y2 = 0. Since both primal variables are positive, both dual constraints are tight:
y1 +y2 = 2 gives y1 = 2, and y1 + y3 = 3 gives y3 = 1. The dual objective is 5(2) + 3(0) + 4(1) = 14, equal to the
primal, confirming strong duality. The shadow prices y; = 2 and y3 = 1 say loosening z + y < 5 or y < 4 by one unit
would raise the optimum by 2 or 1 respectively, while the slack constraint < 3 has price 0.

Example 9.19 (An inactive constraint). Minimize (x — 1) + (y — 1)? subject to 4+ y < 5. Test the unconstrained
minimum (1,1): it gives 1 + 1 = 2 < 5, satisfied with slack, so the constraint is inactive. By complementary
slackness an inactive constraint forces its multiplier to zero, and the problem reduces to the unconstrained one.
The minimum is (1,1) with value 0. Always check whether the unconstrained optimum is already feasible; only a
binding constraint bends the solution, and here it does not.

Example 9.20 (Minimum norm to a hyperplane). Minimize 2? + 3* subject to 3z + 4y = 10. Lagrange gives
(2z,2y) = A(3,4), so (z,y) = 3(3,4). The constraint 3z + 4y = 10 becomes 3 (9 + 16) = 232 = 10, s0 A = 2 and
(z,y) = 2(3,4) = (1.2,1.6). The minimum value is 1.2° 4+ 1.6* = 1.44 4 2.56 = 4, the squared distance from the
origin to the line, which the closed form b%/||al|* = 10?/25 = 4 confirms. The optimal point lies along the line’s
normal (3,4), the foot of the perpendicular from the origin, exactly the geometry the pseudoinverse computes for
the minimum-norm solution of Chapter 4.

9.10 Summary

o Constrained problems minimize f subject to g; <0, h; = 0. Linear programs have a polytope feasible set and an
optimum at a vertex; the simplex method walks improving vertices to it.

e The Lagrangian £ = f + Zl oigi + Zj Bjh; prices the constraints. The dual function 6(a, 8) = inf,, £ and the
dual problem maximizes it.

o Weak duality always holds: 8 < f(w*). For convex problems with Slater’s condition, strong duality holds and
the gap is zero, so dual and primal optima coincide.

e The KKT conditions, stationarity, primal feasibility, dual feasibility, and complementary slackness, are necessary
for optimality and sufficient when convex. Complementary slackness means only active constraints carry positive
multipliers.

e This machinery derives the SVM in Chapter 10, where the support vectors are exactly the points with nonzero
multipliers.

Exercises

Exercise 9.1. Maximize 2x1 + 3x2 subject to z1 + z2 < 4, 1 + 222 < 6, and z1,22 > 0. Find the optimum by
identifying the feasible vertices.

Solution. The feasible region is bounded by the axes and the two constraint lines. Its vertices are (0,0), (4,0)

(where z1 + 2 = 4 meets z2 = 0), (0,3) (where 1 + 2z2 = 6 meets z; = 0), and the intersection of z1 + z2 = 4 with
21 + 2x2 = 6: subtracting gives x2 = 2, then 1 = 2, so (2,2). The objective 221 + 3x2 at these vertices is 0, 8, 9, 10.
The maximum is 10 at (2,2), where both constraints are active. g

Exercise 9.2. For min z} +z3 subject to 1 +z2 = 1, form the Lagrangian, compute the dual function 6(53), maximize
it, and verify strong duality against the primal optimum.

Solution. The Lagrangian is £ = xf + 23+ B(x1 +z2 —1). Stationarity 2z;+ 8 = 0 gives x1 = x2 = —[3/2; substituting,
0(8) = 2(B%/4) + B(—B —1) = —B?/2 — B. Then ¢'(8) = —3 — 1 = 0 gives 8* = —1 and 6(—1) = 3. The primal

optimum is x1 = x2 = % (the closest point on the line to the origin), with value i + i = % Dual maximum equals
primal minimum, so strong duality holds, as guaranteed by convexity with an affine constraint. |
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EXERCISES

Exercise 9.3. Solve min z? + 3? subject to z 4+ y > 2 using the KKT conditions.

Solution. Write the constraint as g(z,y) =2 — 2 —y < 0 and form £ = 2? + 3* + a(2 — x — y), a > 0. Stationarity:
2z —a=0and 2y —a =0, so z =y = «/2. Complementary slackness: a(2 —x —y) =0. f a =0 then z =y =0,
but that violates x + y > 2 (primal feasibility), so it is rejected. Hence the constraint is active, x + y = 2, giving

2 (a/2) =2,50 @ =2 and z* = y* = 1. All KKT conditions hold (o« =2 > 0, x + y = 2, slackness 2 -0 = 0), and
since the problem is convex this is the global minimum, with value 1 4+ 1 = 2. Geometrically, (1, 1) is the point of the
half-plane x 4+ y > 2 closest to the origin. (|

Exercise 9.4. State the four KKT conditions for the problem min f(w) subject to g;(w) < 0, and explain what
complementary slackness implies about inactive constraints.

Solution. With Lagrangian L(w, a) = f(w) + Y, a;gi(w), the KKT conditions at an optimum (w*, a*) are: sta-
tionarity V.,£ = 0; primal feasibility ¢;(w*) < 0; dual feasibility a; > 0; and complementary slackness
o} gi(w*) = 0. Complementary slackness forces a product to be zero, so for each i at least one factor vanishes. If
a constraint is inactive, g;(w*) < 0, then its multiplier must be zero, aj = 0: it exerts no force on the solution
and could be removed without changing the optimum. Only active constraints (g; = 0) can carry a positive multi-
plier. This is exactly why, in the SVM, only the support vectors (the points exactly on the margin) have nonzero
multipliers. O
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CHAPTER ].0

Supervised Learning: Classification, SVMs,
and Kernels

Of all the lines that separate the data, take the one that stays farthest from
it.

the maz-margin principle

This chapter is where the machinery pays off. We build classifiers in increasing sophistication: the perceptron,
logistic regression, and then the support vector machine, which chooses the separating hyperplane of widest
margin. The SVM is a constrained quadratic program, so its derivation runs straight through Chapter 9: form
the Lagrangian, take the dual, and read off the KKT conditions. Complementary slackness reveals that only
a few points, the support vectors, matter. Because the dual depends on the data only through inner products,
the kernel trick then buys nonlinear boundaries for free.

Suggested reading: Deisenroth et al. [5], Chapter 12; Bishop [2], Chapter 7; the original Cortes and Vapnik

[4].

10.1 Binary classification

A binary classifier maps a feature vector & € R? to a label. For the SVM it is convenient to take labels in {—1,+1}
rather than {0,1}. A linear classifier scores a point by f(z) = w' 2 +b and predicts sign(f(x)); the decision boundary
is the hyperplane w' @ + b = 0. The questions are how to choose (w, b) and, when no line separates the classes, what
to do instead.

10.2 The perceptron

The oldest answer is the perceptron. It sweeps through the data and, on each misclassified point (one with y;(w ' ; +
b) < 0), nudges the weights toward it:
w4 W+ Y%, b« b+y. (10.1)

If the data are linearly separable, this converges to some separating hyperplane in finitely many steps. But it stops
at the first boundary that works, which may pass arbitrarily close to the data and generalize poorly, and it never
converges on non-separable data. Both defects motivate better criteria.

Example 10.1 (A perceptron run, every update). Take three points 1 = (2,1),y1 = +1; 2 = (—=1,1),y2 =
—1; @3 = (0,—1),y3 = —1, and start from w = (0,0), b = 0. A point is misclassified when y;(w ' ; + b) < 0; we sweep
in order.

o iz yi(w' @ +b)=1-0=0<0, update. w < (0,0) +1-(2,1)=(2,1), b+ 0+1=1.
o Xotw ®a+b=2(—-1)+1(1)+1=0,50 y2-0=0 <0, update. w « (2,1) + (=1)(=1,1) = (3,0), b+ 1 — 1 =0.
o x3: w' @z +b=23(0)+0(—1)+0=0<0, update. w ¢ (3,0) 4+ (=1)(0, —1) = (3,1), b0 — 1= —1.
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10. SUPERVISED LEARNING: CLASSIFICATION, SVMSs, AND KERNELS

z2 (—)@® \k oz, (+)

z3 (—)
3x;1 +x2 —1=0

Figure 10.1. The separator found in Example 10.1. After three updates the perceptron settles on 3z1 + z2 = 1, with
the single positive point on one side and both negatives on the other. The line is some valid separator, generally not the
maximum-margin one.

\ support vectors circled

2 w
Ilwll o
[ ]
[}
[ ]
(]
w' x+b=0

Figure 10.2. The maximum-margin hyperplane. The solid line is the decision boundary; the dashed gutters w'a 4+ b = %1
bound the margin of width 2/||w||. The circled points lying on the gutters are the support vectors; they alone determine
the boundary. Maximizing the margin means minimizing ||w||.

Second sweep (check for convergence): with w = (3,1), b = —1,
z1: 32)+1(1)—1=6, y1:-6=46>0; x2: =3, y2(-3)=4+3>0; m3: —2, y3(—2)=+42>0.

All three are now classified correctly, so the perceptron converges with boundary 3z; +z2 — 1 = 0 (Fig. 10.1). A
different visiting order, or a fourth point, could yield a different separating line: the perceptron finds a separator
rather than the best one, which is precisely the gap the maximum-margin SVM closes.

10.3 Logistic regression as a classifier

Chapter 8 fit logistic regression by minimizing the convex cross-entropy loss; as a classifier it predicts class 1 when
J(wT:c +b) > %, i.e. when w'x +b > 0, so its boundary is also a hyperplane. Its strength is a calibrated probability
0'(’UJT£B + b), and every point contributes to the fit. The SVM takes the opposite stance: it ignores points far from the
boundary and cares only about the hardest, closest ones. We contrast the two in Section 10.9.

10.4 Maximum-margin classification and the geometric margin
When many hyperplanes separate the data, the SVM picks the one with the largest margin, the widest empty corri-

dor around the boundary. Place two parallel “gutter” hyperplanes w '« + b= +1 and w'x + b = —1 on either side,
and scale (w, b) so that every point sits on the correct side of its gutter:

yi(w'x; +b) > 1 for all i. (10.2)
Proposition 10.2 (Geometric margin). The distance between the two gutters is 2/||w]|.
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10.5. THE HARD-MARGIN SVM AND ITS DUAL

Proof. Let x4 lie on the +1 gutter and _ on the —1 gutter. The margin width is the projection of x4 — x_ onto
the unit normal w/|lw]|:
Ty —2-) (war+b)—(w'ax_+b) 1-(=1) 2

width = 2 - _ _ 2 =
[[w] [l [[w] [[w]

Maximizing 2/||w]| is the same as minimizing %||w||®, which gives the hard-margin SVM.

10.5 The hard-margin SVM and its dual

Hard-margin SVM (primal)

milI)l %||u)||2 subject to yilw i +b)>1, i=1,...,m.
w,

This is a convex quadratic program, exactly the setting of Chapter 9. Writing the constraints as g; = 1 — y;(w ' ; +
b) < 0 with multipliers a; > 0, the Lagrangian is

L(w,b,a) = w|®+ > ai(1 - yi(w @i +)). (10.3)
=1

Stationarity (the first KKT condition) gives the two key identities

m m
oL
Vwl =0 = w= ;aiyimh % =0 = Z;O&zyz =0. (10.4)
The first says the weight vector is a combination of the training points, weighted by a;y;. Substituting both back
into £ eliminates w and b and leaves a problem in « alone.

Theorem 10.3 (SVM dual). The hard-margin SVM is equivalent to the dual quadratic program

m

1 s (T - o

max Qi — 5 Z Z aioyiy; (25 @)  subject to Z a;y; = 0. (10.5)
i=1 i=1 j=1 i=1

By complementary slackness, a; [1 fyi(wTar:i +b)] =0, so a; > 0 only for points on the margin (where yi(meme) =

1): these are the support vectors. The solution is w* = Z ajyixz;, and b is recovered from any support vector

via b=1y; — Zj oy () ).

1€SV

The dual is the payoff of Chapter 9: it is again convex, it depends on the data only through the inner products
] a; (which Section 10.7 exploits), and complementary slackness makes the solution sparse, supported on a handful

of points.

Example 10.4 (A two-point SVM, solved through the dual). Take ;1 = (0,0) with y1 = —1 and x> = (2,0)
with yo = +1. The constraint Zl a;y; = 0 forces as — a1 = 0, s0 @1 = a2 = «. Both points must lie on their
gutters (with only two points, both are support vectors), and w = ZZ ayie; = a(2,0) — «(0,0) = (2a,0). Requiring
ya(w @2 + b) = 1 with the boundary halfway between the points gives w = (1,0), hence 2 = 1 and o = 1. Then
b = —1, and the margin is 2/||w|| = 2. The boundary is the vertical line 1 = 1, equidistant from the two points,
exactly where intuition puts it.

Example 10.5 (A three-point SVM with a non-support-vector). Now add a third point far from the bound-
ary to see complementary slackness in action. Take

x1 = (3,0), y1 = +1; z2 = (1,0), yo = —1; x3 = (—2,0), y3 = —1.
The points are collinear (all on the x1-axis), so the needed inner products are just the products of first coordinates:

T T T T T T
1 X1 =9, xox2 =1, z3x3 =4, T1T2=3, *; x3 = —6, x5 x3 = —2.
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Guess the far point is slack. Geometrically 3 = (—2,0) sits well to the negative side, far behind @2, so we
expect it to be strictly inside its margin and carry as = 0; we will verify this at the end. Dropping it leaves the
two-point dual on @1, x2, whose equality constraint ZZ a;yi = a1 — ag = 0 forces a1 = a2 = a. Maximize the dual.
With y1y2 = —1 and z{ 2 = 3,

W(a)=o +az— 3 [a%(Q) +a5(1) + 2011012(—1)(3)} =2a — %(9(12 +ao’ - 6a2) =20 — 2a°.

Setting W’(a) =2—4a=0gives a = %, S0 ] = (g = % Recover the classifier.

w=> o = 3(3,0) — 3(1,0) = (1,0),

and from the support vector x1, yl(mel +b =1=3+b=1= b= —2. The boundary is z1 = 2, the
margin is 2/||w|| = 2, and the gutters are £1 = 3 (through «1) and 1 = 1 (through z2). Verify the slack point.
For x3, ys(w a3 + b) = (—1)(=2 — 2) = 4 > 1, so its constraint holds with slack; complementary slackness

a3 [1 —ys(w xz + b)] = 0 then forces a3 = 0, confirming the guess. Only x: and x2 are support vectors; the distant
x3 could be deleted without moving the boundary at all. This is the SVM’s sparsity made concrete.

Example 10.6 (Classifying a new point, two equivalent ways). Once trained, the machine labels a test
point x by the sign of its score. Use the two-point machine above: support vectors 1 = (0,0) with y1 = —1 and
x2 = (2,0) with yo = +1, multipliers a1 = a2 = %, weight w = (1,0), bias b = —1. The score can be written with
the weight vector,

f@)=w'z+b=u1z —1,

or, equivalently, as the support-vector expansion f(xz) =" a;yi(x] ) + b, which is the form a kernel needs. Classify
x = (1.5, 0.7) both ways. With the weight: f =1.5—-1=0.5> 0, so class +1. With the expansion,

f=3CD@{2)+5(+1)  (zsz)  +(-1)=3(3)-1=05,
——

——
0 2(1.5)40(0.7)=3
the same value. A second point = (0.5, 3) scores f = 0.5 — 1 = —0.5 < 0, class —1; notice its large z2 = 3 is

irrelevant, because w = (1,0) ignores that coordinate (the data only ever varied in z1). The expansion view is the
one that generalizes: replace each inner product ] « by a kernel k(z;, ) and the same formula gives a nonlinear
classifier. The machine has, in effect, memorized only its support vectors and predicts by a weighted vote of how
similar x is to each.

10.6 The soft margin

Real data is rarely separable, and one outlier can make the hard-margin constraints contradictory. The soft margin
permits violations through slack variables & > 0, penalized in the objective:

. 1 2 T
L iost. oy i+b)>1-6&, &>0. 10.
g};gzllw\l +C§71£ st yi(w xi+b)>1-&, &=>0 (10.6)

The hyperparameter C' > 0 sets the price of violations: large C insists on classifying every point (narrow margin,
risk of overfitting an outlier), small C tolerates violations for a wider, smoother margin. Remarkably, the dual is
almost unchanged, only the multipliers gain an upper bound:

max Zai - %Zaiajy,'yj (] ;) st. 0<a; <C, Zaiyi =0. (10.7)
@
i i ;

3

The cap a; < C classifies the points into three kinds: «; = 0 are the easy points outside the margin (irrelevant to
the boundary); 0 < a; < C are the support vectors exactly on the margin; and a; = C are the points inside the
margin or misclassified. C plays the role of an inverse regularization strength, tuning the bias—variance balance of
Chapter 7.
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10.7. THE KERNEL TRICK

> e

¢(z) = (z, Iz) separating line

+ — +

not separable on the line

separable after lifting

Figure 10.3. The kernel trick, lifting the data. On the line, the — point sits between two + points and no threshold
separates them. The feature map ¢(x) = (z,z?) sends each point onto a parabola in the plane, where the horizontal line
22 = 1 separates the classes. A kernel computes the needed inner products in the lifted space without ever building ¢.

10.7 The kernel trick

The dual Eq. (10.5) touches the data only through inner products ] ;, never the raw vectors. This is the opening
for nonlinearity. Map the data through a feature map ¢ : R? — # into a higher- (possibly infinite-) dimensional
space, and the dual needs only the inner products ¢(z:) " ¢(x;).

Definition 10.7 (Kernel). A kernel is a function k(z,x') = ¢(x)' ¢(z') that computes the inner product in
feature space directly. A symmetric k is a valid kernel (corresponds to some ¢) if and only if its Gram matrix K;; =
k(zx;, ;) is positive semidefinite for every dataset (Mercer’s condition).

The PSD requirement is forced rather than arbitrary. If k(z,z') = ¢(x) T ¢(z') for some feature map, then for any
points x1,. .., T, and any coefficients ¢ € R™,

2
>0, (10.8)

T T

cTKe=Ycic;p(m:) p(x;) = Hzcz é(x:)
0,3 i=1

so the Gram matrix is automatically PSD. Mercer’s theorem is the converse: any continuous symmetric PSD kernel

arises from some (possibly infinite-dimensional) feature map, so we may design kernels directly and trust a feature

space exists behind them.

Intuition. A pattern that is hopelessly tangled in the original space can fall apart cleanly once lifted into a higher-
dimensional one. Figure 10.3 shows the canonical case: three points on a line, — flanked by two 4+, that no thresh-
old separates; the map ¢(z) = (z, x2) raises them onto a parabola where a single horizontal line does the job. The
kernel trick performs this lift implicitly, paying only for inner products, never for the (possibly infinite-dimensional)
coordinates.

The trick is that we never form ¢. Replacing @ «; by k(x;, ;) everywhere in the dual gives a nonlinear classifier
flx) = ZieSV a;yi k(x;, ) + b at the cost of evaluating k. A small but telling example: the polynomial kernel
k(z,2') = (2" x')? on R? expands to (z12] + x225)? = zizf? + 2z1200) 2 + 2327, which is the inner product
o(x) " p(x') of the explicit map ¢(x) = (x%,v/2z122,23). The kernel evaluates in R? what would otherwise be a
dot product in R3; for higher degrees the saving is enormous, and for the RBF kernel the lifted space is infinite-
dimensional yet the kernel is a one-line formula.

Example 10.8 (The kernel trick on numbers). Take z = (1,2) and ' = (3,1) with the quadratic kernel
k(z,z') = (& "x')% The cheap route works in R%: &'@' =1-3+2-1=5, s0 k=52 = 25. The expensive route lifts
to R? via ¢(x) = (23, V2 x122, 23):

¢(£IZ) = (17 2\/57 4)7 ¢(wl) = (97 3\/57 1)7
o) dx)=1-9+(2v2)(3v2) +4-1=9+12+4 = 25.

Both give 25: the kernel computed the lifted inner product without ever forming the three-dimensional vectors. For
the homogeneous degree-p kernel (x ' x')? on R? the feature space has (d+271) coordinates (@) = 3 here), while the
inhomogeneous (:cch' + ¢)? keeps the lower-degree terms too for (d:p); either way the saving grows fast, and for the
RBF kernel (infinite-dimensional ¢) it is the difference between possible and impossible.
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10. SUPERVISED LEARNING: CLASSIFICATION, SVMSs, AND KERNELS

Kernel k(z,x) Feature space
Linear z'z the input space itself
Polynomial (xTz’ +c)d monomials up to degree d

RBF / Gaussian exp(—v|lz — 2’||?) infinite-dimensional

Sigmoid tanh(kz T2’ + 0) (not always valid)

Table 10.1. Common kernels. Each replaces the dot product in the SVM dual, buying a nonlinear boundary at the cost
of one kernel evaluation per pair. The RBF kernel, with its infinite-dimensional feature space and single width parameter
v, is the usual default.

The most common choice is the radial basis function (Gaussian) kernel
k"/ (wv xl) = eXP(*W’”w - $/||§), (109)

whose feature space is infinite-dimensional: each support vector contributes a Gaussian bump, and ~ sets its width
(small v, smooth boundary; large v, wiggly boundary that can overfit). A straight cut in the lifted space is a curved
boundary back in the original space, the “inflate the balloon” picture: a pattern that tangles in R? can come apart
cleanly in higher dimensions. The Gram matrix is computed efficiently from |z; — x;||* = ||2:||* + ||z, |* — 22/ =5,
vectorizing the pairwise distances through XX T. Table 10.1 lists the kernels used in practice.

That the RBF feature space is infinite-dimensional is not a slogan; it falls out of a series expansion. Write

oo
T T 2+)k
by (z,a') = e el a7 20T 2vete _ (]Z') (@ 2,
k=0
using ||z — 2'||? = ||z||* + ||2||* — 22" 2’. Each term (z'2)" is itself a polynomial kernel of degree k (whose feature

map is the degree-k monomials), so the RBF kernel is an infinite weighted sum of polynomial kernels: its feature

map stacks monomials of every degree, scaled by the Gaussian envelope e~71=1* | No finite-dimensional ¢ could
reproduce it, yet the kernel is one exponential.

Example 10.9 (Computing an RBF Gram matrix by hand). Take three points 1 = (0,0), z» = (1,0),
x3 = (0,1) with labels y = (+1,—1,+1) and v = 1. The squared distances are |1 — x2||* = 1, ||&1 — x3]|*> = 1,
|&2 — 23> = 2, and 0 on the diagonal, so

e el et 1 0.368 0.368
K=let & 2| =10.368 1 0.135
e ! e 2 e 0.368 0.135 1

Every diagonal entry is 1 (a point is maximally similar to itself), and the off-diagonals decay with distance: the
nearer pairs (distance? = 1) share 0.368, the farther pair (distance® = 2) only 0.135. The matrix the SVM dual
actually uses is P;; = y;y; K;j, the label-signed version,

1 —-0.368  0.368
P = diag(y) K diag(y) = | —0.368 1 —0.135]
0.368 —0.135 1

which is symmetric PSD by Eq. (10.8); feeding it to a QP solver returns the multipliers ce. One checks K is PSD
directly: its eigenvalues are 1.59, 0.86, 0.54, all positive.
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10.8. SOLVING IT: THE QUADRATIC PROGRAM AND MULTICLASS

loss

hinge

margin y f(x)

Figure 10.4. Surrogate losses as functions of the margin yf(z). The true 0-1 loss (grey step) is not differentiable, so
both methods minimize a convex surrogate above it: the SVM’s hinge loss max(0,1 — yf) and logistic regression’s log loss
In(1 + e~¥f). The hinge is exactly zero past the margin, which kills the gradient of easy points and makes the SVM sparse;
the log loss is always positive, so every point contributes.

10.8 Solving it: the quadratic program and multiclass

The dual Eq. (10.7) is a quadratic program: maximize a quadratic in « subject to one linear equality and box con-
straints 0 < a; < C. Writing Qi; = yiy;k(xi, x;), it is maxa 1Ta — 2o’ Qo over the box and the equality, which
any QP solver handles. The specialized sequential minimal optimization (SMO) algorithm [18] exploits the structure
by optimizing two multipliers at a time (the smallest update that respects ZZ a;y; = 0), which is what the coding
assignments implement.

The SVM is binary by construction; for K classes one wraps it. One-vs-rest trains K classifiers, each separating one
class from all others, and predicts the highest-scoring. One-vs-one trains a classifier for each of the ({;) pairs and
predicts by majority vote. Both reduce multiclass classification to the binary machine above.

10.9 SVM versus logistic regression

Both draw a hyperplane, but they optimize different losses. Logistic regression minimizes the log loss, which every
point influences, and returns a probability. The SVM minimizes (in its equivalent unconstrained form) the hinge
loss max (0, 1 — y; f(x;)) plus % ||lw]|?, which is exactly zero for points safely beyond the margin, so only the support
vectors enter the solution. The SVM gives a sparse, margin-maximizing boundary with no probabilities; logistic
regression gives calibrated probabilities using all the data. With a kernel the SVM draws nonlinear boundaries
cheaply, which is its signature advantage. Figure 10.4 compares the two losses against the true 0-1 loss they approx-
imate.

Example 10.10 (Hinge loss, point by point). Put numbers on the hinge to see where sparsity comes from.
Reuse the trained machine w = (1,0), b = —1, whose score is f(x) = z1 — 1, and evaluate the per-point loss
(= max(O, 1—y f(:v)) The quantity y f(x) is the margin: positive means correctly classified, and greater than 1
means safely past the margin.

point ¢ label y score f(x) margin yf(x) hinge ¢

(2,0) +1 +1.0 +1.0 0
(3,0) +1 +2.0 +2.0 0
(1.5,0) +1 +0.5 +0.5 0.5
(0.5,0) +1 —0.5 —0.5 15

The point at (3,0) is deep in its own region with margin 2, so it pays nothing and, crucially, exerts no force on
the boundary: move it farther away and the loss stays 0. The point exactly on the margin at (2,0) also pays 0 but
sits at the kink, where it can still be a support vector. The interesting cases are the last two: (1.5,0) is correctly
classified yet inside the margin, so it pays 0.5, and (0.5, 0) is outright misclassified (f < 0 for a +1 point), paying
1.5. Only points with margin below 1 have a nonzero loss and a nonzero gradient, which is exactly why the SVM’s
solution depends on the support vectors alone and ignores the easy majority. The hinge is a hard bouncer: clear the
velvet rope at margin 1 and you are waved through free, fall short and you pay in linear proportion to how far short
you fell.
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10. SUPERVISED LEARNING: CLASSIFICATION, SVMSs, AND KERNELS

Classifier Loss Probabilities? Sparse? Nonlinear?
Perceptron misclassification  no no no

Logistic regression  log loss yes no via features
Hard-margin SVM  none (separable) no yes (SVs)  via kernel
Soft-margin SVM  hinge + {2 no yes (SVs)  via kernel

Table 10.2. The linear classifiers of this chapter. The SVM’s hinge loss buys sparsity (only support vectors matter) and
the kernel trick buys nonlinearity; logistic regression gives probabilities at the cost of using every point.

10.10 Evaluating a classifier: the confusion matrix

A trained classifier is only as good as the test-set tally of where it is right and wrong. Sort the predictions into the
four cells of the confusion matriz (Fig. 10.5): true positives TP and true negatives TN on the diagonal (the correct
calls), false positives F'P and false negatives F'N off it (the two kinds of error). From these four counts come the
standard scores,

TP +TN . TP TP 2 precision - recall
“otal precision = ———  recall = =

accuracy = TP+ FP TP+ FN' 1"~ Drecision + recall

Precision asks “of the points I flagged positive, how many really were?”; recall asks “of the truly positive points,
how many did I catch?” The two trade off: a cautious classifier that flags only sure cases has high precision but
low recall, while an eager one has the reverse. The Fj score, their harmonic mean, rewards balancing the two and
collapses toward whichever is smaller.

predicted + predicted —
+
- TP FN
z 45 15
<
|
= FP TN
£ 5 135
5]

Figure 10.5. The confusion matrix for the spam filter of Example 10.11. Correct calls sit on the green diagonal (TP,
TN); the two error types sit off it (F'N, a missed positive; F P, a false alarm). Every metric is a ratio of these four counts.

Example 10.11 (Reading a confusion matrix). A spam filter is tested on 200 messages, of which 60 are spam.
It catches 45 spam (T'P = 45), misses 15 (FN = 15), wrongly flags 5 good messages (F'P = 5), and clears the other
135 (T'N = 135), as tallied in Fig. 10.5. Then

45+ 135 45 45
200 = 0.90, precision = yrar 0.90, recall = T

accuracy = 0.75,

2(0.90)(0.75) _ 1.35

d Fh = = —
T T 0904075 165
means it lets a quarter of the spam through. Accuracy alone flatters it: a lazy filter that passed everything would

still score 140/200 = 0.70 just by being right on the majority class. That is the “accuracy paradox,” and it is why
precision, recall, and F; are the honest summaries once the classes are imbalanced.

~ 0.82. The filter is precise (it rarely junks a good message) but its recall of 0.75

A classifier with an adjustable threshold, like logistic regression’s probability or the SVM’s score, does not give a
single (precision, recall) pair but a whole curve. Lowering the threshold flags more points, which raises recall but
usually lowers precision; raising it does the reverse. Sweeping the threshold and plotting precision against recall
(Fig. 10.6) summarizes the classifier at every operating point, and the area under that curve is a single threshold-
free quality score. A worthless classifier sits on the flat baseline at precision equal to the positive rate; the further
the curve bows above that line, the better.
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10.11. SUMMARY

precision

A

a classifier
lower threshold —

random (= base rate)

» recall

Figure 10.6. The precision-recall tradeoff. Sweeping a classifier’s threshold traces this curve: at a high threshold it flags
only sure cases (high precision, low recall, left); lowering it catches more positives at the cost of false alarms (right). The
dashed line is a random classifier, whose precision is just the base rate; the area under the solid curve measures quality
independent of any single threshold.

10.11 Summary

« Linear classifiers score by w '« + b. The perceptron finds a separator; logistic regression finds a probabilistic one;
the SVM finds the mazimum-margin one.

o The margin is 2/||w||, so the hard-margin SVM minimizes $||w||* subject to yi(w' z; +b) > 1.

o Its dual (Chapter 9 in action) is maxa>o0 Zz ; — % Zij Q0 YY;x; ¢4 with ZZ a;y; = 0. Complementary slack-
ness makes it sparse: only support vectors have a; > 0, and w = Zl QY T -

e The soft margin adds slack and the cap 0 < «; < C, tuning the bias—variance tradeoff.

+ The dual uses only inner products, so the kernel trick @, €; — k(z;, z;) buys nonlinear boundaries; the RBF

kernel e 712=='1” is the default. Multiclass is handled by one-vs-rest or one-vs-one wrappers.
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10. SUPERVISED LEARNING: CLASSIFICATION, SVMSs, AND KERNELS

Exercises

Exercise 10.1. Two points are given: x; = (0,0) with y1 = —1 and &> = (2,0) with y» = +1. Solve the hard-
margin SVM: find the dual variables «;, the weight vector w, the bias b, the margin width, and the decision bound-
ary.

Solution. The equality constraint ZZ aiyi = —a1 + az = 0 gives a1 = a2 = a. With only two points, both are
support vectors. From stationarity, w = ) . ciyixi = a(4+1)(2,0) + a(—1)(0,0) = (2, 0). The boundary lies halfway
between the points (by symmetry), at 1 = 1, where the unit-margin scaling forces w = (1,0) and b = —1 (so
w'ax+b==x; —1, which is —1 at @; and +1 at @2). Hence 2a =1, a = 1. The margin width is 2/||w|| = 2, and the
decision boundary is the line 1 = 1. O

Exercise 10.2. (a) Sketch a linearly separable dataset in R? and mark which points would be support vectors. (b)
Sketch a dataset that is not linearly separable and explain how the soft margin or a kernel handles it.

Solution. (a) For two well-separated clouds, the support vectors are the points of each class closest to the gap, the
ones lying on the margin gutters; all other points, being farther away, have a; = 0 and could be deleted without
changing the boundary. Typically only two or three points per side are support vectors. (b) If the classes overlap,
no hyperplane separates them. The soft margin (Eq. (10.6)) allows the offending points to violate the margin, pay-
ing a penalty C&;, and still produces a sensible linear boundary. Alternatively a kernel (Section 10.7) lifts the data
into a higher-dimensional space where a separating hyperplane exists; for instance, concentric rings in R? are separa-
ble by a circle, which is a hyperplane in the RBF feature space. a

Exercise 10.3. Compute the 2 x 2 RBF Gram matrix K;; = exp(—v|l®; — ;||*) with v = 1 for the points &, = (0, 0)
and 2 = (1,1), and confirm it is a valid kernel matrix.

Solution. The squared distance is ||x1 — x2||> = 1% 4+ 1% = 2, while ||z; — z;||* = 0. So
K- e el [ 1 e | 1 0135
Tle? | T e 1|7 l013s 1T
It is symmetric, and its eigenvalues are 1 4+ e~2, both positive, so it is positive definite, hence a valid (Mercer) kernel

matrix. Diagonal entries are 1 because a point is maximally similar to itself, and off-diagonal entries lie in (0, 1),
decaying with distance. |

Exercise 10.4. In the soft-margin dual, the multipliers satisfy 0 < «a; < C. Explain what each of the three cases
a; =0,0< a; < C, and o; = C says about the ¢th point, and what happens to the boundary as C' — .

Solution. By the KKT conditions for Eq. (10.6): «a; = 0 means the point is correctly classified and strictly outside
the margin (it has no influence on w = Zj a;yjx;); 0 < a; < C means the point sits exactly on its margin gutter
(a “free” support vector, & = 0); and a; = C means the point is inside the margin or misclassified (§; > 0, a “bound”
support vector). As C' — oo the penalty on any violation becomes infinite, so the soft margin reverts to the hard
margin: the optimizer refuses to let any point cross its gutter, which recovers Eq. (10.5) and, on noisy data, can
contort the boundary to fit a single outlier, the overfitting regime. |

Exercise 10.5. Both logistic regression and the soft-margin SVM fit a hyperplane. State the loss each minimizes
and explain why the SVM solution is sparse in the data while logistic regression is not.

Solution. Logistic regression minimizes the log loss — Zl[yl logpi + (1 — y;) log(1 — ps)], which is strictly positive

for every point (no finite score makes it exactly zero), so every training point exerts some pull on the boundary; the
fit is dense. The soft-margin SVM minimizes the hinge loss ) . max(0,1 — y; f(x:)) plus - ||lw||®. The hinge loss is
ezactly zero for any point safely beyond its margin (y; f(x;) > 1), so those points contribute nothing to the gradient
and have a; = 0; only the points on or inside the margin (the support vectors) enter the solution. This flat region of
the hinge loss is the source of the SVM’s sparsity, and it is why an SVM can be stored and evaluated using only its

support vectors. O
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EXERCISES

Exercise 10.6. A trained linear classifier has weight vector w = (3,4) and bias b = —1, defining the boundary
w'x+b=0. (a) What is the width of the SVM margin? (b) How far is the decision boundary from the origin?

Solution. Both answers are pure geometry of the hyperplane, and both divide by ||w|| = /3% +42 = 5. (a) The
SVM margin runs between the planes w '« + b = £1, and the distance between two parallel planes w '« = ¢; and
w'x = co is |e1 — c2|/||w]||. Here that gap is
2 2
margin width = —— = - = 0.4,
fwl] 5
which is exactly the quantity the SVM maximizes when it minimizes % |lw]||*>. (b) The distance from a point g to
the plane w2 +b=01is |w xo + b|/||wl|; at the origin o = 0 this is
bl _ 1
— = - =0.2.
Jwl] 5
So the boundary passes 0.2 units from the origin, and the margin extends 0.2 further on either side. Shrinking
|lw]|| widens the margin, which is the geometric content of the SVM objective: a smaller weight vector buys a fatter
safety corridor around the boundary. |
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CHAPTER ].1

Unsupervised Learning: Clustering, GMMs,
PCA, and ICA

FEven with no labels at all, the data has a shape. Unsupervised learning is
the search for that shape.

the goal of learning without labels

The classifiers of Chapter 10 needed labeled data. This final chapter asks what we can learn from {x;} alone.
Four objectives organize the field: clustering (group similar points), density estimation (model where the data
lives), dimensionality reduction (find the few directions that matter), and source separation (unmix combined
signals). We develop k-means and Lloyd’s algorithm, Gaussian mixtures trained by expectation—maximization,
principal component analysis from both the variance-maximization and SVD viewpoints (the SVD of Chap-
ter 4 and the spectral theorem of Chapter 3 returning in force), and independent component analysis. Every
method is carried out on a small dataset with all the arithmetic shown. A brief look at reinforcement learning
closes the course.

Suggested reading: Deisenroth et al. [5], Chapters 10 and 11; Bishop [2], Chapter 9 for EM and Chapter 12
for PCA; Hyvérinen and Oja [13] for ICA.

11.1 k-means clustering

Clustering partitions m points into k groups so that points in a group are close to its center. The k-means objective
is the total within-cluster distortion, minimized over both the centroids p; and the hard assignments z;; € {0, 1}
(Zj zij = 1, each point in one cluster):

m k
min >z @ — - (11.1)
{mj}{zij}

=1 j=1
The objective is hard to minimize jointly (the z;; are discrete), but it is easy in each block of variables with the
other fixed, which suggests alternating minimization.

Proposition 11.1 (The two optimal steps). (Centroids.) With assignments fixed, the best centroid for cluster j
is the mean of its members. Writing C; = {i : z;; = 1} and n; = |G}, set the gradient of ) . [l@i — 15 )? to zero:
J

1
2 _ ) — o A *_ L )
Vi, Dol P = 3 2ens ) =2y = Yow) =0 = = - Y
ieC; i€y ieC; ieC;
(Assignments.) With centroids fixed, the best assignment sends each point to its nearest centroid, z;; = 1 iff j =

arg min,||z; — pel|?, because the objective separates over points and the k terms for a fixed 4 are nonnegative.

Lloyd’s algorithm alternates these two steps: assign every point to the nearest centroid, recompute each centroid
as the mean of its members, and repeat. Each step can only decrease Eq. (11.1), and there are at most k™ distinct
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11. UNSUPERVISED LEARNING: CLUSTERING, GMMs, PCA, AnD ICA

Objective Question Method Output

Clustering who is similar to whom? k-means, GMM  group label per point
Deunsity estimation where do points occur? GMM a density p(x)
Dimensionality reduction = what is the essence? PCA low-dim coordinates
Source separation what are the hidden causes? ICA independent signals

Table 11.1. The four unsupervised objectives. Each takes the same unlabeled data {x;}7; and optimizes a different
criterion.

assignments, so the algorithm reaches a fixed point in finite time. But Eq. (11.1) is nonconver, so the fixed point is
only a local minimum, and the result depends on the initialization.
11.1.1 A worked k-means run, every iteration
Example 11.2 (Lloyd’s algorithm on six points). Take the six points
T = (1a 1)7 T2 = (27 1)7 T3 = (132)5 LTq4 = (575)5 L5 = (655)a Lo = (576)7

two visually obvious clusters, and deliberately seed both centroids inside the lower-left group to test whether Lloyd’s
algorithm recovers: Mgo) =(1,1), 'u;o) =(1,2).

Tteration 0, assignment. Compare each point’s squared distance to the two centroids. For @3 = (1,2): ||z3—p1|]® =
04+1=1and |xs— [,L2||2 =0, so 3 — cluster 2. For x4 = (5,5): distances 16 + 16 = 32 to p1 and 16 + 9 = 25 to o,
so x4 — cluster 2; likewise x5, s — cluster 2. Points @1, 2 — cluster 1. The assignment is

Cr = {z1,z2}, Cy = {3, 24, 25,26}
Iteration 0, update.
p! =3+ 2] =0151),  p8 =1[(1,2)+(5,5)+ (6,5) + (5,6)] = (4.25, 4.5).

Iteration 1, assignment. Now 3 = (1,2) has ||z3 — ugl)HQ =0.254+1 = 1.25 versus ||z3 — uél)HQ =10.56 4+ 6.25 =
16.81, so x3 jumps back to cluster 1. The other points keep their clusters, giving the natural split

C, = {$1,$2,$3}, Cy = {$4,$5,$6}.
Iteration 1, update.
p? =3[0V =G5, mw) =365+ (6.5 +(5.6)] = (%, ).

Iteration 2. Re-running the assignment leaves the clusters unchanged, so the centroids no longer move: the algo-
rithm has converged in two reassignment rounds (Fig. 11.1). The final within-cluster distortion is

T= llwi— plP + Yl — ol = § & 267,

1€C 1€Co
each cluster being three points at squared distances %, g, g summing to %. A poor initialization was corrected be-

cause the badly placed point (1,2) sat closer to the lower-left mean once the second centroid was pulled toward the
upper-right group.

11.1.2 Why it works, and what it sees

The objective is exactly the within-cluster scatter Sw. Comparing it to the total scatter about the global mean
& gives a decomposition that explains what k-means optimizes. With Sp = Y [lz; — &||* the total scatter and
Sp = Zj njllp; — @||* the between-cluster scatter,

St = Sw + SB. (11.2)

126



11.1. k-MEANS CLUSTERING
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Figure 11.1. The run of Example 11.2. Both centroids start in the lower-left group (x); the dashed paths trace how the
update step pulls po toward the upper-right group over two iterations, after which the perpendicular-bisector (Voronoi)
boundary separates the clusters cleanly. Blue and red show the final assignment.

Since St is fixed by the data, minimizing the within-cluster scatter Sy is the same as mazimizing the between-

cluster separation Sp: k-means seeks clusters that are compact inside and far apart outside. The squared-FEuclidean
metric makes the cells convex polytopes (Voronoi regions) and biases the method toward round, equal-size clusters;
crescent or nested shapes defeat it, which is where the Gaussian mixture of Section 11.2 and other models take over.

k-means in practice

e Standardize features first, so that a coordinate measured in centimeters does not dominate one measured
in kilograms (distances scale with units).

¢ Seed well. Random seeds give erratic local minima. k-means++ picks the first centroid uniformly at
random, then each subsequent one with probability proportional to its squared distance from the nearest
chosen centroid, spreading the seeds out and giving an O(log k) expected-approximation guarantee.

¢ Choose k by the elbow in J(k) (the distortion as a function of k) or the silhouette score; there is no single
correct k.

e Restart from several seeds and keep the lowest-distortion run.
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11. UNSUPERVISED LEARNING: CLUSTERING, GMMs, PCA, AnD ICA

k-means: GMM:
hard, spherical soft, elliptical

Figure 11.2. k-means versus the Gaussian mixture. k-means draws a hard boundary and assumes round, equal-size
clusters; the GMM learns each cluster’s elliptical shape through 3; and assigns soft memberships, so a point in the overlap
(green) belongs partly to each. k-means is the GMM’s zero-variance, hard-assignment limit.

11.2 Gaussian mixture models and EM

k-means makes hard, all-or-nothing assignments and learns only cluster centers, not shapes. The Gaussian mizture
model (GMM) fixes both by modeling the data as drawn from a weighted blend of Gaussians,

k
p(@) =Y mN@|p,3), >0, m=1, (11.3)
Jj=1 J

with mixing weights 7;, means p;, and covariances X;. The covariances let each cluster be an ellipsoid (Sec-
tion 6.4), and the model returns soft memberships (Fig. 11.2).

Fitting the mixture by maximum likelihood is hard directly because of the latent “which component generated x;,”
so we use expectation—maximaization.

Expectation—maximization for a Gaussian mixture

Alternate until the log-likelihood converges:
e E-step. Compute the responsibility of component j for point i, the posterior probability it generated x;:

. m N(@i | 1y, 25)
Y meN(mi | pe, i)

e« M-step. Re-estimate each component as a responsibility-weighted fit, with N; = ZZ Vi

3 1 1
m= s M= D v, = A D i (@i — ) (@i — ps) " -
J . J .

The E-step is a Bayes’ theorem computation (Chapter 5); the M-step is a weighted version of the Gaussian MLE
(Section 6.4.1).

Intuition. EM solves a chicken-and-egg problem. If we knew which component generated each point, fitting the
Gaussians would be easy (just the MLE per group); if we knew the Gaussians, assigning points would be easy (just
Bayes’ rule). We know neither, so EM alternates: guess the assignments (E-step), refit the Gaussians (M-step),
repeat. Formally, each iteration maximizes a lower bound on the log-likelihood that touches it at the current pa-
rameters, so the true log-likelihood can only rise; EM therefore climbs to a local optimum [6]. The price, as with
k-means, is sensitivity to initialization.

Example 11.3 (A soft assignment in two dimensions). Two equal-weight spherical Gaussians have p1 = (0, 0)
and p2 = (3,0), each with covariance I. What responsibility does component 1 take for the point « = (1,0), which
sits a third of the way across? With equal weights and equal covariances the normalizers cancel, leaving

exp(—3 [z — pa*) e 12 0.607

x) = = = ~
m(@) exp(—i||x — pa||?) + exp(—3|l@ — p2?) e /2 +e"2  0.607+0.135

0.82,

since ||z — p1]|® = 1 and ||z — p2||® = 4. So z is about 82% owned by the nearer cluster and 18% by the farther one, a
graded membership. k-means would instead assign it 100% to cluster 1; the GMM’s softness is what lets points near

a boundary hedge, and it is exactly these fractional v;; that the M-step uses as weights.
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11.3. PRINCIPAL COMPONENT ANALYSIS

11.2.1 A worked EM iteration, every responsibility

Example 11.4 (One EM iteration on the line). Take six one-dimensional points {—1,0,1,3,4,5} and a two-
component mixture with equal weights m1 = 72 = %, unit variances ¢ = o2 = 1, and initial means p; = 0,
H2 = 4.
E-step. The responsibility of component 1 for a point z is

IN(z]0,1) e ™2

xr) = 7
Y1(z) IN@|0,1) + IN(x]4,1) e o?/2 fe @972

the normalizing \/% and the equal weights cancelling. For z = 1, the two exponents are e”Y/2 = 0.6065 and
e 92 = 0.0111, so (1) = % = 0.982. Computing all six:

T -1 0 1 3 4 5

~vi(z) 1.000 0.9997 0.982 0.018 0.0003 0.000
~v2(z) 0.000 0.0003 0.018 0.982 0.9997 1.000

Points far from the midpoint z = 2 are assigned almost surely (responsibilities near 0 or 1); points near it, like z = 1
and x = 3, are soft, split a little between components. This softness is exactly what k-means throws away.

M-step. The effective counts are N1 = > . y1(x:) = 3.0 and Na = 3.0 (by the symmetry of the data about 2 = 2),
so the weights stay m1 = m2 = % The new means are responsibility-weighted averages,

1 1
m= Z% (z)o: = 00125, p2 = 1 Z’YZ(xi) x; = 3.9875,
3 K3
barely moved because the assignment was already nearly hard. The new variances,

1
o = Z%(m)(m —m)*=0.716, o3 =0.716,

shrink from 1 toward the true spread of each tight group of three. One full EM iteration has sharpened the model.
Iterating further drives the variances down and the responsibilities fully hard, and the log-likelihood increases at
every step.

11.3 Principal component analysis

Dimensionality reduction seeks a few directions that capture most of the data’s variation. Center the data (&; =
x; — ) and ask for the unit direction u along which the projections ' &; have the largest variance:

m
1 T~ N2 T S AT
max — u &;)° = max u Xu 3=— TiT; 11.4
max Z} ) = max : m 2l (11.4)
where X is the empirical covariance matrix and we used the projection identity (u'#;)*> = u' (&;&; )u. The quan-
tity w' Su is the Rayleigh quotient (Section 3.8), and maximizing it over unit vectors is an eigenvalue problem.

Theorem 11.5 (Principal directions). Let X = QAQT be the spectral decomposition with eigenvalues A\; >
- > A > 0 and orthonormal eigenvectors v1, ..., v,. The variance-maximizing direction is u* = wv1, and the
maximum variance is A1. The top k eigenvectors v1, ..., v are the k principal components.

Proof. Write ¢ = Q "u; since Q is orthogonal, ||q|| = ||u|| = 1. Then

n
uw'Su=u"QAQ u=q Aq= Z Xig;.
i=1
This is a weighted average of the eigenvalues with weights ¢? > 0 summing to 1, so it is largest when all the weight
sits on the biggest eigenvalue: ¢ = e1, i.e. u = Qe; = v1, with value \;. The Lagrangian route agrees: stationarity
of u"Su—a(u’u—1) is Zu = au, so stationary points are eigenvectors and the objective there equals the eigenvalue
a; the largest wins. |
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11. UNSUPERVISED LEARNING: CLUSTERING, GMMs, PCA, AnD ICA

11.3.1 A worked PCA, from data to components

Example 11.6 (PCA on four points, every step). Take four already-centered points in R? (their mean is 0, as
one checks by summing):

=(2,1), @®2=(1,2), &3=(-1,-2), &s=(-2,-1).
Step 1: covariance matrix. With m =4,
LT 4 2 1 2 1 2 4 20\ 1|10 8| |25 2
42“61 = ({2 1]*[2 4]*[2 4}*{2 1]>_4{8 10}_[2 2.5}
Step 2: eigenvalues. The characteristic polynomial is (2.5 — )\)2 —22=0,50 25—\ = +2, giving A\; = 4.5 and
A2 = 0.5. Step 3: eigenvectors. For \; = 4.5, (X —4.5I)v =0 is [_22 E2]v =0, i.e. v1 = vz, 80 V1 = %(17 1). For

A2 = 0.5, v1 = —v2, S0 V2 = %(—1, 1). They are orthogonal, as the spectral theorem promises. Step 4: explained
variance. The first component carries

A1 _43
A1+ A2 - 5

of the total variance, so one coordinate keeps nine tenths of the spread. Step 5: project. The first principal coor-
dinate of each point is y; = vlT;iz-:

EVR(1) = = 90%

—_2+1 _ 3 —_ 3 —_ _3 —_ _ 3
Y1 = V2 \f7 Y2 = Vol Ys = V2’ Ya = o

The four points collapse onto the 45° line span{v; } with almost no loss (Fig. 11.3), since they lay nearly along it to
begin with. The reconstruction &; = & + y;v1 recovers each point up to the small v2-component discarded.

Example 11.7 (Reconstruction error equals the discarded eigenvalue). Keep the centered data of the
previous example, with v1 = %(1, 1), v2 = %(717 1), and eigenvalues A1 = 4.5, A2 = 0.5. Take the single point
x = (2,1) and compress it to one number by projecting onto the top component:

y1:vfm:%(2+1):%.

Reconstruct from that one coordinate, & = y1v1 = % . f(l 1) = 2(1,1) = (1.5, 1.5). The reconstruction misses by

r—&=(2-15 1-15)=(0.5 —0.5), \|a:—:i:|\2 =0.25+0.25 =0.5.
That error is not arbitrary. The discarded second coordinate is y2 = v;x = %(72 +1)= f%, and y% = % =0.5

matches the squared error exactly, because the leftover vector @ — & is precisely y2v2. Every point here has y3 =
0.5, so the dataset’s mean squared reconstruction error is 0.5 = Ag: the variance you throw away by dropping a
component equals its eigenvalue. This is the working content of the Eckart—Young theorem for PCA, and it is why
a scree plot of the eigenvalues reads directly as “error left on the table” for each truncation. Think of flattening a
slightly tilted constellation of points onto a single line: the squared distance each point falls from the line is exactly
the variance in the direction you collapsed.

11.3.2 The SVD viewpoint
There is no need to form ¥ at all. With the centered data as columns of X and its SVD X = UXxV " (Chapter 4),
»-LlxxT = iUEE(UT,
m m

so the left singular vectors of the centered data are the principal components, and the eigenvalues are \; = ajz/m.
PCA is the SVD of the centered data; the eigenfaces of Section 4.7 were this computation applied to images. (With
points as rows, the principal components are instead the right singular vectors.) Computing the SVD of X directly
is more stable than forming and diagonalizing X X T, which squares the condition number (Section 2.11). Centering
is essential, and when features have different units one also scales them to unit variance (whitening); see Jolliffe [14]
for the full treatment.

How many components to keep is read from a scree plot of the eigenvalues (Fig. 11.4): the “elbow” where they
flatten marks the point of diminishing returns, and one keeps enough to reach a target explained-variance ratio such
as 95%.
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Figure 11.3. PCA on the four points of Example 11.6. The principal components are the orthonormal eigenvectors of the
covariance, ordered by variance. The first, v1 at 45°, holds A1/(A1 + A2) = 90% of the variance; projecting onto it (grey feet)
loses almost nothing.

elbow

component j

Figure 11.4. A scree plot. Eigenvalues drop sharply and then flatten; the elbow (here after the second component) sug-
gests how many principal components to keep. The first two here would already capture most of the variance.

Example 11.8 (Synthesis: correlation, a singular covariance, and a zero eigenvalue). This one example
threads together most of the book. Five students are recorded as (hours studied, exam score):

(2,50), (4,60), (6,70), (8,80), (10,90),

which happen to satisfy score = 40 + 5 - hours exactly. The means are h = 6 and § = 70, so the centered data is
(—4,-20), (-2, -10),(0,0), (2,10), (4,20). The covariance matrix (dividing by n = 5, the PCA convention) is

. i 8 40
> = EZ(mifﬂc)(ﬂﬁi*m) = {40 200} ’

i
since, for instance, Var(h) = 18448344416 — 8 and Cov(h, s) = 2042049420480 — 40, The correlation coefficient is

40 40 40

— — == =1,
P~ V8v200  Vi6o0 40
a perfect positive correlation, exactly as a perfectly linear relationship demands. Watch what that does to the spec-
trum. The determinant is det 3 = 8(200) — 40? = 1600 — 1600 = 0, so X is singular, and with tr = = 208 its
eigenvalues are A1 = 208 and A2 = 0. The top eigenvector solves (X — 2081)v = 0, giving v1 « (1,5), normalized
—L_(1,5) =~ (0.196,0.981), and the variance explained by the first principal component is 208/208 = 100%. PCA

/26
has discovered that this two-feature data is secretly one-dimensional: it lies exactly on a line, so a single coordinate

reconstructs every point with zero error. The chain of equivalences is the payoff, because each link lives in a differ-
ent chapter. Perfect correlation p = 1 (Chapter 6) forces a singular covariance det ¥ = 0 (Chapter 1), which forces
a zero eigenvalue (Chapter 3), which means the data has rank one and lies on a line, which is precisely what PCA
reports as 100% variance on one component. The same singularity is multicollinearity: if these were predictors in a
regression, X ' X would be singular and ordinary least squares would have no unique solution (Chapter 2), the exact
failure that the ridge penalty and the pseudoinverse were built to repair. Real data never correlates this perfectly,
so A2 is small but nonzero; the lesson is that near-collinear features produce a near-singular covariance, an unstable
fit, and a scree plot that begs you to drop a component.
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Figure 11.5. The cocktail-party problem. Two sources reach two microphones through an unknown mixing matrix A;
ICA estimates an unmixing matrix W that recovers the independent sources from the mixtures alone.

PCA ICA
Finds directions that are  uncorrelated statistically independent
Uses statistics of order two (covariance) higher (non-Gaussianity)
Assumes nothing about shape sources non-Gaussian
Ordered? yes, by variance no natural order

Recovers mixed sources?  no (rotation ambiguous) yes

Table 11.2. PCA versus ICA. PCA decorrelates using second-order statistics and orders directions by variance; ICA goes
further, using non-Gaussianity to recover genuinely independent sources, which is what the cocktail party demands.

11.4 Independent component analysis

PCA finds uncorrelated directions; independent component analysis (ICA) finds independent ones, a stronger and
different goal. The motivating problem is the cocktail party: n microphones record n speakers talking at once, and
each recording is a linear mixture = As of the unknown source signals s (Fig. 11.5). We want to recover s, equiva-
lently an unmixing matrix W =~ A~ with § = Wz, from 2 alone (blind source separation). ICA recovers the sources
only up to scaling and permutation: we cannot know a source’s loudness or its number, only its waveform.

PCA cannot do this. Decorrelation pins the sources down only up to an arbitrary rotation, because jointly Gaussian
uncorrelated variables stay uncorrelated and Gaussian under any rotation, so second-order statistics carry no further
information. ICA breaks the tie by assuming the sources are non-Gaussian and statistically independent. By the
central limit theorem a mixture of independent signals looks “more Gaussian” than any single source, so recover-
ing the sources means rotating (after whitening) to make each output as non-Gaussian as possible. Two contrast
functions measure non-Gaussianity:

« Kurtosis x(y) = E[y*] — 3(E[y?])?, zero for a Gaussian, positive for heavy-tailed (super-Gaussian) signals, negative
for light-tailed ones;

o Negentropy J(y) = H(ygauss) — H(y), the entropy gap to a Gaussian of equal variance, nonnegative and zero only
for a Gaussian.

The ICA pipeline

1. Center the data, subtracting the mean.

2. Whiten with PCA: Z = A~Y2Q" X has identity covariance, so all that remains is to find an orthogonal
rotation.

3. Rotate to maximize non-Gaussianity. FastICA iterates the fixed-point update, for a contrast g (e.g.
g(u) = tanhu),
w(—IE[Zg(wTZ)] —]E[g'(wTZ)]w, w +— w/||w|,

orthogonalizing against previously found directions when extracting several [13].

The result separates the voices that PCA could only decorrelate. The contrast between the two methods is collected
in Table 11.2.
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11.5 A glimpse of reinforcement learning

The course closes by pointing beyond supervised and unsupervised learning to reinforcement learning, where an
agent learns by acting and receiving rewards. The setting is a Markov decision process: states s, actions a, transi-
tion probabilities P(s’ | s,a), rewards R(s,a), and a discount v € [0,1). A policy 7 chooses actions, and its value
function V™ (s) is the expected discounted return from s. The value satisfies the Bellman equation

V7(s) = Zﬂ(a | ) [R(s,a) + 'yZP(s/ | 5,a) V"(s/)], (11.5)

a

a fixed-point relation that value iteration and policy iteration solve to find the optimal policy [23]. A two-state
example shows the flavor: if a single action moves between states A, B with rewards R(A) = 1, R(B) = 0 and deter-
ministic transitions A — B — A, then with discount 7 the values solve V(A) =1+ ~V(B) and V(B) = 0+ vV (4),
giving V(4) = ﬁf and V(B) = ﬁg The same mathematics threads through: expectations and probability
(Chapter 5), fixed-point iteration like the optimizers of Chapter 8, and linear algebra for the value updates. Re-
inforcement learning is where the foundations of this book are put to work on sequential decisions, and it is the

natural next course.

11.6 Summary

e Unsupervised learning finds structure in unlabeled data: clustering, density estimation, dimensionality reduction,
source separation (Table 11.1).

e k-means minimizes within-cluster distortion by alternating nearest-centroid assignment and mean-update
(Lloyd’s algorithm); it converges to a local minimum, so k-means++ seeding and restarts matter. The
decomposition St = Sw + Sp shows it simultaneously tightens clusters and separates them.

e A Gaussian mixture models the data as a blend of Gaussians and is trained by EM (responsibilities, then
weighted re-estimation); the worked iteration shows responsibilities going soft near cluster boundaries. k-means
is its zero-variance, hard-assignment limit.

o PCA’s variance-maximizing directions are the top eigenvectors of the covariance matrix (Rayleigh quotient),
equivalently the left singular vectors of the centered data; the eigenvalues are the variances explained, read off a
scree plot.

e ICA recovers independent, non-Gaussian sources from linear mixtures by whitening then rotating to maximize
non-Gaussianity, succeeding where PCA’s mere decorrelation cannot. Reinforcement learning, built on the Bell-
man equation, is the natural sequel.

Exercises

Exercise 11.1. Run k-means with k£ = 2 on the one-dimensional points {1, 2,9, 10}, starting from centroids pi = 0,
pe2 = 8. Carry out the assignment and update steps to convergence, and report the final clusters, centroids, and
objective value.

Solution. Iteration 0, assignment. Distances to u1 = 0: 1,2,9,10; to u2 = 8: 7,6,1,2. Each point joins the
nearer centroid: 1 and 2 are closer to 0 (distances 1,2 < 7,6), while 9 and 10 are closer to 8 (1,2 < 9,10). Clusters
C1 = {1,2}, C> = {9,10}. Iteration O, update. puy = 42 = 1.5, up = 2£1% = 9.5. Iteration 1, assignment.
Distances to u1 = 1.5: 0.5,0.5,7.5,8.5; to u2 = 9.5: 8.5,7.5,0.5,0.5. Points 1,2 stay with p1; 9,10 stay with ue.
Assignments unchanged, so the algorithm has converged. Objective. J = (1 — 1.5)% + (2 — 1.5)* 4+ (9 — 9.5)% + (10 —

9.5)2 = 0.25-4 = 1. The obvious grouping is recovered in one update. |

Exercise 11.2. A two-component, equal-weight, unit-variance Gaussian mixture on R has means y1 = 0 and
u2 = 4. Compute the responsibility v1(x) of component 1 for the points z = 2 and = = 1, and explain the difference.

—z2/2
Solution. With equal weights and equal variances the normalizers cancel, leaving v (z) = ey 21 e
e % e~ (z—
At x = 2 (the midpoint): the exponents are —3 = —2 and —% = —2, equal, so 11(2) = 286_,22 = % The point is
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genuinely ambiguous, split evenly. At z = 1: the exponents are —% = —0.5 and —g = —4.5, giving e %% = 0.6065
and e”*% = 0.0111, so 11 (1) = % = 0.982. Being closer to p1, the point is assigned mostly to component
1. The responsibilities are soft: a point between the means is shared, a point near a mean is nearly certain. This

graded membership is exactly what distinguishes EM from the hard assignments of k-means. O

Exercise 11.3. Centered data has empirical covariance ¥ = [2 }]. Find the first principal component and the
fraction of variance it explains.

Solution. By Theorem 11.5 the first principal component is the top eigenvector of =. Eigenvalues: (2 — \)> —1 =
0=2—-X==41= X\ =3, \2 = 1. Eigenvectors: for \y = 3, (¥ — 3[)v = [_11 fl}v = 0 gives v1 = v3, SO

= %(1, 1); for Ao = 1, v2 = %(1, —1). The first principal component is v1 = %(1, 1), the 45° direction along
which the data spreads most. Explained variance: Ai/(A1 + A2) = 3/4 = 75%, so the single coordinate y; = vy &
retains three quarters of the variation. |

Exercise 11.4. Explain the precise sense in which k-means is a special case of fitting a Gaussian mixture by EM.

Solution. Take a Gaussian mixture in which every component has the same spherical covariance oI and equal
exp(—||zi — p|*/20%)
> exp(—ll@i — pel[?/202)

over the negative squared distances. As 0 — 0 the term with the smallest distance dominates the denominator,
so the softmax sharpens to a hard argmin: v;; — z;; € {0,1} with all the weight on the nearest centroid. The
E-step becomes the k-means assignment step, and the M-step mean update p; = N% ZZ vijx; becomes the cluster-

weights m; = 1/k. The EM responsibility of component j for point x; is v;; = , a softmax

2

mean update of Proposition 11.1. So k-means is the zero-variance, hard-assignment limit of EM for an equal-weight
spherical GMM. The general GMM is strictly more flexible: it keeps soft responsibilities and learns each cluster’s
shape through 33;. |

Exercise 11.5. Two independent audio sources are linearly mixed into two microphone recordings. Explain why
PCA cannot recover the original sources but ICA can, and what assumption makes the difference.

Solution. PCA finds orthogonal directions of maximal variance, which makes the recovered signals uncorrelated but
determines them only up to an arbitrary rotation: decorrelation alone does not pick out the true mixing directions.
If the sources were Gaussian the problem would be genuinely unidentifiable, since any rotation of jointly Gaussian
uncorrelated variables is again uncorrelated and Gaussian, so no amount of second-order (variance/covariance)
information can separate them. ICA adds the assumption that the sources are non-Gaussian and statistically inde-
pendent. By the central limit theorem a mixture of independent sources is more Gaussian than any single source, so
ICA recovers the sources by rotating (after whitening) to make the outputs maximally non-Gaussian, for example
maximizing kurtosis or negentropy as in FastICA. Independence plus non-Gaussianity is exactly the information
PCA lacks. |

Exercise 11.6. Show that the principal components of a centered data matrix can be obtained from its singular
value decomposition without ever forming the covariance matrix, and relate the singular values to the variances.

Solution. Let the centered data be the columns of X € R**™ with SVD X = UXx V' ". The covariance is

- 1xxT = LusovTvecoT = LuszoT,
m m m
using VTV = I. This is already an eigendecomposition of ¥ with orthonormal eigenvectors U and eigenvalues
O'JZ /m. Hence the principal components are the left singular vectors (columns of U) of the centered data, and the
variance explained by component j is \; = 012- /m. Computing the SVD of X directly is more numerically stable
than forming and diagonalizing X X ", for the conditioning reason noted in Section 2.11 (forming X X7 squares the
singular values and the condition number). d

Exercise 11.7. A dataset’s covariance matrix has eigenvalues 6,3,1. (a) What fraction of the total variance is

captured by the first two principal components? (b) If you keep only the first component, what is the mean squared
reconstruction error?
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Solution. The eigenvalues of the covariance are the variances along the principal directions, and they sum to the
. 6+3 . . .
total variance 6 + 3 + 1 = 10. (a) The top two components carry O+ _ 0.9, so 90% of the variance lives in a

two-dimensional subspace, and projecting there loses only a tenth of the spread. (b) By the reconstruction identity
(Example 11.7), dropping components costs exactly their eigenvalues: keeping only the first discards the second and
third, so the mean squared reconstruction error is A2 + A3 = 3 + 1 = 4. Reading these numbers off a scree plot is how
one chooses where to truncate: here the jump from 90% (two components) is the natural stopping point, since the
third eigenvalue 1 adds little. |
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PART VI

Problem Sets, Worked in Full
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CHAPTER ].2

Problem Set 1: Linear Algebra and Matrix
Methods

This first set drills the mechanics of Chapters 1 and 2: multiplying matrices, testing independence, solving systems
by elimination, inverting by Gauss—Jordan, taking determinants by hand, reading a matrix as a geometric map, and
fitting by least squares through the normal equations and the pseudoinverse. Every problem is restated in full and
solved one arithmetic step at a time, so nothing is left to “it follows that.” Check each answer against the definitions
as you go; the habit of verifying (ATT‘ = 0, det # 0, a vector that re-expands correctly) is the whole point.

12.1 Matrix and vector operations

Problem 1.1: Matrix products and the transpose rule

Problem. Let A=[12]and B =[%}]. (a) Compute AB and BA and confirm that matrix multiplication does not
commute. (b) Verify the transpose rule (AB)T = BTAT.

Solution. Each entry of a product is a row of the left matrix dotted with a column of the right matrix: (AB);; =
Zk Air Bk]’ .

Part (a). Compute AB entry by entry. The matrix B swaps the two columns of whatever it multiplies on the right,
but we compute it honestly:

(AB)11=1-04+2-1=2, (AB)12=1-14+2-0=1, 2 1
(AB)21 =3-0+4-1=4, (AB)22=3-1+4-0=3, 4 3

Now BA, where B on the left swaps the two rows of A:

(BA)11,=0-14+1-3=3, (BA)12=0-2+1-4=4, . pa_[3 1
(BA)s1 =1-140-3=1, (BA)p=1-2+0-4=2, 2]

Since AB = [21] # [34] = BA, the product does not commute. This is the norm rather than the exception:
the order in which linear maps are applied matters, exactly as rotating-then-shearing differs from shearing-then-
rotating.

Part (b). Transposing AB reflects it across the diagonal:
2 11" 2 4
(4B)" = [4 3} - [1 3}
Now build BT AT. Here AT = [} 3] and BT = [9}] (B is symmetric, so B' = B). Then

BTAT — 0 1(11 3 _ 0-141-2 0-3+1-4 _ 2 4
1 0](2 4 1-140-2 1-340-4 1 3|

This equals (AB)T, confirming the rule. Note the reversal of order: the transpose of a product flips the factors,

because the inner dimensions must still match after every matrix is flipped. The same reversal governs the inverse,
(AB)"'=B7'A"%.
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Problem 1.2: Independence, rank, and an explicit dependence

Problem. Decide whether the vectors v1 = (1,2,1), va = (2,1,0), v3 = (3,3,1) in R® are linearly independent. If
they are not, exhibit an explicit linear dependence, and state the rank and a basis of their span.

Solution. Independence asks whether civ1 4 cav2 4+ c3vs = 0 forces ¢1 = c2 = ¢3 = 0. Stack the vectors as the rows
of a matrix and row-reduce; the number of nonzero rows that survive is the rank, and any shortfall from 3 signals a

dependence.
1 2 1 2 1 1 2 1
M=12 1 0 M 0 -3 -2 M) 0 -3 -2
3 3 1 3 3 1 0 -3 -2

The last step subtracts 3R; from Rs, giving (3—3, 3—6, 1—-3) = (0, —3, —2), which is identical to the new Rz. One
more elimination makes the dependence explicit:

1 2 1
R3<+R3—R> 0 _3 _9
0 O 0

A zero row appeared, so the rank is 2 and the three vectors are dependent. To name the dependence, notice the
third row became zero by subtracting the first two, which traces back to vs = v1 + v2. Check directly:

vi+ve=(14+2, 241, 14+0)=(3,3,1) =v3.v
Equivalently v1 + v2 — vs = 0, a nontrivial dependence. The rank is 2, and since v1,v2 are independent (neither is a

multiple of the other), a basis for the span is {v1,v2}; the span is a plane through the origin in R*, and wv3 already
lies in it. A determinant check agrees: det M = 0, the unmistakable signature of dependence for a square stack.

Problem 1.3: A 3 x 3 system by Gaussian elimination

Problem. Solve the system

z+y+z=6,
2r+y—z=1,
T —y+ 2z =05,

by Gaussian elimination, showing every row operation, then back-substitute.

Solution. Work on the augmented matrix [ A | b] and drive it to upper-triangular form, clearing the first column,
then the second.

1 1 116 1 1 1] 6
9 1 -1 |1 | FeReEmol g 1 3] -1
1 -1 2|5 ReeHs—fa 0 -2 1| -1

The second row came from (2—-2, 1-2, —1-2 | 1-12) = (0, -1, -3 | —11), and the third from (1-1, —1-1, 2—1 |
5—6) = (0,—2,1 | —1). Now clear the second column below the pivot:

1 1 1] 6
0 —1 —3|-11 |,
0o 0 7|21

R3<+R3—2R>
L

since (0, —2 — 2(—1), 1 —2(—=3) | =1 — 2(—11)) = (0,0,7 | 21). The matrix is now triangular, so back-substitute from
the bottom:

Tz =21=2=3; —y—3z=—-1l=—-y—-9=-11=y =2 r+y+z=6=>zx+5=6=>x=1.
The solution is (z,y, z) = (1,2,3). Verify in all three original equations: 1+2+3=16,24+2—-3=1,and 1 —-24+6 = 5.

All hold, so the answer is exact. The single pivot in each column (no zero pivots, nonzero 7 at the end) confirms the
coefficient matrix is invertible and the solution is unique.
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Problem 1.4: A determinant by cofactor expansion

Problem. Compute det A for A = [?) %
ible.

N=O

} by cofactor expansion along the first row, and state whether A is invert-

Solution. Cofactor expansion along row 1 reads det A = Zj A1 (=) My, where M, is the 2 x 2 minor obtained
by deleting row 1 and column j. The sign pattern on the first row is 4+, —, +.

3 1 1 1 1 3
det A = 2det L 2] —1det {0 2} +0det [0 1}.

My Mio Mz
Evaluate the 2 x 2 minors with the rule det[? %] = ad — bc:
My1=3-2—-1-1=5, Mi=1-2-1-0=2, Mz=1-1-3-0=1.
The third term carries a factor 0, so it drops out regardless of Mi3. Therefore
det A=2(5)-1(2)+0(1) =10—-2=38.

Since det A = 8 # 0, the matrix is invertible: its columns are independent, it has full rank 3, and Az = b has a
unique solution for every b. (As a sanity check, this symmetric tridiagonal matrix is positive definite, and indeed its
determinant is positive.)

Problem 1.5: Norms, angle, projection, and Cauchy—Schwarz

Problem. For u = (3,4,0) and v = (0,4,3), compute the lengths ||u| and ||v||, the inner product u' v, the angle
between them, the projection of uw onto v, and verify the Cauchy—Schwarz inequality.

Solution. Lengths come from the inner product of a vector with itself:
ull = V32 +42+02=Vv25 =5,  |[jv|| = /02 +4%+32 = V25 =5.

The inner product is the sum of componentwise products:

wv=3-0+4-4+0-3=16.

u'v
The angle follows from cos? = ————:
(e[l
16 16 o
cos¥ = BE o5 s 0.64, ¥ = arccos(0.64) ~ 50.2°.

The projection of u onto the direction of v keeps only the component along wv:

.
. u v 16
proj, u = v = %(0,4,3) = (07 o, ;Lg) = (0, 2.56, 1.92).

Finally, Cauchy-Schwarz states |u' v| < ||ul|||v||. Here |16] = 16 < 25 = 5 - 5, comfortably satisfied, with equality only
if the vectors were parallel. The gap (16 < 25) is exactly why cos? < 1 and the vectors sit at a genuine angle rather
than pointing the same way.

Problem 1.6: A matrix as a map, and the determinant as area

Problem. The matrix A = [} 1] acts on the plane by & — Az. (a) Find the images of the standard basis vectors
and of the four corners of the unit square. (b) What is the area of the image of the unit square, and how does det A
explain it?

Solution. Part (a). A matrix sends the standard basis to its own columns, so

el ff el
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The unit square has corners (0, 0), (1,0),(1,1),(0,1). Applying A (which adds the y-coordinate to the z-coordinate
and leaves y alone) sends them to

(0,0) — (0,0), (1,0) —~ (1,0), (1,1)~—(2,1), (0,1)— (1,1).

The image is a parallelogram: the bottom edge stays put while the top edge slides one unit to the right. This is a
shear. Part (b). The area of the image parallelogram is the absolute value of the determinant of A:

1 1

det A = det |:0 1

:|—1-1—1-0—1, area = |det A| = 1.

The sheared square has the same area as the original unit square, which matches the picture: a shear slides layers
sideways without stretching them, so it preserves area. In general |det A| is the factor by which A scales every area
(volume in higher dimensions), and the sign of det A records whether orientation is preserved (+) or flipped (—).
A determinant of zero would mean the square collapses to a segment of area 0, the geometric face of a singular,
non-invertible map.

upit square

Figure 12.1. The shear A with columns (1,0) and (1, 1) slides the top edge of the unit square one unit to the right. The
bottom stays fixed, the area is unchanged at |det A| = 1, and orientation is preserved.
Problem 1.7: A 3 x 3 inverse by Gauss—Jordan elimination
110
Problem. Find A™! for A = [(1) ! %] by Gauss—Jordan elimination on the augmented matrix [A | I].

Solution. Augment A with the identity and apply row operations until the left block becomes I'; whatever the right
block becomes is A™!, because the same sequence of operations is the matrix A~* applied to I.

11 0|1 0 O e R R 1 1 0|1 00
01 10 1 0| =210 1 1[0 10
1 0 1(]0 O 1 0 -1 1 1 0 1
Clear the second column below the pivot, then scale the third row:
- 110100R3<—1R3110100
SecRt® 1o 1 100 100 2 01 1[0 1 0
00 2|-1 11 o0 1|-% 1 1
Now eliminate upward to clear the third and second columns above their pivots:
e 1 00|+ -2 2
= IR 1 el KA A
oo 1|3 11 oo 1|3 1o
The left block is the identity, so
-1 1
1
,Lrlz5 1 -1
-1 1 1

A quick check confirms it: the first row of A times the first column of A™'is £(1-1+1-1+0-(-1)) = 3(2) =1, and
the off-diagonal products cancel to 0, so AA™" = I. The pivots were all nonzero (the last was 2), so det A = 2 and

the inverse exists.
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12.1. MATRIX AND VECTOR OPERATIONS

Problem 1.8: Splitting a vector into parallel and perpendicular parts

Problem. Write b = (3,1) as the sum of a vector parallel to a = (1,1) and a vector perpendicular to a. Verify the
two parts are orthogonal and sum to b.

Solution. The parallel part is the projection of b onto a, and the perpendicular part is whatever is left over:

b'a
buzma, bJ_:b_bH.

Compute the scalars: b'a=3-1+1-1=4and a'a =141 =2, so the coefficient is 4/2 = 2 and

Check orthogonality, bja =1-1+ (—1) -1 = 0, and reassembly, by +b. = (241, 2-1) = (3,1) = b. Both hold. This
split is the engine of least squares: b is the part of b that the line through a can reproduce, and b, is the residual
error, necessarily orthogonal to the fitting direction.

Problem 1.9: A system with a free variable

Problem. Describe all solutions of

r+2y+2=4, 20 + 4y 4+ 22z = 8.

Solution. Look at the two equations together. The second is exactly twice the first (2z + 4y + 2z = 2(z + 2y + 2)
and 8 = 2-4), so it carries no new information. The system collapses to the single constraint = + 2y + z = 4 on three
unknowns, leaving two degrees of freedom. Choose the free variables y = s and z = ¢ and solve for the pivot variable
x:

r=4—2s—t.
The full solution set is the family
((L',y,Z) :(4_25_t7 S, t) = (47070) +s (_27170) +t (_17071) ) SvtER'
1 11d 11d
particular nu irection nu irection

This is a particular solution plus the null space of the coefficient matrix, the general shape of every consistent linear
system. Geometrically it is a plane of solutions in R*. Spot checks: (s,t) = (0,0) gives (4,0,0) with 44+ 0+ 0 = 4;
(1,0) gives (2,1,0) with 2+ 2+ 0=4; (0,1) gives (3,0,1) with 3+ 0+ 1 = 4. All satisfy the equation.

Problem 1.10: The trace is cyclic

Problem. For A = [}2] and B = [2?J], compute tr(AB) and tr(BA) and confirm they are equal even though
AB + BA.

Solution. First the two products:

Ap— [12+21 1.0+2.2]_[4 4]’ B _[2-1+0-3 2-2+0-4}_[2 4}

3-24+4-1 3-0+4-2 10 8 1-14+42-3 1-242-4 7 10
These are different matrices, yet their diagonals sum to the same number:
tr(AB) =4+ 8 =12, tr(BA) =2+ 10 = 12.
The equality is no accident. In general tr(AB) = Zl Zk AirBri = Zk Zl By Ay, = tr(BA), because both double
sums run over the same products A;xBy; in a different order. This cyclic property, tr(AB) = tr(BA) and more

generally tr(ABC) = tr(CAB), is what makes the trace blind to a change of basis: tr(P~'MP) = tr(MPP™') =
tr(M), so the trace is an intrinsic property of the linear map, equal to the sum of its eigenvalues.
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Problem 1.11: Rotations compose by adding angles

Problem. Let R(0) = [C"Sg *Si“e] Show by direct multiplication that R(30°)R(60°) = R(90°).

sinf cos@

Solution. Use cos 30° = @, sin 30° = % and cos60° = %, sin 60° = @, S0
V3 _1 1 _V3
oy _ | 2 2 oy _ | 2 2
R(30°%) = VAR R(60°) = N Ll
2 2 2 2

The top-left entry of the product is ? 2 (-3 V3 _ % - % =0, and the bottom-left entry is 3 - 2 + % - ? =

2 2 2
1+ 3 — 1. The top-right is @(—?) +(—3%)3 = -2 — 12 = —1, and the bottom-right is %(—?) + @ -2 =0. Hence

R(30°)R(60°) = [(1) 01} = R(90°),

since cos90° = 0 and sin90° = 1. The angles added, 30° + 60° = 90°, exactly as the angle-addition formulas for
sine and cosine guarantee. Rotations therefore form a group under multiplication, and R(#)™* = R(—6) undoes a
rotation by turning back through the same angle.

12.2 Least squares and the pseudoinverse

Problem 1.12: A least-squares line and its R?

Problem. Fit the line y = a+bx to the four points (1,2), (2,2), (3,4), (4,5) by least squares, and report the coefficient
of determination RZ.

Solution. Stack a column of ones (for the intercept) and the z-values (for the slope) into the design matrix A, with
the targets in y:

+. [a 10 +  [13
’ AA_[IO 30]’ Ay‘{ss}’

— =
U= DD N

1
2 —
3 Y~
4

where AT A collects Y1 =4, > x; =10, Y x7 = 30, and A"y collects Y y; = 13, > x;y; = 38. The determinant of
ATAis 4-30 —10-10 = 20, so by Cramer’s rule

a_13-30—10~38_390—380_ _4-38—-10-13 152—130 _
B 20 20 B 20 20
The fit is § = 0.5 + 1.1z, with predictions (1.6,2.7,3.8,4.9) and residuals » = (0.4, —0.7,0.2,0.1). The residual sum of
squares is SSyes = 0.16 4+ 0.49 + 0.04 4+ 0.01 = 0.70, and against the mean y = 14—3 = 3.25 the total sum of squares is
SSiot = (2 — 3.25)2 + (2 — 3.25)% + (4 — 3.25)% + (5 — 3.25)% = 1.5625 + 1.5625 + 0.5625 + 3.0625 = 6.75. Therefore
SSTES 0~70
— =1-—~0.
SStot 6.75 0896,
so the line explains about 90% of the variation in y. As a check, the residuals sum to 0.4 — 0.7 + 0.2 + 0.1 = 0, which
the intercept term always forces.

1.1.

05 b

R*=1

Problem 1.13: Projecting onto a column space

Problem. Let A = H ﬂ and b = (1,1,1). Find the least-squares coefficients &, the projection b = A& of b onto
Col(A), and the residual, and verify the residual is orthogonal to both columns of A.

Solution. The least-squares coefficients solve the normal equations AT A& = ATb. Assemble the pieces:
1 0 1
. [t o 21 [t o1 2
AA_[O 1 1:| (1) 1_|:1 2:|7 Ab_[O 1 1:| 1_|:2:|‘
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12.3. RANK, STRUCTURE, AND NORMS

With det(ATA) =2-2—1-1 = 3, Cramer’s rule gives 21 = 2212 = 2 and 3, = 22:12 — 2,s0& =(%,2). The

3 3 3
projection is
B:AC/& = %(17071) + %(0?151) = (%7%7%)5 T = b_l;: (%7%3_%>
Verify orthogonality against each column: column 1 = (1,0,1) gives £ + 0 — 1 = 0, and column 2 = (0,1, 1) gives
0+ % - % = 0. The residual is perpendicular to the whole plane Col(A), which is the geometric statement of the
1
3

normal equations A'r = 0. The squared error is ||r||> = £ + 1 + 1 = 1 the closest b can be approached from within
the plane.

Problem 1.14: The pseudoinverse of a tall matrix

Problem. For the same A = H ﬂ , form the Moore-Penrose pseudoinverse AT = (ATA)™'AT and confirm it

returns the least-squares coefficients of Problem 1.13.

Solution. From Problem 1.13, AT A = [? 1] with det = 3, so its inverse is

aa=g 5 )

Multiply by AT = [191]:

Applying it to b= (1,1,1),
1]12-1+1 112
fp=2 == =(2 2
Ab_3{1+2+1} 3[2] (3’3>’
exactly the & from the normal equations. The pseudoinverse packages “solve the normal equations” into a single

matrix: A" is the left inverse that, among all ways of mapping b back to coefficient space, returns the least-squares
answer, and for a tall full-rank A it satisfies ATA = I (here a 2 x 2 identity), which one can check directly.

12.3 Rank, structure, and norms

Problem 1.15: Powers of a shear
Problem. For A = [} 1], compute A%, A% and conjecture a formula for A™. Prove it.
Solution. Multiply step by step:

o (111 1] 1 2] s a2, J1 2]t 1] _[1 3
A‘{o 1“0 1]_{0 1’ A=AA=1, 1“0 1]_{0 1]'

The pattern is clear: A™ = [} 7]. Prove it by induction. The base case n =1 is A itself. Assuming A™ = [} 7],
1 w1t 1] 1 n+1
n+l _ An 4 __ _
A _AA_O 1]|:0 1:|_0 1]’

completing the induction. Each power shears one unit more, so A™ shears by n. (A defective matrix like this has no
full eigenbasis, so the clean A™ = PD"P~*! shortcut of Chapter 3 is unavailable; direct multiplication still works.)
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12. PROBLEM SET 1: LINEAR ALGEBRA AND MATRIX METHODS

Problem 1.16: Symmetric and skew-symmetric parts

Problem. Write M = [ 3] as the sum of a symmetric matrix and a skew-symmetric matrix.

Solution. Every square matrix splits uniquely as M = 1(M + MT)+ (M- M), the first part symmetric and the

second skew-symmetric. With M " = [2 1],

4 4 2 2 0 2 0 1
_1 Ty _ 1 _ N MMy = L _
S=3(M+M )2{4 8}[2 4}’ K=3(M-M") 2{—2 0} {_1 0]'
Check: S+ K =[23]=M, ST =8, and KT = —K. This decomposition underlies the fact that a quadratic form
x " Mz depends only on the symmetric part, since ' Ka = 0 for every skew K.
Problem 1.17: Rank and nullity

Problem. Find the rank and the nullity (dimension of the null space) of A =[322].

Solution. Row-reduce: Rz < Rz — 2R; turns the second row into (0,0, 0), since (2,4,6) = 2(1,2,3). One nonzero
row survives, so rank A = 1. The rank—nullity theorem states rank A 4+ dim Nul A = n (the number of columns), here
1+ dim Nul A = 3, so the nullity is 2. Concretely, Az = 0 reduces to the single equation z1 + 2z2 4+ 3x3 = 0, a plane
through the origin in R®, which is two-dimensional. The two rows pointed in the same direction, so the map only
“sees” one dimension of its input and crushes the other two to zero.

Problem 1.18: Three norms of a vector

Problem. For z = (1,—2,2), compute the ¢1, {2, and s norms and order them.
Solution. Each norm measures size differently:

el =11+ [=2 + 12 =5, llzllz =12+ (=22 +22=V9=3, [a]w=max(1,2,2) =2

So [[z|lc = 2 < ||z|l2 = 3 < ||2||1 = 5. The ordering ||||cc < [|-]]2 < [|-]]x holds for every vector in R™: the ¢;

norm sums all coordinates and so is largest, while ¢ keeps only the biggest. These are the norms behind lasso (41,
sparsity), ridge (¢2, shrinkage), and worst-case (£ ) analysis.

Problem 1.19: AT A is symmetric positive semidefinite

21
Problem. For A = {(1) é} , form AT A, confirm it is symmetric, and find its eigenvalues to confirm it is positive
definite.

Solution. Compute the Gram matrix:
2 1
2 0 1 5 2
ATA= [ } 0 1| = [ ] :
1 1 0 10 2 2

where the top-left 5 = 2% 4+ 02 + 12 is the squared length of column 1 of A, the bottom-right 2 = 1% 4+ 12 + 02 is
column 2’s squared length, and the off-diagonal 2 =2-1+40-1+ 1-0 is their inner product. It is symmetric because
(ATA)T = AT A always. Its eigenvalues solve A — 7TA 4+ 6 = 0 (trace 7, determinant 5 -2 — 2-2 = 6), giving A = 6 and
A = 1. Both are positive, so AT A is positive definite. This is no coincidence: for any A with independent columns,
2T AT Az = ||Az|]? > 0 for z # 0, which is exactly why the normal equations have a unique solution.
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Problem 1.20: The triangle inequality

Problem. For u = (3,0) and v = (0, 4), verify the triangle inequality ||u + v|| < |Ju|| + ||v] and explain when equality
holds.

Solution. The sum is u + v = (3,4), so

lutol =32 +2 =5 ful+|v]=3+4=T.

Indeed 5 < 7, so the inequality holds with room to spare. Equality ||u + v|| = ||u|| + ||v]| requires u and v to point
in the same direction (one a nonnegative multiple of the other); here they are orthogonal, the farthest from parallel,
so the gap is largest. Geometrically, the straight path from the origin to u + v (length 5) is shorter than detouring
through the tip of u (length 3 4+ 4 = 7), the reason it is called the triangle inequality.
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CHAPTER ].3

Problem Set 2: Eigenvalues, Diagonalization,
and the SVD

This set works through Chapters 3 and 4: characteristic polynomials, eigenvectors, diagonalization and matrix
powers, the spectral theorem, definiteness, the Rayleigh quotient, power iteration, complex and defective spectra,
then the singular value decomposition, low-rank approximation, conditioning, and the pseudoinverse. As before,
every problem is restated and solved step by step, and every eigenvalue, singular value, and reconstruction is one
you can check by re-multiplying.

13.1 Eigenvalues and the spectral theorem

Problem 2.1: Eigenvalues and eigenvectors of a 2 x 2

Problem. Find the eigenvalues and eigenvectors of A = [ 72].

Solution. The eigenvalues are the roots of det(A — AI) = 0. With trace 5 and determinant 4-1 — (—2) -1 =6,
pa(N) = A2 —BX4+6=(A—2)(\—3),

soA =3, =2 For A\=3, (A-3I)= “ :3] gives v1 = 2ug, so v1 = (2,1); check A(2,1) = (8—2,2+1) =(6,3) =

3(2,1). For A=2, (A-2I)= [f :f] gives v1 = v2, so v2 = (1,1); check A(1,1) = (2,2) = 2(1,1). Both confirm.

Problem 2.2: Diagonalization and a matrix power

Problem. Diagonalize A = [$ 1] and use it to compute A*.

Solution. The matrix is symmetric, so the spectral theorem applies. Its characteristic polynomial is (3 — /\)2 —-1=0,
ie. 3— A =41, giving A\ =4 and Ay = 2. The eigenvectors are v1 = (1,1) (for 4) and v = (1, —1) (for 2), orthogonal
as promised. With P =[] ! |, D = diag(4,2), and P~" = 1]} 1],

> ppept_ 1|l 1|16 0|1 1] _[10 6
AT=PDoP _2[1 -1/ [0 4] |1 —1] |6 10|

Direct squaring confirms it: [ 1]* = [543 318] = [¥ £]. The point of diagonalization is that any power costs the

same: A just raises the eigenvalues to the k.

Problem 2.3: A spectral decomposition
Problem. Write A = [f‘l _21] in the spectral form A = A\1q1q] + A2g2qs with orthonormal q;.

Solution. The eigenvalues come from (2 —A)? =1 =0,50 A1 = 3, A2 = 1. For A = 3, (A — 3]) = [:} :H gives
¢1 x (1,—-1), normalized %(1, —1). ForA=1, ¢ = %(1, 1). The outer products are

e + .
q1q91 = 5 1 1| q2q2:§1 1l
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SO
1 -1 11 3+1 -3+1 2 -1
—3.1 .1 =1 =
A=3-3 {1 1}“ 2 {1 1] 2 {3+1 3+1} {1 2]'
The decomposition rebuilds A as a weighted sum of orthogonal projectors, each onto an eigenvector, with the eigen-
value as the weight.

Problem 2.4: Eigenvalues of a triangular matrix
Problem. Find the eigenvalues of A = E % §} and an eigenvector for the smallest one.

Solution. For a triangular matrix the determinant of A—AI is the product of the diagonal entries (2—A)(3—X)(4—X\),
so the eigenvalues are exactly the diagonal: A = 2,3,4. For the smallest, A = 2, solve (A — 2I)v = O:

v=0 = v +v2=0, va+2v3=0.

o = O

0
1
1

N OO

Take v3 = 1, then v = —2 and v1 = 2, so v = (2,—2,1). Triangular matrices hand you their eigenvalues for free,
which is exactly why elimination and the QR algorithm aim to make a matrix triangular.

Problem 2.5: Trace, determinant, and the eigenvalues

Problem. Using A = [{ 7?] from Problem 2.1, verify that the trace equals the sum of the eigenvalues and the
determinant equals their product.

Solution. From Problem 2.1 the eigenvalues are 3 and 2. The trace is 4 +1 = 5 = 3 4+ 2, and the determinant is
4-1—(=2)-1=6=3-2. Both identities hold. They are general: expanding the characteristic polynomial [T, (X — i)
shows the coefficient of A" ™' is — > A; (the trace) and the constant term is [] A; (the determinant). A zero among
the eigenvalues would force det A = 0, the signature of a singular matrix.

Problem 2.6: Classifying quadratic forms

Problem. Classify the quadratic forms f(z,y) = 222 4 2zy + 2y* and g(z,y) = 2> — 4ay + 3 as positive definite,
negative definite, or indefinite.

Solution. Write each as ' Mz with M symmetric, splitting the cross term evenly. For f, My = [2]] with eigen-
values from (2 — \)®> — 1 =0, i.e. A = 3, 1, both positive, so f is positive definite: f > 0 for every nonzero x. For g,
My = [32 _12] with eigenvalues from (1—X)?>—4 =0, i.e. 1 —\ = %2, giving A = 3, —1. Mixed signs make g indefinite:
it curves up along one eigenvector and down along the other, a saddle. The sign pattern of the eigenvalues is the
whole story of a quadratic form’s shape.

Problem 2.7: The Rayleigh quotient

Problem. For A = [ 2], find the maximum and minimum of &' Az over unit vectors, and the directions where
they occur.

Solution. For a symmetric matrix the Rayleigh quotient = Az / x| & ranges exactly between the smallest and
largest eigenvalues, attained at the corresponding eigenvectors. The eigenvalues solve A> — 7\ 4+ 6 = 0 (trace 7,
determinant 10 — 4 = 6), giving Amax = 6 and Amin = 1. So over unit vectors x| Az reaches a maximum of 6 and a
minimum of 1. For A =6, (A —6I) = [}1 _24] gives the direction %(2, 1); for A = 1, the direction is %(—17 2). This
is the variational principle behind PCA: the top eigenvector is the direction of maximum quadratic value, which for
a covariance matrix means maximum variance.
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13.2. THE SINGULAR VALUE DECOMPOSITION

Problem 2.8: Power iteration by hand

Problem. Run power iteration on A = [?1] from xo = (1,0) for four steps, tracking the Rayleigh quotient, and say
what it converges to.

Solution. Each step applies A; normalization only rescales, so track the raw iterates and the Rayleigh quotient
R(z) =z Azx/x" x:

(1,%) 2,1 2/1 = 2.000
2,1) | (5,4) 14/5 = 2.800

(5,4) | (14,13) | 122/41 =2.976
(14,13) | (41,40) | 1094/365 = 2.997
The direction tilts toward (1,1) and the Rayleigh quotient climbs toward 3, the dominant eigenvalue of A (its eigen-
values are 3 and 1). The error shrinks by the ratio |A2/A1| = 1/3 each step, so convergence is geometric. This is the
seed of the algorithms that compute PageRank and principal components at scale.

Problem 2.9: Complex eigenvalues

Problem. Find the eigenvalues of A = [} 7'] and their magnitudes.

Solution. The trace is 2 and the determinant is 1-1 — (—=1) -1 =2, s0 pa(A) = A — 2\ + 2 and
_2Ev4-8 2+
B 2 )

The discriminant is negative, so the eigenvalues are the complex conjugate pair 1 £ 4, with magnitude |1 £ i| =

V12 + 12 = /2. A real matrix can have no real eigenvalue: this A is a rotation by 45° scaled by /2, and a rotation
turns every real vector, so none is merely stretched. Magnitude greater than 1 means iterating A spirals outward.

A =1=%i.

Problem 2.10: A defective matrix
Problem. Show that A = [21] is not diagonalizable.

Solution. The characteristic polynomial is (2 — A)?, so A = 2 with algebraic multiplicity 2. The eigenvectors solve
(A —2Iv = [J}]v = 0, which forces the second component to be zero and leaves v = (1,0) (up to scale). The
geometric multiplicity is only 1, short of the 2 needed to span R?. With too few independent eigenvectors there is
no eigenbasis, so A cannot be written PDP™!: it is defective. Such matrices are exactly where diagonalization fails
and the Jordan form or the SVD must take over.

13.2 The singular value decomposition

Problem 2.11: A singular value decomposition
Problem. Find the SVD of A =[92].
Solution. The right singular vectors are eigenvectors of AT A, and the singular values are the square roots of its
T, |0 3]0 2| |9 O
=B 8= g
which is diagonal, so its eigenvectors are e;, ez and its eigenvalues are 9, 4; the singular values are o1 = 3, g2 = 2.
Take v1 = (1,0), v2 = (0,1). The left singular vectors come from u; = Av;/o;:

ur = 3A(1,0) = 5(0,3) = (0,1), w2 = 3A(0,1) = 3(2,0) = (1,0).

LTI

The map first reads off the input coordinates (V' = I), stretches them by 3 and 2, then swaps the axes (U). Multi-
plying the three factors returns A.

eigenvalues. Here

Hence
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o1uy

unit circle

ellipse, semi-axes 3 and 2

Figure 13.1. The SVD as geometry: A sends the unit circle to an ellipse whose semi-axis lengths are the singular values
o1 = 3, o2 = 2, along the left singular vectors. Here A also swaps the axes, so the long axis oju; points up.

Problem 2.12: Condition number

Problem. A matrix has singular values o = (4,1). Give its 2-norm condition number and the worst-case relative
error amplification when solving a linear system with it.

Solution. The condition number is the ratio of largest to smallest singular value,

Omax :é:4

Omin 1

Ko =

Solving Az = b can amplify a relative error in b by at most k2: a 1% error in the data can become as much as a
4% error in the solution. A condition number near 1 is benign; a large k2 (a tiny omin) signals a nearly singular,
sensitive problem, which is the numerical reason ridge regularization lifts the small singular values away from zero.

Problem 2.13: Low-rank approximation error

Problem. A matrix has singular values o = (5, 3,1). By the Eckart—Young theorem, what is the Frobenius error of
the best rank-1 and best rank-2 approximations?

Solution. Eckart—Young says the best rank-k approximation keeps the top k terms of the SVD, and the squared
Frobenius error is the sum of the squares of the dropped singular values. Dropping o2, o3 for the rank-1 fit,

A= A|lr =+/02+02 =v9+1=+10~ 3.16.
Dropping only o3 for the rank-2 fit,
A= Az|lp = /02 =V1=1.
Each retained singular value buys back its own energy, so a sharp drop in the spectrum is exactly what makes trun-
cation faithful.

Problem 2.14: Pseudoinverse of a rank-one matrix

Problem. Find the Moore-Penrose pseudoinverse of the rank-deficient A = [} 2].

Solution. The matrix is rank one: both columns lie along (1,2). Its single nonzero singular value satisfies o} =
[AlF =1+4+4+16 = 25, s0 01 =5, with w1 = v1 = =(1,2). The SVD pseudoinverse inverts the nonzero singular

value and transposes,
1 1 111 111 2 A
T —_ h = — . = = — = —
A= =53 [2] b 2f=5 [2 4} 25°

Verify the defining identity AATA = A: since A% = [ 1] = 54, we get AATA = A 24 A= ‘g—; =24 = A
The ordinary formula (AT A)"* AT is unavailable here because A" A is singular, yet the pseudoinverse exists and is

unique.
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Problem 2.15: Energy retained by truncation

Problem. With singular values o = (6, 3,2), what fraction of the Frobenius energy is kept by the best rank-1 and
rank-2 approximations?

Solution. The total energy is »_ 02 =36+ 944 =49. The rank-1 fit keeps o = 36, a fraction 36/49 ~ 0.735, so
about 73.5%. The rank-2 fit keeps 36 + 9 = 45, a fraction 45/49 ~ 0.918, about 91.8%. Plotting these cumulative
fractions against the rank is the scree curve; one truncates where it flattens, typically at a target such as 90-95%.

Problem 2.16: Storage in a low-rank approximation

Problem. A 200 x 100 matrix is stored by its best rank-5 approximation. How many numbers does that take, and
what is the compression ratio?

Solution. A rank-k truncation stores k left singular vectors of length m, k right singular vectors of length n, and k
singular values: k(m + n + 1) numbers. Here

5(200 + 100 + 1) = 5(301) = 1505,

against the full 200 - 100 = 20,000. The compression ratio is 20,000/1505 ~ 13.3x, keeping about 7.5% of the storage.
Low rank pays off whenever k < mn/(m + n), which is why it underlies image compression and compact model
representations.

Problem 2.17: Spectral and Frobenius norms
Problem. A matrix has singular values o = (6, 3,2). Give its spectral (2-) norm and its Frobenius norm.

Solution. The spectral norm is the largest singular value, the most a unit vector can be stretched: ||A|2 = o1 = 6.
The Frobenius norm is the square root of the sum of squared singular values (equivalently the square root of the

sum of squared entries):
lAllF =v/02+02+02=v36+9+4=v49=T.

Always ||All2 < ||A||F, with equality only for a rank-one matrix; here 6 < 7 because three singular values contribute
to the Frobenius norm but only the largest sets the spectral norm.

Problem 2.18: For a symmetric PD matrix, SVD equals eigendecomposition

Problem. Show that for A = [? 1] the singular values equal the eigenvalues and the singular vectors equal the
eigenvectors.

Solution. The matrix is symmetric with eigenvalues 3 and 1 (from (2 — A\)?> — 1 = 0) and orthonormal eigenvectors
q1 = %(17 1), g2 = %(1, —1). Because A is symmetric, AT A = A%, whose eigenvalues are \? = 9,1 with the same
eigenvectors. The singular values are therefore o; = \/E = |Ai| = 3,1, equal to the eigenvalues since both are
positive, and the singular vectors are the eigenvectors g;. So A = QAQT and A = UXV " coincide. This is special
to symmetric positive definite matrices; for a symmetric matrix with a negative eigenvalue the singular value is its
absolute value and a sign moves into the singular vectors, so the two factorizations differ only by that sign.

13.3 Further eigenvalue and SVD practice

Problem 2.19: Eigenvalues of the inverse

Problem. Given that A = [% 1] has eigenvalues 4 and 2, find the eigenvalues of A~! without inverting A.

Solution. If Av = v with A # 0, multiply both sides by A™" and divide by A: A™'v = %v. So A™! has the
same eigenvectors as A with reciprocal eigenvalues. Here the eigenvalues of A~! are i and % This is why a large

condition number hurts: if A has a tiny eigenvalue, A~! has a huge one, and solving Az = b blows that direction
up.
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13. PROBLEM SET 2: EIGENVALUES, DIAGONALIZATION, AND THE SVD

Problem 2.20: A and A" share eigenvalues
Problem. Verify that A = [4 2] and AT = [_42 }] have the same eigenvalues.

Solution. Both have trace 5 and determinant 4 — (—2) = 6 (transposing changes neither), so both have characteristic
polynomial A\? — 5\ 4 6 and the same eigenvalues 3,2. In general det(AT — AI) = det((4 — AI)T) = det(A — AI), so A
and AT always share a characteristic polynomial, hence eigenvalues. Their eigenvectors generally differ, though: the
eigenvectors of AT are the left eigenvectors of A.

Problem 2.21: Eigenvalues of a rotation have modulus one
Problem. Find the eigenvalues of the orthogonal matrix Q@ = [(1) 51] and confirm each has modulus 1.
Solution. The trace is 0 and the determinant is 1, so po(A\) = A? + 1 and A = +i. Each has modulus |+i| = 1. This

is general for orthogonal matrices: they preserve length, so ||Qu|| = ||v|| forces |A| = 1 for every (possibly complex)
eigenvalue. A rotation neither stretches nor shrinks, so its eigenvalues live on the unit circle.

Problem 2.22: A cube by diagonalization
Problem. Compute A® for A = [2 1] using its eigendecomposition.

Solution. The eigenvalues are 3 and 1 with eigenvectors (1,1) and (1,—1). Cubing the eigenvalues gives 27 and 1,

and rebuilding,
s o oot a2 oot 1] 128 26] [14 13
A" = Pdiag(27,1)P"" = 3 [1 “1l o 1|1 —1| " 226 28] |13 14"

Diagonalization turns a matrix power into a scalar power on the eigenvalues, far cheaper than multiplying A by
itself three times once the matrices grow.

Problem 2.23: SVD of a wide matrix

Problem. Find the singular values of the 2 x 3 matrix A =[}91].

Solution. For a wide matrix it is easier to use the smaller Gram matrix AA" (which is 2 x 2 here) whose eigenvalues

are the squared singular values:
10
T _ (1 0 1 121
ar=lo o=y

Its eigenvalues are 3 and 1, so the singular values are o1 = /3 and 02 = 1. The matrix has rank 2 (two nonzero
singular values), so its three columns span all of R?; the third dimension of the input is sent to zero, the lone trivial
direction of a wide map.

Problem 2.24: Rank from the singular values

Problem. A matrix has singular values o = (4,2,0,0). What is its rank, and what does this say about its four
fundamental subspaces?

Solution. The rank is the number of nonzero singular values, here 2. So the column space and row space are each
2-dimensional, spanned by the first two left and right singular vectors respectively. The two zero singular values
mark the null space: their right singular vectors span a 2-dimensional null space (assuming the matrix has at least
four columns), the directions the matrix annihilates. The SVD reads off all four fundamental subspaces at once
from where the singular values cross from positive to zero.
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13.3. FURTHER EIGENVALUE AND SVD PRACTICE

Problem 2.25: A covariance matrix and its principal directions

Problem. A dataset has covariance matrix £ = [4 2]. Find the principal directions and the fraction of variance
captured by the first.

Solution. The principal directions are the eigenvectors of 3, and the variance along each is its eigenvalue. From
(4—X)2?—-4=0,ie 4— \=+£2, the eigenvalues are \; = 6 and A2 = 2. The first eigenvector solves (2 — 6I)v =
[_22 EQ]U = 0, giving the 45° direction %(17 1); the second is %(1, —1). The first principal component captures

A1 6

Ny ) = 0.75,

so 75% of the variance lies along (1,1). The positive correlation tilts the data cloud along the diagonal, exactly the
direction PCA selects.

q1, A\=6

q2, A2=2

Figure 13.2. The covariance ellipse for the matrix with diagonal 4 and off-diagonal 2. Its axes are the eigenvectors (1,1)
and (1, —1), and the semi-axis lengths are v/\;. The first principal component points along the 45° diagonal and carries
75% of the variance.

Problem 2.26: The spectral norm as a stretch bound

Problem. A matrix A has singular values o = (3,1). What is the largest possible value of ||Az| over unit vectors
x, and in what direction is it achieved?

Solution. Writing « in the right-singular-vector basis, & = c1v1 + cov2 with ¢ 4 ¢ = 1, the image has squared length
HA:UH2 =02c? + 02¢% = 9¢% + 3. This is largest when all the weight sits on the top singular direction, ¢; = 1,¢2 = 0,
giving ||Az|| = o1 = 3, achieved at € = v1. So ||Az|| < o1]|z|| for every @, with equality along the top right singular
vector: the spectral norm ||A||2 = o1 = 3 is exactly the worst-case stretch the matrix applies.

Problem 2.27: The Cayley—Hamilton theorem on a 2 x 2
Problem. Verify that A = [% 7?] satisfies its own characteristic polynomial pa(A) = A* — 5\ + 6.

Solution. Cayley—Hamilton claims pa(A) = A? — 54 4+ 61 = 0 (the zero matrix). Compute the pieces. First

A= 200 P= [0 58] = [¥ Y] Then
2 _ |14 -—-10] (20 -10 6 0 [14-20+6 —-10+10+0f (O O
A _5A+61_{5 —1} {5 5 }4_{0 6]_{5—54—0 —1—5+6}_{0 0]

The theorem holds. One payoff: it lets you write A? = 54 — 6, reducing any power of A to a linear combination of A
and I, and (when A is invertible) it gives A~' = 3(51 — A) for free.
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Problem 2.28: Shifting a matrix shifts its eigenvalues
Problem. Given that A = [% 1] has eigenvalues 4,2, find the eigenvalues of A + 21.

Solution. If Av = Av then (A + cl)v = (A + ¢)v, so adding cI shifts every eigenvalue by ¢ and leaves the eigenvectors
untouched. With ¢ = 2 the eigenvalues become 6 and 4. A direct check agrees: A+2I =[5 1] has trace 10 = 6+4 and
determinant 24 = 6 - 4. This shift is exactly the trick ridge regression uses on A" A: adding AT lifts every eigenvalue
by A, pushing the smallest away from zero and curing near-singularity.

Problem 2.29: Determinant as the product of singular values
Problem. For A = [92] with singular values 3,2 (Problem 2.11), confirm |det A| = o103.

Solution. Directly, det A=0-0—2-3 = —6, so |det A| = 6, which equals o102 = 3 -2 = 6. The identity follows from
A = ULV and the multiplicativity of determinants: det A = det U det ¥ det V', and since U,V are orthogonal
their determinants are +1, leaving |det A| = det ¥ = [], 0;. Geometrically, |det A| is the volume scaling of the map,
and the SVD says that scaling is the product of the axiswise stretches o;.

Problem 2.30: Trace equals the sum of eigenvalues, 3 x 3
Problem. Confirm the trace identity for the triangular matrix A = {z % ﬂ of Problem 2.4.

Solution. The eigenvalues are the diagonal entries 2,3,4 (Problem 2.4), so their sum is 9. The trace is the diagonal
sum 2 + 3 +4 = 9. They match, as the identity tr A = ZZ i guarantees for every square matrix. The trace gives
a one-glance estimate of the eigenvalues’ total even when the individual values are hard to find, and combined with
det A = HZ Ai = 24 it pins down a great deal of the spectrum.

Problem 2.31: Eigenvalues of A?

Problem. Given that A = [% 1] has eigenvalues 4 and 2, find the eigenvalues of A? without squaring the matrix.

Solution. If Av = A\ then A%v = A(\wv) = Mv = A\?v, so A? has the same eigenvectors with squared eigenvalues.
The eigenvalues of A? are 4° = 16 and 2° = 4. A direct check agrees: A> = [0 ] has trace 20 = 16 + 4 and
determinant 64 = 16 - 4. More generally A* has eigenvalues A\*, which is why powers of a matrix are dominated by its
largest eigenvalue, the fact behind power iteration.

Problem 2.32: Eigenvalues of a projection

Problem. Show that the projection matrix P = %H 1] has eigenvalues 1 and 0, and explain why every projection
does.

Solution. The trace is 1 and the determinant is i(l -1 —1-1) = 0, so the eigenvalues satisfy A2 — X =0, giving

A =1 and A = 0. The eigenvector for 1 is (1,1) (the line P projects onto), and for 0 it is (1, —1) (the direction P
kills). Every projection satisfies P? = P, so its eigenvalues obey A% = ), forcing A € {0,1}: a projection leaves its
range fixed (eigenvalue 1) and annihilates its complement (eigenvalue 0). The number of 1s equals the rank, here 1.

Problem 2.33: Gershgorin disks
Problem. Use Gershgorin’s theorem to bound the eigenvalues of A = [$ 1], then compare with the true values.

Solution. Gershgorin’s theorem places every eigenvalue in a disk centered at a diagonal entry with radius the sum
of the absolute off-diagonal entries in that row. Row 1 gives the disk centered at 5 with radius 1, the interval [4, 6];
row 2 gives center 2, radius 1, the interval [1,3]. So the eigenvalues lie in [4,6] U [1, 3]. The true eigenvalues solve
AN —7A+9 =0ie \ = HT‘/E ~ 5.30 and 1.70, comfortably inside the two disks. Gershgorin gives a cheap,
no-arithmetic localization, useful for spotting whether a matrix is, say, diagonally dominant and hence invertible at
a glance.
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13.3. FURTHER EIGENVALUE AND SVD PRACTICE

Problem 2.34: Trace of A? is the sum of squared eigenvalues

Problem. For A = [3$ 1] (eigenvalues 4,2), verify tr(A%) =Y. A

Solution. The eigenvalues of A? are 16 and 4 (Problem 2.31), and the trace is the sum of eigenvalues, so tr(A4?) =
16 + 4 = 20. Directly, A> = [0 8] has trace 10 + 10 = 20. They agree. The identity tr(A?) = > A? holds for any

square matrix, and for a symmetric A it also equals the squared Frobenius norm Zij A?j =9+1+1+9 =20, linking
the eigenvalues directly to the raw entries.
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CHAPTER ].4

Problem Set 3: Probability, Distributions, and
Learning Theory

This set covers Chapters 5 to 7: Bayes’ theorem and base rates, expectation and variance, the binomial and Poisson
laws, maximum likelihood and conjugate Bayesian updates, covariance and correlation, the Gaussian under affine
maps and conditioning, and the concentration inequalities (Markov, Chebyshev, Hoeffding, Chernoff) with VC
dimension and the bias—variance split. Every probability is computed from the rules, every estimator derived, and
every bound stated with its constants.

14.1 Bayes, expectation, and estimation

Problem 3.1: A medical test and the base rate

Problem. A disease affects 2% of a population. A test is 99% sensitive (P(4 | D) = 0.99) and 95% specific (P(— |
—-D) =0.95). A patient tests positive. What is P(D | 4+)?

P(+ | D)P(D)
P(+)
positive (truly sick, or a false alarm), using P(+ | =D) =1 — 0.95 = 0.05:

Solution. By Bayes’ theorem, P(D | +) = . The evidence P(+) splits over the two ways to test

P(+) = 0.99(0.02) + 0.05(0.98) = 0.0198 + 0.0490 = 0.0688.

Therefore
0.0198
P(D = ~ 0.288.
(D]+) 0.0688 0.288

Even after a positive on a very accurate test, the patient is only about 29% likely to be sick, because the disease
is rare: the 0.98 x 0.05 false alarms nearly outnumber the 0.02 x 0.99 true detections. This base-rate effect is why
screening a low-risk population produces mostly false positives.

Problem 3.2: A second positive test

Problem. The patient from Problem 3.1 takes a second independent test and again tests positive. Update P(D |
++).

Solution. Bayesian updating is sequential: yesterday’s posterior is today’s prior. The new prior is P(D) = 0.288,
and we apply Bayes again with the same likelihoods:

B 0.99(0.288) B 0.2851 ~0.2851
©0.99(0.288) + 0.05(0.712) ~ 0.2851 4 0.0356 ~ 0.3207

P(D | +4) ~ 0.889.

Two independent positives push the probability from 29% to about 89%. Evidence compounds: each positive multi-
plies the odds in favor of disease by the likelihood ratio 0.99/0.05 & 20, so the rare disease becomes probable once
corroborated.
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14. PROBLEM SET 3: PROBABILITY, DISTRIBUTIONS, AND LEARNING THEORY

Problem 3.3: Total probability with two urns

Problem. Urn A (chosen with probability 0.7) holds 3 red and 7 blue balls; urn B (probability 0.3) holds 6 red and
4 blue. A ball is drawn at random and is red. What is P(A | red)?

Solution. First the total probability of red, summing over which urn was chosen:
P(red) = P(red | A)P(A) + P(red | B)P(B) = 0.3(0.7) 4+ 0.6(0.3) = 0.21 4+ 0.18 = 0.39.

Then invert with Bayes:

P(A | red) — % ~ 0.538.

Urn A is the more likely source (0.7 prior), but its lower red fraction pulls the posterior down to 54%. The prior
favors A while the likelihood favors B; Bayes weighs the two.

Problem 3.4: Expectation and variance of a discrete variable

Problem. A spinner shows 1,3,5 with probabilities 0.5,0.3,0.2. Compute E[X] and Var(X).
Solution. The expectation is the probability-weighted average:
E[X] = 1(0.5) + 3(0.3) + 5(0.2) = 0.5+ 0.9 + 1.0 = 2.4.

For the variance, take the second moment E[X?] = 1(0.5) 4+ 9(0.3) + 25(0.2) = 0.5 + 2.7 + 5.0 = 8.2 and subtract the
squared mean:

Var(X) = E[X?] — E[X]* = 8.2 — 2.4° = 8.2 — 5.76 = 2.44,

so the standard deviation is v/2.44 ~ 1.56. The mean 2.4 is the balance point of the three weighted outcomes, and
the spread of about 1.56 says a spin typically lands within one and a half of that center.

Problem 3.5: Binomial mean and variance

Problem. Let X ~ Binomial(20,0.25). Find E[X], Var(X), and the standard deviation.

Solution. A binomial counts the successes in n independent Bernoulli trials, so its mean and variance add over the
trials:

E[X] = np = 20(0.25) = 5, Var(X) = np(1 — p) = 20(0.25)(0.75) = 3.75,

and the standard deviation is v/3.75 ~ 1.94. On average 5 of the 20 trials succeed, give or take about two. The

variance is largest at p = % and shrinks toward the extremes, where outcomes become predictable.

Problem 3.6: Maximum likelihood for a coin

Problem. A coin lands heads 7 times in 10 flips. Find the maximum likelihood estimate of the bias p.

Solution. The likelihood of m = 7 heads in n = 10 flips is " (1 — u)®. Maximize its logarithm £(z) = 7In g 4 31In(1 —

1):
7 3 7
Op=—-———=0= T1—-p)=3p = f=—=07.
(1) R (1—p)=3u =15
The MLE is the sample frequency m/n. The second derivative is negative throughout (0,1), confirming a maximum.
With only ten flips this estimate is noisy and assigns zero probability to events it has not seen, the shortcoming the
Bayesian prior repairs next.
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14.2. DISTRIBUTIONS, COVARIANCE, AND THE GAUSSIAN

Problem 3.7: A Beta—Bernoulli posterior

Problem. Place a Beta(2,2) prior on the coin’s bias and observe the 7 heads, 3 tails of Problem 3.6. Give the
posterior, its mean, and the MAP estimate.

Solution. The Beta is conjugate to the Bernoulli, so the posterior just adds the counts to the prior parameters as
pseudo-observations:
Beta(a +m, b+n—m) =Beta(2+ 7, 2+ 3) = Beta(9,5).
/ /
-1

Its mean is Iaibl A ~ 0.643, and the MAP (the mode) is h = 18—2 ~ 0.667. Both sit below the

a _
MLE of 0.7, pulled toward the prior’s center of 0.5. The prior’s two phantom heads and two phantom tails act as a
smoothing cushion, which matters most when data is scarce and vanishes as n grows.

Problem 3.8: Law of total probability

Problem. On 30% of mornings there is heavy traffic. The probability of being late is 0.6 with traffic and 0.1 with-
out. Find the overall probability of being late, and the probability there was traffic given you were late.

Solution. Total probability sums over the two traffic states:
P(late) = 0.6(0.3) + 0.1(0.7) = 0.18 + 0.07 = 0.25.

Inverting with Bayes,
0.6(0.3) 0.18
P(traffic | late) = ———~ = —— = 0.72.
(traffic | late) = =555~ = 0.25
Being late raises the probability of traffic from the 30% base rate to 72%, because lateness is far more likely under
traffic. This is the same two-step pattern as the urn and disease problems: marginalize to get the evidence, then

divide to invert.

14.2 Distributions, covariance, and the Gaussian

Problem 3.9: Multinomial maximum likelihood

Problem. A die-like categorical variable with three faces is rolled 100 times, giving counts (30,50, 20). Find the
MLE of the face probabilities.

Solution. Maximizing the multinomial log-likelihood Zk mg In p, subject to kak = 1 with a Lagrange multiplier
gives the intuitive answer: each probability is its observed frequency,

N

The constraint is what forbids simply setting each pj as large as possible; the multiplier ties them together so they
sum to one. As with the coin, the MLE is the empirical frequency.

N m, A
pe= ™ opo (% S0 %) = (0.3,0.5,0.2).

Problem 3.10: Sample covariance and correlation

Problem. For the four points (1,1),(2,3), (3,2), (4,4), compute the sample covariance matrix (dividing by n) and
the correlation coefficient.

Solution. The mean is (Z,y) = (2.5,2.5), so the centered points are (—1.5, —1.5), (—0.5,0.5), (0.5, —0.5), (1.5, 1.5).
Then
Var(z) = 2:25+0.2540.2542.35 — 1 95 = Var(y) = 1.25,

— (Z15)(=1.5)+(=0.5)(0.5)+(0.5)(=0.5)+(1.5)(1.5) _ 2.25-0.25-0.25+2.25 _ |
1 1 :

Cov(z,y)
So ¥ =['25,%.] and the correlation is
1
Cov(z,y) _ 1 _ 0.8,

P \/Var(z) Var(y) 125

a strong positive association: the points trend upward together but not perfectly.
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Problem 3.11: From covariance to correlation

Problem. Two variables have covariance matrix [§ 5]. Find their correlation coefficient.
Solution. The diagonal gives the variances 0% = 9 and 02 = 16, so ox = 3, oy = 4. The off-diagonal is the
covariance 6, so

6 6

The correlation strips out the units: although the raw covariance is 6, the moderate value p = 0.5 shows only a
middling linear relationship once each variable is standardized by its own spread.

Problem 3.12: A Gaussian under an affine map

Problem. Let X ~ N(2,9) and Y = —2X + 1. Find the distribution of Y.

Solution. An affine function of a Gaussian is Gaussian. The mean transforms by the same affine map, E[Y] =
—2(2) + 1 = —3, while the variance picks up the square of the multiplier, Var(Y) = (—2)? Var(X) = 4(9) = 36. So

Y ~ N (=3, 36),

with standard deviation 6. The constant +1 shifts the center but never the spread, and the factor —2 both flips and
doubles the scale, which is why the variance quadruples.

Problem 3.13: A sum of independent Gaussians
Problem. Let X ~ N (1,2) and Y ~ N(3,5) be independent. Find the distribution of X + Y.
Solution. Independent Gaussians add to a Gaussian, with means and variances each summing;:
X+Y ~N(1+3,24+5)=N(4, 7).
The standard deviation is v/7 ~ 2.65, not v/2 + v/5 &~ 3.65: independent spreads combine in quadrature, not by simple
addition. Independence is essential; with correlation a cross term 2 Cov(X,Y') would appear in the variance.
Problem 3.14: Gaussian conditioning
Problem. For a zero-mean joint Gaussian with covariance ¥ = [$ 3], find E[Y | X = z] and Var(Y | X).
Solution. The conditional of a joint Gaussian is Gaussian with

Yy x 3 1 ¥ x
= =—x=z Var(Y | X) =X —
Sx T 9 T =3, ar(Y | X) Yy Sx

E[Y | X = 1]

The conditional mean is linear in x with slope %, which is exactly the least-squares regression coefficient, and condi-

tioning on X shrinks Y’s variance from 4 to 3, the uncertainty that knowing X removes.

Problem 3.15: Mahalanobis distance
Problem. For a zero-mean Gaussian with 3 = [ {], find the squared Mahalanobis distance of the point = (2, 1).

Solution. The squared Mahalanobis distance is ¢ ' £~ 'z. With X diagonal, X7 = diag(i, 1), so

. L 92 12
> = — 4+ —=14+1=2.
T T 4+1 +

Each coordinate is divided by its own variance before squaring, so the distance counts standard deviations, not
raw units: the point is 1 standard deviation out along the wide z-axis (variance 4) and 1 along the narrow y-axis
(variance 1). Mahalanobis distance is what makes the Gaussian’s level sets ellipses rather than circles.
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14.3. CONCENTRATION AND LEARNING THEORY

Problem 3.16: A Poisson probability

Problem. Calls arrive at rate A = 4 per hour, Poisson distributed. Find the probability of exactly 2 calls in an
hour.

Solution. The Poisson law gives

B AZe? B 424
o2 T2

P(X =2) =8¢~ * ~ 8(0.0183) = 0.147.

About a 15% chance. The Poisson’s mean and variance both equal A = 4, so the typical count is 4 give or take 2,
and seeing only 2 calls is a mild below-average hour.
Problem 3.17: A Dirichlet posterior

Problem. With a uniform Dirichlet(1,1,1) prior on three categories and observed counts (4, 2,4), find the posterior
and its mean.

Solution. The Dirichlet is conjugate to the multinomial, so the posterior adds the counts to the prior parameters:
Dirichlet(1 4+ 4, 1+ 2, 1+ 4) = Dirichlet(5, 3, 5).
Its mean is each parameter over their sum 5+ 3+ 5 = 13:

(%, T %) ~ (0.385,0.231, 0.385).

Compared with the raw frequencies (0.4,0.2,0.4), the uniform prior nudges every estimate gently toward %, the
multivariate version of the Beta’s smoothing.

14.3 Concentration and learning theory

Problem 3.18: Markov’s inequality

Problem. A nonnegative random variable has mean 5. Bound P(X > 20).

Solution. Markov’s inequality, for X > 0 and a > 0, says P(X > a) < E[X]/a:

5
> < — =0.25.
P(X >20) < 75 =025

At most a 25% chance of reaching four times the mean. This bound uses only the mean and nonnegativity, so it is
weak but completely distribution-free; with knowledge of the variance, Chebyshev sharpens it.

Problem 3.19: Chebyshev’s inequality

Problem. A variable has mean 100 and standard deviation 10. Bound the probability it deviates from 100 by at
least 30.

Solution. Chebyshev’s inequality says P(|X — u| > ko) < 1/k?, here with ko = 30, i.e. k = 3:

2
o 100 1
P(|X —100/ > 30) < — = — = — = 0.111.
( [230) < 02 900 9
At most 11% of the mass lies three or more standard deviations out, again for any distribution with this variance.
For a Gaussian the true tail is far smaller (about 0.3%), which is the gap a distribution-specific bound like Hoeffd-
ing closes.
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Problem 3.20: Hoeffding sample complexity

Problem. How many independent bounded samples guarantee that the sample mean is within € = 0.05 of the true
mean with probability at least 0.957

Solution. Hoeffding’s two-sided bound is P(|X — u| > ¢€) < 2e2ne” Setting the right side to § = 0.05 and solving for
n7
. In(2/d) _ In(40) _ 3.689

= = =~ 738.
- 2e? 2(0.05)2  0.005

So about 738 samples suffice. The accuracy demand e enters as 1/ €2, so halving the tolerance quadruples the sam-
ple size, while the confidence § enters only logarithmically and is cheap to improve.

Problem 3.21: A Chernoff bound

Problem. A fair coin is flipped 1000 times. Use the Chernoff bound to bound P(X > 600), where X is the number
of heads.

—nKL(q [l p)
b

Solution. The Chernoff bound for a sum of Bernoulli(p) variables gives P(X > q) < e where the binary

relative entropy is KL(¢|lp) = ¢ln £ + (1 — ¢)In if_g. With ¢ = 0.6, p = 0.5,
KL(0.6/[0.5) = 0.61n 2:2 4+ 0.41n 2 ~ 0.0201,

S0
P(X > 600) < o~ 1000(0.0201) _ ,=20.1 4 g v 1079,

The exponential decay in n makes this astronomically smaller than the Chebyshev or Markov bounds would give: at
1000 flips, 600 heads is essentially impossible for a fair coin.

Problem 3.22: VC dimension of intervals

Problem. Let H be the class of closed intervals [a, b] on the real line, labeling a point 1 if it lies inside. Find
dvc(H).

Solution. Two points can be shattered: an interval can include both, exclude both, include only the left (put [a, ]
around it alone), or include only the right, realizing all four labelings, so dvc > 2. Three points z1 < z2 < z3
cannot be shattered: the labeling (1,0, 1), including the outer two but not the middle, is impossible, since any in-
terval containing x1 and z3 must contain everything between, including x2. Hence no set of three is shattered and
dvc(H) = 2. The VC dimension counts the effective parameters here, the two endpoints.

Problem 3.23: The union bound and multiple comparisons

Problem. You test 5 models, each with at most a 2% chance of looking good by luck. Bound the probability that
at least one looks good by luck.

Solution. The union bound caps the probability of a union by the sum of probabilities, with no independence
needed:

5 5
P(U E) < "P(E;) < 5(0.02) = 0.10.
i=1 =1

At most a 10% chance some model fools you. Testing more hypotheses inflates the chance of a false discovery, which
is the multiple-comparisons problem and the reason a finite hypothesis class of size K pays a In K price in its gener-
alization bound.
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Problem 3.24: The bias—variance decomposition

Problem. An estimator has bias 0.2, variance 0.05, and the data carries irreducible noise of variance 0.1. Find the
expected squared error.

Solution. The mean squared error splits into three nonnegative pieces:
MSE = bias” + variance + noise = 0.2 + 0.05 + 0.1 = 0.04 + 0.05 4 0.10 = 0.19.

The bias enters squared, so 0.2 of bias costs 0.04. Lowering model complexity raises bias but lowers variance, and
the reverse for a richer model; the sweet spot minimizes their sum. The noise term 0.1 is irreducible: no estimator
can beat it.

Problem 3.25: A confidence interval from the CLT

Problem. From n = 100 samples with sample mean 50 and known population standard deviation 20, give a 95%
confidence interval for the true mean.

Solution. The central limit theorem makes the sample mean approximately Gaussian with standard error o//n:

sp= 20 _o
100

A 95% interval reaches 1.96 standard errors either side of the sample mean:
50 + 1.96(2) = 50 £ 3.92 = [46.08, 53.92].
The width shrinks as 1/+/n, so quadrupling the sample halves the interval. This is the law of large numbers made
quantitative: more data sharpens the estimate at a predictable rate.
Problem 3.26: Entropy of a distribution

Problem. Compute the entropy (in bits) of the distribution p = (0.5, 0.25,0.25).
Solution. Entropy is H(p) = — kak log, pi, the average number of bits to encode an outcome:
H = —(0.510g, 0.5 + 0.25log, 0.25 + 0.25log, 0.25) = —(0.5(—1) + 0.25(—2) + 0.25(=2)) = 0.5+ 0.5+ 0.5 = 1.5 bits.

This sits between the 0 bits of a certain outcome and the log, 3 ~ 1.58 bits of a uniform distribution over three
values; the slight imbalance toward the first outcome makes p a touch more predictable than uniform, so it carries a
little less than the maximum entropy. For a two-outcome variable the entropy traces the curve of Fig. 14.1.

H(p) bits

Figure 14.1. The binary entropy H(p) = —plog, p — (1 — p) log, (1 — p) of a two-outcome variable. Uncertainty is greatest at
p= %, one full bit, and vanishes at the certain extremes p = 0 and p = 1. The shape mirrors the Bernoulli variance p(1 — p),
which peaks at the same place: a fair coin is the hardest to predict and the most variable.
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14.4 Further probability practice

Problem 3.27: Mean of a geometric distribution

Problem. Trials succeed independently with probability p = 0.2. What is the expected number of trials until the
first success?

Solution. The number of trials until the first success is geometric, with P(X = k) = (1 — p)* " 'p. Its mean is
E[X] = 1/p, which one can derive from the recursion E[X] = 1 + (1 — p)E[X] (one trial always happens; with
probability 1 — p we start over). Solving, pE[X] = 1, so

EX]=L=1

=— =35.
p 0.2

On average it takes five trials. The lower the success probability, the longer the wait, inversely; this is the distribu-
tion of “how many attempts until it works,” from coin flips to retries on a flaky network.

Problem 3.28: The exponential distribution

Problem. Waiting times are exponential with rate A = 2 per hour. Find the mean wait and P(X > 1).

Solution. The exponential density is Ae >® for 2 > 0, with mean 1/

E[X] = % _ % hour, P(X>1)=e ™ =e 2~ 0.135.

So the average wait is half an hour, and there is about a 13.5% chance of waiting more than an hour. The exponen-
tial is memoryless, P(X > s+t | X > s) = P(X > t): having waited already tells you nothing about the remaining
wait, the continuous cousin of the geometric and the model for inter-arrival times in a Poisson process.

Problem 3.29: Variance of a sum with covariance

Problem. Two variables have Var(X) =4, Var(Y) =9, and Cov(X,Y) = 2. Find Var(X +Y).
Solution. The variance of a sum carries a cross term:
Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y) =4+ 9+ 2(2) = 17.

The positive covariance inflates the sum’s variance beyond the 4 + 9 = 13 that independence would give: when X and
Y tend to move together, their sum swings wider. Had the covariance been —2, the variance would have dropped to
9, the basis of diversification, where negatively correlated assets reduce total risk.

Problem 3.30: Variance of the sample mean

2

Problem. A measurement has variance 0 = 16. You average n = 4 independent measurements. What is the

variance of the average, and the standard error?

Solution. For independent measurements the variance of the mean is o2 /n:

2
Var(X) = % _ 16 4, standard error = V4 = 2.

Averaging four measurements quarters the variance and halves the standard error from 4 to 2. The 1/n law is why
more data sharpens an estimate, and the 1/y/n on the standard error is the rate: to halve the error you need four
times the data, the same scaling behind confidence intervals and the law of large numbers.
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14.4. FURTHER PROBABILITY PRACTICE

Problem 3.31: Bayes with three hypotheses

Problem. Three machines make a part: A (50% of output, 2% defective), B (30%, 3%), C (20%, 5%). A part is
defective. Find P(A | def) and P(C' | def).

Solution. Total probability of a defect sums over the three sources:
P(def) = 0.5(0.02) + 0.3(0.03) + 0.2(0.05) = 0.010 + 0.009 + 0.010 = 0.029.

Then Bayes for each machine:

0.010 0.010
P(A f)=—— ~0.34 P f) = —— ~ 0.345.
(A | def) 0.029 0.345, (C'| def) 0.029 0.345

Machines A and C' are equally likely culprits despite very different sizes: A makes many parts but rarely fails, while
C makes few but fails often, and the two effects (0.5 x 0.02 versus 0.2 x 0.05) exactly cancel. Bayes weighs volume
against defect rate.

Problem 3.32: Covariance from a joint table

Problem. Discrete X,Y € {1,2} have joint probabilities P(1,1) = 0.3, P(1,2) = 0.2, P(2,1) = 0.1, P(2,2) = 0.4.
Find Cov(X,Y).

Solution. Compute the needed expectations. The marginals give E[X] = 1(0.3 +0.2) +2(0.1+04) =0.54+1.0=1.5
and E[Y] =1(0.3 4+ 0.1) + 2(0.2 + 0.4) = 0.4 4+ 1.2 = 1.6. The cross moment is

E[XY]=1-1(0.3) +1-2(0.2) +2-1(0.1) +2-2(0.4) = 0.3+ 0.4+ 0.2 + 1.6 = 2.5.

Therefore Cov(X,Y) = E[XY] — E[X]E[Y] = 2.5 — 1.5(1.6) = 2.5 — 2.4 = 0.1. The small positive covariance reflects
the heavy P(2,2) = 0.4 corner: large X and large Y occur together a little more than independence would predict.

Problem 3.33: A sum of Poissons

Problem. Independent Poisson counts have rates A\1 = 2 and A2 = 3. What is the distribution of their sum, and
P(sum = 0)?

Solution. Independent Poissons add to a Poisson whose rate is the sum of the rates: X; + X5 ~ Poisson(2 + 3) =
Poisson(5). The probability of zero total is

Only about a 0.7% chance of no events when five are expected. The additivity of rates is why Poisson processes
merge cleanly: combining two independent streams gives a third Poisson stream at the combined rate.

Problem 3.34: A z-score

Problem. A score of 85 comes from a distribution with mean 70 and standard deviation 10. Find its z-score and
interpret it.

Solution. The z-score standardizes by subtracting the mean and dividing by the standard deviation:

r—p 8 —-70

1.5.
o 10 o

z =

The score sits 1.5 standard deviations above the mean. Standardization removes units and recenters, so a z of 1.5
is comparable across any distribution; under a Gaussian it corresponds to roughly the 93rd percentile. This is the
same rescaling that turns a general Gaussian into the standard N'(0,1) and that whitening applies coordinatewise.
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Problem 3.35: A KL divergence

Problem. Compute the Kullback—Leibler divergence KL(p || ¢) between two Bernoullis with p = 0.7 and ¢ = 0.5 (in
nats).

Solution. For Bernoullis, KL(p[lg) = pIn 2 + (1 —p)In 1p

17q:
0.7 0.3
KL(0.7]]0.5) = 0.7 In 05 +0.31n 05 = 0.7(0.3365) + 0.3(—0.5108) =~ 0.0823.
The divergence is positive (it is zero only when p = ¢) and asymmetric in general. It measures the extra nats needed

to encode samples from p using a code built for ¢, and it is the quantity the Chernoff bound’s exponent uses and
that maximum likelihood implicitly minimizes between the data and the model.

Problem 3.36: Maximum likelihood for a Poisson rate

Problem. Counts {3,5,4} are observed from a Poisson. Find the MLE of the rate A.

Solution. The Poisson log-likelihood for counts z; is £(A) = > (z;In A — \) (dropping constants). Differentiating,

(X)) =>",(xi/A—1) =0 gives A = £ 3" z;, the sample mean: '
3+5+4

A= 4,
3

As for the Bernoulli and multinomial, the Poisson MLE is just the empirical average. The second derivative

— Zl xi/ A? < 0 confirms a maximum, and since the Poisson mean equals )\, estimating the rate by the sample mean

is the natural moment match.

Problem 3.37: A confidence interval’s width

Problem. With known ¢ = 15 and n = 25 samples, what is the half-width of a 95% confidence interval for the
mean?

Solution. The half-width is 1.96 standard errors, and the standard error is o//n:

o 15 15
1.96 — =196 — = 1.96 — = 1.96(3) = 5.88.
N = : 3)
So the interval reaches 5.88 either side of the sample mean. To halve this width you would need four times the data
(n = 100), the 1/4/n law again. The factor 1.96 is the 97.5th percentile of the standard Gaussian, capturing the
central 95%.

Problem 3.38: Where the Bernoulli variance is largest
Problem. The variance of a Bernoulli is p(1 — p). Show it is maximized at p = % and give the maximum.

Solution. Differentiate v(p) = p(1 — p) = p — p*: v'(p) =1 —2p = 0 gives p = 3, and v"/(p) = —2 < 0 confirms a
maximum. The maximum variance is %(1 — %) = i = 0.25. A fair coin is the most uncertain Bernoulli; as p moves
toward 0 or 1 the outcome becomes predictable and the variance falls to 0. This is why p = % is the hardest bias to
estimate and why balanced classes carry the most label entropy.
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CHAPTER ].5

Problem Set 4: Vector Calculus and
Optimization

This set covers Chapters 8 and 9: gradients, Jacobians, the chain rule and backpropagation, Hessians and convexity,
gradient descent and Newton’s method, then linear programming, Lagrange multipliers, duality, and the KKT condi-
tions. Every derivative is taken componentwise, every descent step traced on numbers, and every optimum checked
against the conditions that certify it.

15.1 Gradients, Jacobians, and the chain rule

Problem 4.1: A gradient
Problem. Find the gradient of f(z,y) = 22 4 32y + 2y* and evaluate it at (1,2).

Solution. Differentiate with respect to each variable, holding the other fixed:

Vf= (%’%) = (2z + 3y, 3z +4y).

At (1,2) this is (2 +6, 3+ 8) = (8,11). The gradient points in the direction of steepest ascent, so f increases fastest
from (1,2) along (8,11), and the negative gradient (—8,—11) is the direction gradient descent would step.

Problem 4.2: A Jacobian

Problem. For F(z,y) = (z®y, = + y*), compute the Jacobian and evaluate it at (2,1).

Solution. The Jacobian stacks the gradients of each output as rows:

d(xy)/0x  O(aPy)/dy } B [21‘3/ 9:2}
Az +y?)/ox dx+yH)/oy| |1 2|’

At (2,1) this is [44]. The Jacobian is the best linear approximation of F' near the point; its determinant 4-2—4-1 =4
is the local area-scaling factor of the map.

Problem 4.3: The chain rule
Problem. Let h(z) = In(2* + 1). Find 7/(z) and »'(2).

Solution. Write h = f(g(z)) with g(x) = »®> + 1 (inner) and f(u) = Inu (outer). The chain rule multiplies the
derivatives, outer evaluated at the inner times inner:

2x

o M@=

W(@) = —— - g(x) = :

This is backpropagation in miniature: the derivative flows from the outer In back through the inner square, each
layer contributing one factor.
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15. PROBLEM SET 4: VECTOR CALCULUS AND OPTIMIZATION

Problem 4.4: A critical point and the Hessian test
Problem. Find and classify the critical point of f(z,y) = 2* — zy + y°.

Solution. Set the gradient to zero: Vf = (2z —y, —z + 2y) = 0 gives y = 2z and = = 2y, so x = 4z and the only
solution is (0,0). The Hessian is constant,
2, |2 -1
s[4 3]

with eigenvalues from (2 — X\)> — 1 =0, i.e. A = 3,1, both positive. The Hessian is positive definite, so (0,0) is a strict
local (indeed global, since f is convex) minimum, where f = 0.

Problem 4.5: Gradient descent on an elliptical bowl
Problem. Minimize f(z,y) = %(zQ + 49°) by gradient descent with step o = 0.2 from (1, 1). Trace four iterations.

Solution. The gradient is Vf = (z, 4y), so the update (z,y) < (z,y) — a(z, 4y) multiplies each coordinate by its
own factor: z <— (1 —0.2)z = 0.8z and y + (1 — 0.8)y = 0.2y.

(1,1) = (0.8, 0.2) — (0.64, 0.04) — (0.512, 0.008).
The steep y-direction (curvature 4) collapses fast as 0.2, while the gentle x-direction (curvature 1) crawls as 0.8".

The slow direction sets the pace, the hallmark of an ill-conditioned bowl, and the reason momentum and precondi-
tioning help (Fig. 15.1).

1,1

min

Figure 15.1. Gradient descent zig-zags across the elliptical contours of f = %(12 + 4y?): the steep y-direction is killed in
one or two steps, then the iterate creeps along the shallow x-axis toward the minimum at the origin.

Problem 4.6: Newton’s method computes a square root

Problem. Use Newton’s method on f(z) = 2° — 2 from 29 = 1 to compute v/2. Trace three iterations.

Solution. Newton’s update is z¢y1 = x+ — }c/((xt)) with f’(x) = 2z, which simplifies to the classic averaging iteration
Tt
T *mfﬁ_zfl(m +z>
e 2z, 2\ " &)

1.41667
to five digits. Newton doubles the number of correct digits each step (quadratic convergence) once close, because it

models f by its tangent line and lands at the tangent’s root.

From zo = 1: @1 = 1(142) = 1.5; w2 = 3(1.5+ %) = 1.41667; x5 = £ (1.41667 + ies7) = 1.41422, already correct
(
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15.2. LINEAR PROGRAMMING AND DUALITY

Problem 4.7: A directional derivative

Problem. For f(z,y) =z + %2, find the directional derivative at (3,4) in the direction of the unit vector w = (1,0),
and the direction of fastest increase.

Solution. The gradient is Vf = (2z,2y) = (6,8) at (3,4). The directional derivative is the gradient projected onto
u:
Duf =Vf u=(6,8)"(1,0)=6.

The fastest increase is along the gradient itself, direction (6,8)/10 = (0.6, 0.8), at the rate |V f| = /36 + 64 = 10.
Moving along (1,0) captures only the z-component 6 of that maximal 10.

Problem 4.8: A convexity check
Problem. Is f(z) = z* convex on R?

Solution. A twice-differentiable one-variable function is convex exactly when f” > 0 everywhere. Here f’(z) = 4a®
and f”(x) = 122% > 0 for all z, so f is convex. It is not strictly convex in the second-derivative sense at x = 0
(where f” = 0), yet it is still strictly convex as a function, a reminder that f” > 0 is sufficient but not necessary for
strict convexity.

Problem 4.9: One step of logistic-regression gradient

Problem. A logistic model has weights 8 = 0. For a single example x = (1,2) with label y = 1, compute the
gradient of the cross-entropy loss.

Solution. The predicted probability is p = o(0' ) = ¢(0) = 0.5. The cross-entropy gradient for one example is
(p—y)z:
Vi=(p—y)z=(05-1)(1,2) = (—0.5,—1.0).

A descent step 8 < 08 — aV{ moves the weights in the direction (0.5,1.0), raising 0" x and so raising the predicted
probability on this positive example. The “prediction minus target” form (p — y) is the same residual shape as linear
regression.

15.2 Linear programming and duality

Problem 4.10: A linear program by vertex enumeration
Problem. Maximize 3x + 2y subject to x +y <4, 2 <3,y <3, z,y > 0.

Solution. The feasible region is a polygon, and a linear objective is maximized at a corner. The vertices and objec-
tive values are

(0,0):0, (3,0):9, (3,1):11, (1,3):9, (0,3):6,

where (3, 1) is the intersection of x = 3 and = + y = 4. The maximum is 11 at (3, 1), where the two constraints z < 3
and = +y < 4 are both active. The objective increases in the direction ¢ = (3,2), and the corner farthest along that
direction wins (Fig. 15.2).

Problem 4.11: A Lagrange multiplier

Problem. Minimize z* + y* subject to z + 2y = 10.

Solution. At the constrained minimum the gradient of the objective is parallel to the gradient of the constraint:
V(z? + %) = AV(z + 2y), i.e. (22,2y) = A(1,2). So 2z = X and 2y = 2\, giving y = 2z. Substituting into the

constraint z-+2(2z) = 10 gives bz = 10, so = 2, y = 4, and A = 4. The minimum value is 2% +42 = 20. Geometrically
(2,4) is the point of the line closest to the origin, the foot of the perpendicular, and /20 is that shortest distance.
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AN

/C:w) (3,1), obj 11
x+y=4
> T

Figure 15.2. The feasible polygon (shaded) and the objective direction ¢ = (3,2). The maximum sits at the vertex (3, 1),
the corner farthest along ¢, where two constraints are active.

Problem 4.12: KKT with an inequality constraint
Problem. Minimize (z — 3)% + (y — 2)? subject to 2 +y < 4.

Solution. First test whether the constraint is active. The unconstrained minimum is (3,2), but 3+ 2 = 5 > 4 violates
x + y < 4, so the constraint binds and we minimize on the line z + y = 4. By KKT, Vf = uV(4 — x — y) form, or
directly project (3,2) onto =z +y = 4:

(3+2)—4

5 (1,1) = (3,2) — 2(1,1) = (2.5, 1.5).

(z,y) = (3,2) -

The objective value is (2.5 — 3)% + (1.5 — 2)? = 0.25 + 0.25 = 0.5. The multiplier is positive (x = 1 > 0) and the
constraint is tight, so all KKT conditions, stationarity, primal and dual feasibility, and complementary slackness,
hold; for this convex problem they certify the global minimum.

Problem 4.13: The dual of a linear program

Problem. Write the dual of the LP in Problem 4.10 and verify strong duality.

Solution. The primal is max 3z + 2y subject to x +y < 4, x < 3, y < 3. With one dual variable per constraint
(u, v, w > 0), the dual is

min du+3v+3w st. u+v>3, utw>2, u,v,w>0.

At the primal optimum (3, 1), the constraints z+y < 4 and z < 3 are active while y < 3 is slack, so by complementary
slackness w = 0 and the first two dual constraints are tight: v+ v =3 and u + w = 2, giving u = 2, v = 1. The dual
objective is 4(2) 4+ 3(1) + 3(0) = 11, equal to the primal optimum: strong duality holds. The dual values u = 2,v =1
are the shadow prices of the binding resources.

15.3 The optimization landscape and Taylor expansion

Problem 4.14: Unconstrained quadratic minimization
Problem. Minimize f(z) = 2" Az — b @ with A =[29] and b= (2,8).

Solution. The gradient is Vf = Az — b, and setting it to zero gives the linear system Ax = b:

{(2) Z}w: E} = m:(%,%):(lﬂ).

Because A is positive definite (eigenvalues 2,4 > 0), f is strictly convex and (1, 2) is the unique global minimum.
This is the prototype every least-squares problem reduces to: minimizing a positive-definite quadratic is the same as
solving Az = b.
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15.3. THE OPTIMIZATION LANDSCAPE AND TAYLOR EXPANSION

Problem 4.15: When does gradient descent converge?

Problem. For f(z) = %332, the gradient-descent update is x - & — ax. For which step sizes a does it converge, and

what happens at o = 2.57

Solution. The update is 2:4+1 = (1 — @)z, so ¢ = (1 — a)'zo, which decays to zero exactly when |1 — | < 1, i.e.
0 < a < 2. At a = 0.5 the factor is 0.5 and the iterate halves each step; at @ = 1 it reaches the minimum in one
step; at a = 2.5 the factor is 1 — 2.5 = —1.5, whose magnitude exceeds 1, so the iterate diverges, oscillating with
growing amplitude. The stable range 0 < o < 2/L (here L = f” = 1) is the bound every quadratic obeys, and
overshoot past 2/L is the classic “learning rate too large” failure.

Problem 4.16: The softmax
Problem. Compute the softmax of the logits z = (1,2, 3).

Solution. The softmax exponentiates and normalizes: pi = €%/ Zj e®. The exponentials are e! = 2.718, e? =
7.389, €3 = 20.086, summing to 30.19, so

p= (g(ﬁg, r.os9 230691896) ~ (0.090, 0.245, 0.665).

The probabilities are positive and sum to 1, and the largest logit gets the largest share. Softmax is the multiclass
generalization of the logistic sigmoid, and the gap between 0.245 and 0.665 shows how it sharpens differences
through the exponential.

Problem 4.17: A second-order Taylor expansion
Problem. Give the second-order Taylor expansion of e® about 0 and use it to approximate €.
Solution. With f(z) = e”, every derivative at 0 is 1, so

e~ f0)+ f'(O)z+ 2" (0)a* =1+ + 2.

At z = 0.1 this gives 1 + 0.1 4+ 0.005 = 1.105, against the true e®! = 1.10517..., an error of about 2 x 10~
The quadratic term 2?/2 is exactly the curvature correction a Newton step uses; keeping it turns a linear tangent
estimate into a far more accurate parabola.

Problem 4.18: A Hessian in three variables
Problem. Find the Hessian of f(z,y,z2) = z° + y* + 2% + 2y and decide whether f is convex.

Solution. The Hessian collects all second partials. The only cross term is xy, contributing 8* f /0z0y = 1:

V=

(=
S N =
N OO

It is constant and symmetric. Its eigenvalues are 2 (from the isolated z block) and the eigenvalues of [ 3], namely 3
and 1. All three eigenvalues {3,2, 1} are positive, so the Hessian is positive definite and f is strictly convex, with its
unique minimum at the origin.

Problem 4.19: A one-dimensional second-derivative test

Problem. Find and classify the critical points of f(z) = z* — 3z.

Solution. Set f'(z) = 32 —3 = 0, so x = 1. The second derivative is f”(z) = 6x: at x = 1, f/ = 6 > 0, a local
minimum with f(1) = —2; at z = —1, f” = —6 < 0, a local mazimum with f(—1) = 2. The cubic rises, dips to a

valley at x = 1, after cresting a hill at + = —1. This is the nonconvex case where a zero derivative alone cannot tell
minimum from maximum; the sign of the curvature decides.
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Problem 4.20: The gradient is the direction of steepest ascent

Problem. For f with Vf = (3,4) at a point, what is the maximum rate of increase there, and along which unit
direction?

Solution. The directional derivative Dy f = Vf u = ||V f| cos® is largest when u aligns with the gradient (¢ = 0).

The maximum rate is
IVFfll=+32+42 =5,

achieved along the unit gradient u = (3,4)/5 = (0.6,0.8). Every other direction gives less, and the perpendicular
directions give zero change, which is why contour lines run perpendicular to the gradient.

15.4 Further calculus and optimization practice

Problem 4.21: Gradient of a quadratic form

Problem. For the quadratic form f(x) = " Az with the symmetric A = [2 1], find Vf and evaluate it at (1,2).

Solution. For symmetric A, the gradient of & " Az is 24z (the two appearances of @ each contribute Az, and sym-

metry merges them). So
2 1|1 4
cretemal ][ =[] -0

This is the matrix-calculus identity behind the normal equations: differentiating ||Az — b||® uses exactly
V(z" AT Az) = 2AT Ax.

Problem 4.22: A constrained maximum on the circle

Problem. Maximize = + y subject to 2 + y* = 1.

Solution. By Lagrange multipliers, V(z + y) = AV(z? + y?) gives (1,1) = A(2z,2y), so x = y. The constraint
22 + 42 =1 then forces 222 =1, ie. s =y = %, and the maximum value is x +y = % = /2 &~ 1.414. Geometrically
the objective z + y has gradient (1, 1), so it is largest where the circle’s outward normal points along (1,1), the point

%(1, 1). This is the unit-vector version of the Cauchy-Schwarz bound = (1,1) < ||z v/2.

Problem 4.23: Partial derivatives

Problem. For f(z,y, z) = 2%y + sin z, find the three partial derivatives at (2,3,0).

Solution. Differentiate with respect to each variable, treating the others as constants:

O _ gpy = 1o, Yy s~ cos0 =
8x72zy72(2)(3)712’ 8y7$ =4, azfcoszfcos()fl.

So Vf(2,3,0) = (12,4,1). Each partial isolates the function’s sensitivity to one input; stacked together they form
the gradient, the direction the function climbs fastest.

Problem 4.24: A Newton step in two dimensions

Problem. Minimize f(z,y) = 2> + zy + y? — 3z with one Newton step from (0, 0).

Solution. The gradient is Vf = (22 +y — 3, = + 2y), so at (0,0) it is (—3,0). The Hessian is constant, V2f = [21],

with inverse % [31 ot ] The Newton step is

w1 =m— (V2 f)"'Vf=(0,0)—3 [_21 21} [03] =(0,0) — $(—6,3) = (2,—1).

One step reaches the exact minimum (2, —1). For a quadratic, Newton’s method converges in a single step, because
the local quadratic model it minimizes s the function.
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Problem 4.25: A maximum by AM-GM, via Lagrange

Problem. Maximize zy subject to « + y = 10 with =,y > 0.

Solution. Lagrange gives V(zy) = AV (z + y), i.e. (y,z) = A(1,1), so z = y. The constraint forces ¢ = y = 5 and
zy = 25. This is the arithmetic-mean—geometric-mean inequality in disguise: among numbers with a fixed sum, the
product is largest when they are equal, so /zy < %ﬂ’ = 5 with equality at © = y = 5. The same principle explains
why a square encloses the most area for a fixed perimeter.

Problem 4.26: Jensen’s inequality

Problem. For a random variable X taking values 0 and 2 with equal probability, verify E[X?] > E[X]?, an instance
of Jensen’s inequality for the convex function g(t) = t.

Solution. The mean is E[X] = 1(0) + 3(2) = 1, so E[X]* = 1. The second moment is E[X?] = 1(0) + 1(4) = 2.

Indeed 2 > 1, and the gap E[X?] — E[X]* = 1 is exactly the variance. Jensen’s inequality says E[g(X)] > g(E[X]) for
any convex g: averaging inside a convex function underestimates the average of the function. Here it is the reason
variance is never negative.

Problem 4.27: Steepest descent direction

Problem. At a point where V f = (2, —2), in which unit direction does f decrease fastest, and at what rate?

Solution. A function decreases fastest in the direction opposite its gradient. The descent direction is —V f =
(—2,2), normalized to ﬁ(—& 2) = %(—17 1). The rate of steepest decrease is —||Vf|| = —+/22 + (=2)2 = —2v2 ~
—2.83 per unit step. This is precisely the direction gradient descent moves, and the magnitude |V f|| is why the

method slows as it nears a minimum, where the gradient shrinks to zero.
Problem 4.28: Convexity from the Hessian

Problem. Show that f(z,y) = 2 + 42 is convex, and state why that makes gradient descent reliable on it.

Solution. The Hessian is constant, V2 f = [29] = 2I, with both eigenvalues equal to 2 > 0, so it is positive definite
everywhere and f is (strictly) convex. For a convex function every local minimum is the global minimum and a
zero gradient is sufficient for optimality, so gradient descent cannot get trapped: from any start it converges to the
unique minimum at the origin. The perfectly round bowl (V2 = 2], condition number 1) is also the best case for the
step size, converging in essentially one step with a = 1/2.

Problem 4.29: Gradient of softmax cross-entropy

Problem. For logits z = (1,2, 3) and the true class 2 (one-hot y = (0,1,0)), compute the gradient of the softmax
cross-entropy loss with respect to z.

Solution. The cross-entropy gradient with respect to the logits is the clean residual p — y, where p is the softmax.
From Problem 4.16 (or recomputing), p = (0.090, 0.245, 0.665), so

V.=p—y=(0.090 -0, 0.245 — 1, 0.665 — 0) = (0.090, —0.755, 0.665).
The negative entry on the true class 2 means a descent step raises z2, pushing more probability onto the correct
class, while the positive entries on classes 1 and 3 pull their logits down. The remarkable simplicity of “predicted

minus target,” identical in form to linear and logistic regression, is why softmax with cross-entropy is the standard
classification head.
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15. PROBLEM SET 4: VECTOR CALCULUS AND OPTIMIZATION

Problem 4.30: Exact line search on a quadratic

Problem. Minimizing f(z,y) = %(gc2 + 4y?) from (1, 1), find the step size « that an exact line search takes along the
steepest-descent direction.

Solution. The gradient at (1,1) is g = (z,4y) = (1,4), and the search direction is —g. For a quadratic %mTAm
with A = diag(1,4), the exact step minimizing f(x — ag) is
. g'g 1% 442 17 17

TgAg 1-12+4+4-42 1+64 65

~ 0.262.

Exact line search picks the step that goes as far as the parabola along —g allows, no tuning required. The catch on
an ill-conditioned bowl like this one (curvatures 1 and 4) is that consecutive exact-search directions are orthogonal,
so the iterates still zig-zag; this is why conjugate gradients, which correct the directions, converge faster.

Problem 4.31: An inactive inequality constraint

Problem. Minimize (z — 1) + (y — 1)? subject to = +y < 10.

Solution. Check the unconstrained minimum first: it is (1, 1), where the objective is 0. Test feasibility: 1 + 1 =
2 < 10, satisfied with room to spare, so the constraint is inactive. By KKT complementary slackness, an inactive
constraint forces its multiplier to zero (1 = 0), and the problem reduces to the unconstrained one. The minimum

is (1,1) with value 0. The lesson: always test whether the unconstrained optimum is already feasible; if so, the
constraint does nothing, and only a binding constraint (as in Problem 4.12) bends the solution.

Problem 4.32: Gradient of the least-squares objective
Problem. For f(x) = ||Az — b||* with A = [} 9] and b = (1, 3), give V£ and evaluate it at = 0.

Solution. Expanding f = ' AT Ax — 2b" Az + b" b and differentiating gives the key identity Vf = 247 (Ax — b).
At x = 0 the residual is A0 — b = —b, so

Vf=2A4"(-b) = -2 [(1) 1] H =-2 B} = (-8, -6).

Setting this to zero recovers the normal equations A" Az = A" b. The gradient points uphill, so a descent step from
the origin moves along (8, 6), toward the least-squares solution.

Problem 4.33: Classifying a critical point

Problem. Find and classify the critical point of f(z,y) = 2* + y* — 2y — 3y.

Solution. The gradient is Vf = (2z — y, 2y — x — 3). Setting it to zero, y = 2z from the first equation, and
substituting into 2y —z — 3 = 0 gives 4o —x — 3 =0, so ¢ = 1, y = 2. The Hessian is constant, V2f = [31 }1],

with eigenvalues 3 and 1, both positive. So (1,2) is a strict local (and global, by convexity) minimum, where f =
1+4—2—6= —3. The positive-definite Hessian certifies the bowl shape.

Problem 4.34: Minimizing a norm on a plane

Problem. Minimize z* + y* + 2% subject to = +y + z = 3.

Solution. By Lagrange, (2z,2y,2z) = A(1,1,1), so x = y = z. The constraint 3z = 3 gives ¢ = y = z = 1, and the
minimum value is 1+ 1+ 1 = 3. The point (1,1,1) is the closest point of the plane to the origin, and its distance is

V3. Symmetry did the work: minimizing a sum of squares under a symmetric linear constraint spreads the budget
equally, the same reason the mean (not a lopsided split) minimizes squared error.
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15.4. FURTHER CALCULUS AND OPTIMIZATION PRACTICE

Problem 4.35: One momentum step

Problem. Heavy-ball momentum updates v < pv — aV f then x <~ x + v. With ¢ = 0.9, a = 0.1, starting x = 1,
v = 0, and gradient f’(1) = 2, take one step.

Solution. The velocity updates first: v = 0.9(0) — 0.1(2) = —0.2. Then the position: £ =1+ (—0.2) = 0.8. On this
first step, with v starting at zero, momentum coincides with plain gradient descent (step —0.2). Its advantage shows
on later steps: the velocity accumulates a u-weighted memory of past gradients, so in a consistent downhill direction
it builds speed (like a ball rolling), accelerating through the shallow valleys that stall vanilla gradient descent.

Problem 4.36: A second-order Taylor approximation

Problem. Give the second-order Taylor expansion of cosx about 0 and use it to approximate cos(0.2).

Solution. With cos0 =1, —sin0 = 0, —cos0 = —1, the expansion is

2

2
cosz:ml—l—o-:r—%x =1-%.

Atz =0.2: 1— %2 =1—0.02 = 0.98, against the true cos(0.2) = 0.980067 ..., an error near 7 x 10~°. The quadratic
term captures the gentle downward curvature of the cosine near its peak, the same curvature a Hessian encodes for
optimization.

Problem 4.37: Newton on a flat minimum
Problem. Apply one Newton step to f(z) = z* from xo = 1, and explain why convergence here is slow.

Solution. With f’(z) = 4z® and f”(x) = 1222, the step is

f'(20) 4 2
=1——===0. .
o) o = 5~ 0.667

X1 =T —

Newton only moves a third of the way to the minimum at 0, and each step multiplies = by %, so it converges lin-
early, not quadratically. The reason is the flat minimum: f”(0) = 0, so the function is not locally quadratic and
Newton’s quadratic model is a poor fit. Quadratic convergence needs a nonzero second derivative at the optimum.

Problem 4.38: A subgradient of the absolute value
Problem. The function f(z) = |z| is not differentiable at 0. Give its subgradient there.

Solution. A subgradient g at zo satisfies f(z) > f(zo) + g(x — xo) for all z. At g = 0 this needs |z| > gz for
all z, which holds exactly when g € [—1,1]. So the subdifferential is the whole interval df(0) = [—1, 1], while for
x > 0 it is the single value +1 and for z < 0 it is —1. Subgradients let convex but nondifferentiable objectives, like
the /1 penalty in the lasso or the SVM’s hinge, still be optimized by descent: any subgradient gives a valid downhill
direction.

Problem 4.39: The hinge loss is convex

Problem. Show that the hinge loss h(t) = max(0,1 — t) is convex.

Solution. The hinge is the maximum of two affine functions, the constant 0 and the line 1 —¢. A maximum of convex
(here affine) functions is always convex, because the region above the graph (the epigraph) is the intersection of the
two half-planes above each piece, and an intersection of convex sets is convex. Concretely, h is flat at 0 for ¢ > 1
and falls along the line 1 — ¢ for ¢t < 1, with a single kink at ¢ = 1; it never curves downward. This convexity is what
makes the soft-margin SVM a convex optimization problem with a unique optimum.
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CHAPTER ].6

Problem Set 5: Supervised and Unsupervised
Learning

This set covers Chapters 10 and 11: the perceptron and the support vector machine, the kernel trick and its Gram
matrices, the soft margin, then k-means, Gaussian mixtures with EM, and principal component analysis. Every
classifier is trained or evaluated on numbers, every kernel checked against its feature map, and every cluster or
component recomputed by hand.

16.1 The perceptron, SVM, and kernels

Problem 5.1: One perceptron update
Problem. A perceptron starts at w = (0,0), b = 0. The point = (2,1) has label y = +1. Perform one update.

Solution. The current score is w '@ + b = 0, which is not positive, so the positive point is misclassified and triggers
an update. The perceptron rule adds the signed point to the weights:

w<+—w+yr=(0,00+1-(2,1) =(2,1), b+—b+y=1.

After the update the score is w '@ +b = (2)(2)+(1)(1) +1 = 6 > 0, now correctly positive. Each correction nudges the
boundary toward classifying the offending point right, and the perceptron convergence theorem guarantees finitely
many such updates when the data is linearly separable.

Problem 5.2: A two-point support vector machine

Problem. Two points lie on the z-axis: 1 = (1,0) with y1 = —1 and 2 = (3,0) with y» = +1. Find the
maximum-margin separator w, b and the margin width.

Solution. By symmetry the boundary is the perpendicular bisector x = 2, and the weight points along x, so w =
(w,0). The support vectors sit exactly on the margins w' @; + b = y;:
w(l)+b= -1, w(3) +b=+1.
Subtracting gives 2w = 2, so w = 1 and then b = —2. Thus w = (1,0), b = —2, boundary x = 2. The margin width
is
2 2

_— = = :27
[[wll 1

the distance between the two parallel margin lines © = 1 and * = 3. The machine maximized this gap subject to
classifying both points correctly (Fig. 16.1).

Problem 5.3: Evaluating the decision function

Problem. Using the machine of Problem 5.2 (w = (1,0), b = —2), classify the test point = (2.5, 5).

Solution. The label is the sign of the score:

f@)=w'x+b=(1)(2.5)+ (0)(5) —2=0.5>0,
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16. PROBLEM SET 5: SUPERVISED AND UNSUPERVISED LEARNING

T2 boundary z=2

Figure 16.1. The two-point SVM. The boundary = = 2 is equidistant from the two support vectors, and the margin (the
gap between the dashed lines) is as wide as possible.

so the point is class +1. The large second coordinate 5 is irrelevant because w = (1,0) ignores it: this trained
machine looks only at x1, since the training data varied only along that axis. A linear classifier is exactly this dot
product plus a threshold.

Problem 5.4: Hinge loss of a point
Problem. A point has margin y f(x) = 0.5. Compute its hinge loss.
Solution. The hinge loss is £ = max(0, 1 —y f(x)):
¢ =max(0, 1 —-0.5) =0.5.
The point is correctly classified (yf > 0) but sits inside the margin (yf < 1), so it pays a positive loss of 0.5 and

remains a support vector. Only points safely beyond the margin (yf > 1) pay nothing and drop out of the solution,
which is the source of the SVM’s sparsity.

Problem 5.5: Margin width from the weights

Problem. An SVM has weight vector w = (1,2). What is its margin width?

Solution. The margin between the planes w 'z + b = +1 has width 2/||w||. Here |Jw| = v12 4 22 = v/5, so

margin = 2 ~ 0.894.

V5

Minimizing %||w||27 the SVM objective, maximizes this width: a smaller weight vector buys a wider safety corridor
around the boundary.

Problem 5.6: A polynomial kernel and its feature map

Problem. For x = (1,2) and z = (3,1), compute the kernel k(z,2) = (x'z)? directly, and verify it equals
o(x) T ¢(2) for the feature map ¢(x) = (23, V2122, 3).

Solution. The inner product is €'z = 1-3 4+ 2 -1 = 5, so the kernel is k = 52 = 25. Now the feature maps:
o(x) = (1, 2v/2, 4) and ¢(z) = (9, 3v/2, 1). Their inner product is

(@) Pp(z) =1-9+ (2V2)(3V2) +4-1=9+12+4 = 25.

They agree. The kernel computes a dot product in the three-dimensional quadratic feature space using only the
original two-dimensional inner product, the essence of the kernel trick: never form ¢, just evaluate k.
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16.2. CLUSTERING AND PCA

Problem 5.7: An RBF kernel value
Problem. For the Gaussian kernel k(x, 2) = exp(—||z — z||?/2), compute k for = = (0,0) and z = (1,1).
Solution. The squared distance is || — z||* = 12 + 1% = 2, so

k=exp(—2/2) = e ' ~0.368.

The RBF kernel measures similarity as a bump that decays with distance: identical points give k = 1, and far-apart
points give k — 0. Its implicit feature space is infinite-dimensional, yet k is a one-line computation, which is why
the RBF SVM can draw arbitrarily curved boundaries cheaply.

Problem 5.8: A kernel matrix is positive semidefinite

Problem. A two-point Gram matrix is K = [ %5

matrix must be.

]. Confirm it is positive semidefinite, as every valid kernel

Solution. A symmetric matrix is positive semidefinite when all its eigenvalues are nonnegative. From (1—))?—0.25 =
0,i.e. 1 — X = £0.5, the eigenvalues are 1.5 and 0.5, both positive, so K > 0. Mercer’s condition requires exactly
this of every kernel: for any points, the Gram matrix K;; = k(x;, ;) must be PSD, which guarantees the kernel
corresponds to an inner product in some feature space and the SVM’s quadratic program stays convex.

16.2 Clustering and PCA

Problem 5.9: One round of k-means

Problem. Run k-means with ¥ = 2 on the points {1,2,9,10}, starting from centroids u1 = 0, y2 = 8. Carry out
one assignment and update step.

Solution. Assignment. Each point joins its nearer centroid. Distances to u1 = 0 are 1,2,9,10; to ue = 8 they are
7,6,1,2. So 1,2 join cluster 1 and 9, 10 join cluster 2. Update. Recompute each centroid as its cluster’s mean:

9410
===

o 1+2

/Jl = 2 15, 'LLQ 95

A second assignment would not change the clusters, so the algorithm has converged in one round to the obvious
grouping. k-means alternates these two steps, each of which can only decrease the within-cluster sum of squares.

Problem 5.10: The k-means objective
Problem. Compute the within-cluster sum of squares for the converged clustering of Problem 5.9.

Solution. The objective sums each point’s squared distance to its centroid:
J=(1-15)°+(2-15)%4(9-95)>+(10-9.5)%=0.254+0.25+0.25+0.25 = 1.

This is the quantity k-means minimizes. Splitting the points the other way (say {1,2,9} and {10}) would raise J, so
the natural grouping is also the optimal one here. Lower J means tighter clusters, and adding clusters always lowers
J, which is why the elbow in J versus k, not J alone, guides the choice of k.

Problem 5.11: A GMM responsibility

Problem. A one-dimensional Gaussian mixture has two equally weighted components, A'(0,1) and A (4,1). Com-
pute the responsibility of the first component for the point z = 1.

Solution. The responsibility is the posterior probability that component 1 generated x, by Bayes with equal priors
1.

PR

3 N(1;0,1)
LN(1;0,1) + SN (1;4,1)°

7=
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The Gaussian densities depend on z only through exp(—(z — u)?/2): for u = 0 the exponent is —%, for p=4itis —%.

So 12
e~ 0.6065
= = ~ 0.982.
T =12 £ e=92 T 0.6065+ 0.0111
The point = 1 is much closer to component 1, so it is assigned there with 98% confidence, a soft assignment unlike

k-means’ hard one. This is the E-step of EM.

Problem 5.12: PCA reconstruction error

Problem. A covariance matrix is £ = [ 2], with top eigenvector v; = %(17 1). Project the point = (2,1) onto
v1, reconstruct, and find the squared reconstruction error.

Solution. The first principal coordinate is y1 = v{ & = %(2 +1)= % Reconstructing from it,

& =yiv1= 5 5(1,1) = 3(1,1) = (1.5,1.5).

The error is « — & = (0.5, —0.5) with squared length 0.25 + 0.25 = 0.5. This equals the square of the discarded second
coordinate yo = vy & = %(2 -1) = %, since 32 = % = 0.5: the leftover vector is exactly yovs. Averaged over a

dataset, this squared error equals the discarded eigenvalue A2, the working content of Eckart—Young for PCA.

Problem 5.13: PCA variance explained

Problem. For the covariance ¥ = [§ 2], find the eigenvalues and the fraction of variance captured by the first
principal component.

Solution. From (5 — )\)2 — 16 =0, i.e. 5 — XA = £4, the eigenvalues are A1 =9 and A2 = 1. The variance along each

principal axis is its eigenvalue, so the first component captures
A 9
L =7 —00,
A+ 9+1

that is 90% of the total variance, along the direction (1,1). Dropping the second component therefore loses only
10%, which is exactly the A2/(A1 + A2) the reconstruction error of Problem 5.12 averages to.

Problem 5.14: Whitening a covariance to the identity

Problem. Data has covariance ¥ = [3 9]. Find a linear transform W that makes the transformed data have iden-
tity covariance.

Solution. A linear map * — Wz sends covariance 3 to WEW . Choosing W = X2 gives WEW ' =
=-12%%~12 = I Since I is diagonal, Z71/2 = diag(1, 1), and

273

v 00 -1 )

Whitening rescales each axis by one over its standard deviation, turning an elongated elliptical cloud into a round
one with unit variance in every direction, the preprocessing step that makes many algorithms scale-invariant.

16.3 More learning fundamentals

Problem 5.15: Cosine similarity

Problem. Compute the cosine similarity between u = (1,2) and v = (2,1).

uT

Solution. Cosine similarity is the normalized inner product, Y Herew v=2+2=4and llull = ||v| = /5, so
v

[l

4 4
- =0.8.

V55 b

cost =
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The two vectors point in fairly similar directions (¥ ~ 37°). Cosine similarity is the linear kernel after normaliza-
tion, and it is the workhorse similarity in text and embedding models because it ignores magnitude and compares
direction alone.

Problem 5.16: A soft-margin slack variable

Problem. In a soft-margin SVM a training point has margin y f() = 0.3. What is its slack £, and is the point
inside the margin or misclassified?

Solution. The slack measures the margin violation, £ = max(0, 1 —y f(z)):
& = max(0, 1 —0.3) =0.7.

Since 0 < yf < 1, the point is correctly classified (yf > 0) but sits inside the margin, paying a slack of 0.7. A slack
between 0 and 1 means inside the margin; a slack above 1 would mean yf < 0, an outright misclassification. The
soft-margin objective trades total slack Z& against margin width through the penalty C.

Problem 5.17: Counting GMM parameters

Problem. How many free parameters does a Gaussian mixture with K = 3 full-covariance components in d = 2
dimensions have?

Solution. Count each ingredient. Each component has a mean in R? (2 numbers) and a symmetric 2 x 2 covariance
(3 distinct entries), so 5 per component, times 3 components is 15. The mixing weights are 3 numbers that sum to 1,
contributing 3 — 1 = 2 free parameters. The total is

3(243)+(3-1)=15+2=1T.

Parameter counts like this set the model’s capacity: more components fit finer structure but risk overfitting, and
full covariances (3 each) cost more than diagonal ones (2 each), which is why diagonal or shared covariances are
common shortcuts.

Problem 5.18: Why XOR is not linearly separable

Problem. The XOR data labels (0,0) and (1,1) as +1, and (0,1) and (1,0) as —1. Show no line separates the
classes, and name a fix.

Solution. Suppose a linear classifier sign(wT:n + b) separated them. The two positive points average to (0.5,0.5)
and so do the two negatives, so any linear score w' « + b has the same mean on both classes; a single hyperplane
cannot put one class entirely on each side when their centroids coincide. Concretely, requiring w " (0,0) + b > 0 and
w' (1,1)+b>0but w'(1,0) +b < 0and w'(0,1) +b < 0 forces b > 0, w1 + w2 +b >0, w1 +b <0, ws+b<0;
adding the last two gives w1 + w2 4+ 2b < 0, which with b > 0 contradicts wi +w2+b > 0. The standard fix is a feature
map or kernel: add the product feature z1z2 (or use a quadratic or RBF kernel) and the classes become separable
in the lifted space. XOR is the textbook reason linear models alone are not enough.

Problem 5.19: Hard versus soft assignment

Problem. Using the responsibilities of Problem 5.11 (v1 &~ 0.982), contrast what k-means and a GMM would do
with the point x = 1.

Solution. k-means makes a hard assignment: x = 1 is closer to the mean 0 than to 4, so it goes entirely to cluster
1 with weight 1, and cluster 2 gets nothing. The GMM makes a soft assignment using the responsibilities: z = 1
belongs 0.982 to component 1 and 0.018 to component 2, and both means are updated with these fractional weights
in the M-step. In the limit of shrinking, equal variances the responsibilities sharpen to 0 or 1 and the GMM’s EM
reduces exactly to k-means; the GMM is the probabilistic generalization that also captures cluster shape and over-
lap.
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Problem 5.20: PCA through the SVD of the data

Problem. Explain why the principal components of centered data X (rows are samples) are the right singular
vectors of X, and relate the eigenvalues of the covariance to the singular values.

Solution. The sample covariance is 3 = %XTX, Write the SVD X = USV ", Then
X"'X=vsu'uzsv' =vs?vT,

using U'U = 1,503 = %VZ2VT is already an eigendecomposition: the principal directions are the columns of

V' (the right singular vectors of X ), and the variance along component j is A\; = cr]2- /m. Computing the SVD of X
directly is more numerically stable than forming X " X, which squares the condition number, so production PCA

uses the SVD. This is the bridge between Chapter 4 and Chapter 11: PCA is the SVD of the centered data.

16.4 Further machine-learning practice

Problem 5.21: An RBF Gram matrix

Problem. For the three points (0,0), (1,0), (0,1) and the kernel k(x, z) = exp(—3 ||z — z|*), compute the 3 x 3
Gram matrix.

Solution. Each entry is exp(—%dQ) for the squared distance d* between two points. The diagonal is all 1 (distance
0). The squared distances are ||(0,0) — (1,0)||> = 1, ||(0,0) — (0,1)||* = 1, and ||(1,0) — (0, 1)||* = 2, so

1 e~1/2 em1/2 1 0.607 0.607
K= |e1/? 1 e ' | = 0607 1 0368
e /2 et 1 0.607 0.368 1

The matrix is symmetric with 1s on the diagonal, and nearer points have larger entries. Such a Gram matrix is posi-
tive semidefinite for the RBF kernel, which is what lets the SVM solve its convex dual using only these similarities,
never the (infinite-dimensional) feature vectors.

Problem 5.22: A Gaussian log-likelihood
Problem. Two data points {0,4} are modeled as iid N(2,1). Compute the log-likelihood.

Solution. The one-dimensional Gaussian density is \/%e_(l_“)zﬁ, so its log is —3 In(27) — 3 (2 — p)*. Summing over
the two points with p = 2:

= > [—% In(2r) — 1 (z — 2)2} = —In(27) — L(4+4) = —1.838 — 4 ~ —5.84.
z€{0,4}

Both points sit two units from the mean, so each contributes the same penalty. The mean p = 2 is in fact the MLE

here (the sample mean of 0 and 4), which maximizes this log-likelihood; any other 1 would make it more negative.

Problem 5.23: Precision, recall, and the F; score

Problem. A classifier produces 8 true positives, 2 false positives, and 4 false negatives. Compute precision, recall,
and the F} score.

Solution. Precision is the fraction of predicted positives that are correct, and recall the fraction of actual positives

that are found:
TP 8 TP

m = E = 08, recall =
The Fi score is their harmonic mean,

__ 2 precision - recall _ 2(0.8)(0.667)
"~ precision +recall 0.8 + 0.667

8 ~ 0.667.

preCiSiOn = m = E

Py ~ 0.727.

The harmonic mean punishes imbalance: a classifier that scored high on one but low on the other would get a low
Fi. Here the moderate recall (four positives missed) pulls Fi below the precision.
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Problem 5.24: The linear kernel

Problem. Evaluate the linear kernel k(x,z) = ¢ ' 2z for & = (1,2), z = (3,4), and explain what SVM it produces.

Solution. The linear kernel is just the dot product: k = (1)(3) 4+ (2)(4) = 3+ 8 = 11. Its feature map is the identity,
é(x) = x, so the SVM with a linear kernel is the ordinary linear SVM in the original space, drawing a straight
hyperplane. It is the baseline against which nonlinear kernels (polynomial, RBF) are judged: use the linear kernel
when the data is already close to linearly separable, and reach for a richer kernel only when it is not.

Problem 5.25: An EM mean update

Problem. In the M-step of EM, three points {1,2,9} carry responsibilities {0.9,0.8,0.1} for component 1. Com-
pute the updated mean ;.

Solution. The M-step sets each component’s mean to a responsibility-weighted average of the points:
0.9(1)+0.8(2) +0.1(9)  09+1.6+09 34

DML = =20~ 1.89
M= 0.9+ 0.8 +0.1 18 L8

The point 9 is mostly claimed by the other component (responsibility only 0.1), so it barely shifts w1, which sits
near the well-claimed points 1 and 2. This soft, weighted update is what distinguishes EM from k-means, where
each point would count fully for one cluster and not at all for the other.

Problem 5.26: Why distances concentrate in high dimensions

Problem. Explain, with a short calculation, why nearest-neighbor and clustering methods struggle as the dimen-
sion d grows.

Solution. Take points with independent coordinates, each contributing a roughly constant expected squared gap
¢ to a pairwise squared distance. Then a squared distance is a sum of d such terms, with mean growing like cd and
standard deviation growing like v/d (the sum of d independent contributions). The ratio

spread of distances ﬁ 1 .
typical distance ed ceVd

0

shrinks as d grows, so all pairwise distances become nearly equal. When the nearest and farthest neighbors sit at
almost the same distance, “nearest neighbor” loses meaning and clustering blurs. This concentration is the curse
of dimensionality, and it is exactly why PCA and other dimension-reduction methods (Chapter 11) are run before
distance-based learning.

Problem 5.27: Two perceptron updates

Problem. Start a perceptron at w = (0,0), b = 0. Present ;1 = (1,1) with y1 = +1, then &2 = (—1,0) with
y2 = —1. Perform the updates.

Solution. First point. The score is w' a1 + b = 0, not positive, so the +1 point is misclassified. Update w <«
w+yiz1 = (1,1) and b + b+ 1 = 1. Second point. Now the score is w' @2 + b = (1)(—1) + (1)(0) + 1 = 0, not
negative, so the —1 point is misclassified too. Update w < w + yox2 = (1,1) + (—1)(=1,0) = (2,1) and b+ b—1 = 0.
After two updates the machine is w = (2,1), b = 0. Each correction tilts the boundary toward the offending point;
on separable data the perceptron makes only finitely many such corrections before classifying everything correctly.

Problem 5.28: PCA on diagonal covariance

Problem. Data has covariance X = [§ 9]. Give the principal components and the variance each captures.

Solution. A diagonal covariance is already diagonalized, so the principal components are the coordinate axes:

e1 = (1,0) with variance 4, and e2 = (0, 1) with variance 1. The first captures 44? = 0.8, that is 80% of the
variance. With no off-diagonal terms the data axes do not need rotating; PCA only does interesting work when
correlations tilt the cloud off the axes, as in Problem 5.12. Here the answer is read straight off the diagonal.
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Problem 5.29: Accuracy from a confusion matrix

Problem. A classifier has 40 true positives, 50 true negatives, 5 false positives, and 5 false negatives. Compute its
accuracy, and say when accuracy misleads.

Solution. Accuracy is the fraction of correct predictions:

TP+ TN 40450

TP+TN+FP+FN 100 0.90.

accuracy =

A 90% accuracy here is meaningful because the classes are balanced (45 actual positives, 55 negatives). Accuracy
misleads on imbalanced data: if only 1% of cases were positive, a model that always predicts “negative” would score
99% accuracy while catching nothing. That is exactly when precision, recall, and F; (Problem 5.23) become the
right metrics.

Problem 5.30: Ridge regression shrinks the solution

Problem. Ridge regression solves (AT A+ A)B = ATy. With ATA = (291, ATy = (4,4), compare the ordinary
least-squares and ridge (A = 2) solutions.

Solution. Ordinary least squares solves AT AB = ATy, i.e. 28 = (4,4), giving BoLs = (2,2). Ridge adds AI = 21 to
the matrix:
(ATA+20)8 = (AN = (4,4) = Priage = (1, 1).

The penalty halved the coefficients, from (2,2) to (1,1). Ridge lifts every eigenvalue of AT A by A (here 2 — 4),
which both shrinks the estimate toward zero and cures ill-conditioning by pushing small eigenvalues away from zero.
The bias this introduces is traded for a large drop in variance, the bias—variance bargain.

Problem 5.31: Orthogonal vectors have zero cosine similarity
Problem. Compute the cosine similarity of w = (1,0) and v = (0,1), and relate it to the linear kernel.

Solution. The inner product is u' v = 1(0) + 0(1) = 0, so the cosine similarity is 0/(||u|/||v]]) = 0. The vectors
are orthogonal, pointing in unrelated directions (90° apart). Since the linear kernel is the inner product, orthogonal
inputs have zero kernel value: a linear SVM sees them as carrying no shared information. In a bag-of-words model
this is the case of two documents with no words in common, the baseline of total dissimilarity.

Problem 5.32: k-means++ seeding

Problem. Why does k-means++ choose initial centroids spread apart rather than uniformly at random, and what
failure does it prevent?

Solution. Plain k-means with random initial centroids can place two seeds inside the same true cluster, leaving an-
other cluster with no seed; the algorithm then converges to a poor local minimum that splits one group and merges
two others. k-means++ instead picks each new centroid with probability proportional to the squared distance from
the nearest existing centroid, so far-apart points are favored and the seeds land in different clusters. Concretely, af-
ter seeding one centroid, a point at squared distance d* is chosen with probability d?/ > d?, biasing strongly toward
the far side of the data. This costs one extra pass but reliably avoids the degenerate initializations, and it comes
with a provable approximation guarantee on the final objective.

Problem 5.33: Why features must be scaled

Problem. Two features are measured in different units: z; in metres (values around 1) and z2 in millimetres (val-
ues around 1000). Explain why k-means or an RBF kernel can go wrong, and the fix.

Solution. Euclidean distance squares each coordinate gap and sums: ||z — z||> = (Az1)? + (Az2)?. With z2

a thousand times larger, its gaps dominate the sum and x; becomes invisible, so clustering and the RBF kernel
effectively ignore the metre feature entirely. The fix is to standardize each feature to zero mean and unit variance
(a z-score) before computing distances, so the two contribute comparably. This is why feature scaling is a standard
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preprocessing step for every distance- or gradient-based method; only scale-invariant models like decision trees
escape it.

Problem 5.34: The precision—recall tradeoff

Problem. A classifier outputs a score and labels positive when the score exceeds a threshold 7. Describe how
precision and recall move as 7 rises, and when each extreme is appropriate.

Solution. Raising 7 makes the classifier more conservative: it flags fewer positives, so false positives fall and preci-
sion rises, while true positives are also missed, so recall falls. Lowering 7 does the reverse, catching more positives
(high recall) at the cost of more false alarms (low precision). The two trade off along the precision—recall curve.

A high threshold suits costly actions where a false positive is expensive (flagging fraud for manual review); a low
threshold suits screening where missing a positive is dangerous (a medical test that must not miss disease). The Fy
score (Problem 5.23) picks a balance, and the full curve summarizes every threshold at once.

Problem 5.35: A logistic-regression decision boundary

Problem. A logistic model has weights w = (1,1) and bias b = —3. Give the decision boundary and classify (1, 1)
and (2,2).

Solution. Logistic regression predicts class 1 when U('wT:c +b) > %, i.e. when the logit w' @ + b > 0. The boundary
is the line w' @ + b = 0, here 1 + z2 — 3 = 0, the line 21 + z2 = 3. At (1,1) the logitis 1 +1 -3 = —1 < 0, so
class 0 (probability o(—1) ~ 0.27); at (2,2) it is4 —3 =1 > 0, so class 1 (probability o(1) ~ 0.73). Like the SVM
the boundary is a hyperplane w' @ + b = 0, but logistic regression also reports a calibrated probability through the
sigmoid.

Problem 5.36: The sigmoid

Problem. Evaluate the logistic sigmoid o(z) = 1/(1+ e~ %) at z = 0,2, —2, and note its symmetry.
Solution. Compute each:

o(0) = 45 =05, 0(2) = == = 0.881, o(-2) = - ~ 0.119.

Note 0(2) + 0(—2) = 1, the symmetry o(—z) = 1 — o(z). The sigmoid squashes any real logit into (0, 1), mapping 0 to
the neutral 0.5 and saturating toward 1 for large positive and 0 for large negative inputs. Its derivative o(2)(1 — o(z))
is largest at z = 0 and vanishes in the tails, the saturation that can stall gradient-based training.

Problem 5.37: Responsibility with unequal mixing weights

Problem. A mixture has components A (0,1) and N (4,1) with mixing weights 7 = (0.3,0.7). Find the responsibil-
ity of component 1 for x = 1.

Solution. The responsibility weights each component’s density by its prior:

B 0.3N(1;0,1)
T 03N(1;0,1) + 0.7 N (134, 1)

The densities go as e~ (==m?/2, for © = 0 the exponent is f%, for p=4itis f% So

—1/2
_ 0.3e _ 0.182 ~ 0.950.
0.3e1/2 40.7¢-9/2 0.182 4+ 0.0078

71

Even though component 1 has the smaller prior weight (0.3), z = 1 is so much closer to its mean that it claims 96%
responsibility. The prior tilts the assignment but the likelihood dominates when the point is decisively nearer one
component.
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Problem 5.38: Cross-entropy loss

Problem. For a true label y = 1, compute the cross-entropy loss —Inp when the model predicts p = 0.9 and when
it predicts p = 0.6.

Solution. The cross-entropy for a positive example is — In p:
—1n0.9 =~ 0.105, —1In0.6 = 0.511.

A confident-and-correct prediction (p = 0.9) is cheap; a hesitant one (p = 0.6) costs nearly five times as much, and
the loss diverges to co as p — 0 (confidently wrong). This steep penalty for confident mistakes is why cross-entropy,
not accuracy, trains classifiers: it gives a smooth, informative gradient everywhere, pushing the predicted probability
toward the truth.

Problem 5.39: Entropy of a fair coin

Problem. Compute the entropy of a Bernoulli(0.5) in bits, and say why it is the maximum for a binary variable.
Solution. Entropy is H = =, px log, px:

H = —(0.510g,0.5 + 0.5log, 0.5) = —(0.5(=1) + 0.5(~1)) = 1 bit.

A fair coin carries exactly one bit, the most any binary variable can. The binary entropy H(p) = —plog,p — (1 —
p)log,(1 — p) peaks at p = % and falls to 0 at p € {0, 1}, mirroring the Bernoulli variance p(1 — p): maximum
uncertainty sits at the balanced coin, and a decision tree’s information gain is largest when a split most reduces this
entropy.

Problem 5.40: Euclidean versus Manhattan distance

Problem. For the displacement u = (1,2, 2), compute the Euclidean (¢2) and Manhattan (¢1) distances from the
origin, and note when each is used.

Solution. The Euclidean distance is the straight-line length, the Manhattan the sum of coordinate moves:

fullz = V12 +22 422 =V9=3,  Juli=[1]+[2[+]2] =5

Euclidean (3) is shorter than Manhattan (5), as the diagonal beats walking the grid. Euclidean distance underlies
k-means and the RBF kernel; Manhattan (taxicab) is more robust to outliers and is the geometry of the ¢1 penalty
that drives sparsity in the lasso. The choice of metric is a modeling decision in its own right.
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CHAPTER ].7

Practice Midterm, Worked in Full

This practice midterm covers the matrix-methods and probability core (Chapters 1 to 6). Each question is stated
with its point value as on a real paper, then solved completely, every part spelled out and every answer checked by
re-multiplying or re-substituting. Work each once closed-book before reading the solution.

17.1 Vectors, matrices, and linear systems

Question 1: A matrix product and the transpose rule (10 points)

Problem. For A =[21] and B = [} ?], compute AB and verify (AB)" = BTAT.

Solution. Each entry is a row of A dotted with a column of B:

C[2e1410 2.241-1] _[2 5 + 21
AB=11.113.0 1.2+3~1}_{1 5}’ (AB) _{5 5]'

Now BTAT =[19][214] = [2}], which matches. The factors reverse order under the transpose, the same reversal as
(AB)"' =B 'A%
Question 2: Dot product and angle (10 points)

Problem. For u = (1,2,2) and v = (2,0,1), compute the angle between them.

Solution. The inner product is u'v = 1(2) + 2(0) + 2(1) = 4, and the lengths are ||u|| = vI+4+4 = 3,
vl = vV4+0+1=+/5. So
u'v 4

= —— ~ 0.596, ¥ = arccos(0.596) =~ 53.4°.
Falllol ~ 3v3 (0.596)

cost =
The vectors point in moderately similar directions. Cauchy-Schwarz is satisfied: |4| < 3v/5 = 6.7.

Question 3: Coordinates in a basis (10 points)

Problem. Express v = (3,1) in the basis B = {(1,1), (1, —1)}.

Solution. Solve ¢1(1,1) + ¢2(1,—1) = (3,1), i.e. ¢1 + ¢c2 = 3 and ¢1 — ¢c2 = 1. Adding gives 2¢1 = 4, so ¢; = 2 and
c2 = 1; the coordinate vector is [v]g = (2,1), and indeed 2(1,1) + 1(1,—1) = (3,1). Because the basis is orthogonal,
T

. . v i . 4 2 .
the same answer comes from projection: ¢; = vTh gives c1 = 5 = 2 and ¢ = 5= 1 with no system to solve.

i Y
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Question 4: Gram—Schmidt orthonormalization (15 points)
Problem. Apply Gram-Schmidt to a1 = (1,1,0) and a2 = (1,1,1) to produce an orthonormal pair.

Solution. Normalize the first vector: ||a1|| = v/2, so q1 = %(1, 1,0). Remove the gi-component of az. The overlap

isa;q1:%(1+1+0):\/§,so

V2 = a2z — (a;ql)ql = (13 1a 1) - \/i %(17 150) = (1a 17 1) - (15 170) = (0705 1)

This already has unit length, so g2 = (0,0,1). Check: q{ g2 = 0 and both are unit vectors, so {qi, gz} is orthonor-
mal. The procedure peeled the shared (1,1,0) direction out of as, leaving the pure z-direction. Stacking these as
columns of @) with the overlaps in R gives the QR factorization.

Question 5: A 2 x 2 system (10 points)

Problem. Solve 2z +y =5,z +y = 3.

Solution. Subtract the second equation from the first to eliminate y: (2x +y) — (z + y) = 5 — 3 gives © = 2. Back-

substitute into  + y = 3 to get y = 1. The solution is (2,1), which checks: 2(2) + 1 =5 and 2 + 1 = 3. Equivalently,

with coefficient matrix [? 1] (determinant 1), the inverse is [711 o ], and [31 31] [5]=(2,1).

Question 6: A 3 x 3 system by elimination (15 points)

Problem. Solve z +y + 2z =6, 2 + 3y + z = 11, x 4+ 2y + 3z = 14 by Gaussian elimination.

Solution. Eliminate z from the lower rows. Subtract 2xrow 1 from row 2 and 1xrow 1 from row 3:

11 1] 6 11 1] 6
2 3 111 |28l 1 —1] -1
1 2 3|14 | ™™ o1 2|38
Now subtract row 2 from row 3:
P I
fozlz g 1 1] -1
00 3|9

Back-substitute from the bottom: 3z =9 = z =3;theny—2 = -1 =y =2;thenax4+y+ 2 =6 = x = 1. The
solution is (1,2, 3), which checks in all three original equations (142+3 = 6, 24+6+3 = 11, 14449 = 14). Every
pivot was nonzero, so the coefficient matrix is invertible and the solution unique.

Question 7: A 2 x 2 inverse (10 points)

Problem. Invert A = [3 1] and verify AA™! =I.

Solution. The 2 x 2 rule is Zg]flz#[ d _b}. Here det A=3-4—-1-2=10, so

ad—bc | —c a
A*l—i 4 -1 |04 -01
“10|-2 3| |-02 03]

Check: AA™ = L[311[ 4 3] = 5[ ¥ 5% ] = 5[5 &1 =I. The nonzero determinant guaranteed the inverse

exists; a determinant of zero would have left the formula dividing by zero, the algebraic face of a singular matrix.
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Question 8: A determinant by cofactors (10 points)

Problem. Compute det A for the tridiagonal A = [

oW

% z] and state whether A is invertible.

Solution. Expand along the first row (signs +, —, +):

det A = 3det |::j §:| — ldet |:é §:| +0=309-1)—-13-0)=24-3=21.

Since det A = 21 # 0, A is invertible. (The third term vanishes because its cofactor carries the entry Az = 0.) A
positive determinant for this symmetric tridiagonal matrix is consistent with its being positive definite.

Question 9: Rank and nullity (10 points)
Problem. Find the rank and nullity of A =[122%].

Solution. Row-reduce: Ry —2R; makes the second row zero, since (2,4, 6,8) = 2(1,2,3,4). One nonzero row survives,
so rank A = 1. The rank—nullity theorem gives rank A + dim Nul A = n (the number of columns = 4), so the nullity is
4 — 1 = 3. The map sends a 4-dimensional input to a 1-dimensional output, crushing a 3-dimensional subspace to zero;
the two rows pointed the same way, so the matrix “sees” only one direction.

17.2 Least squares and projections

Question 10: Least squares and goodness of fit (15 points)

Problem. Fit a line y = a + bz to (1,2),(2,5),(3,7),(4,8). (a) Write the normal equations. (b) Solve for a,b.
(c) Give the residuals. (d) Compute R?.

1
Solution. (a) With A = [% } and y = (2,5,7,8), the normal equations AT A(¢) = ATy use
1

4 A‘Lo 30}’ 4 y_[inyi = l65]
since Sy =245+ 7+8=22and 3 iy = 1(2) + 2(5) + 3(7) + 4(8) = 2+ 10 + 21 + 32 = 65.

(b) The determinant of AT A is 4(30) — 10(10) = 20, so by Cramer’s rule

. 22(30) — 10(65) _ 660 — 650 4(65) —10(22) 260 —220
a 20 a 20 o 20 - 20 B

W=

05, b= 2.

The fit is § = 0.5 + 2.
(c) Predictions are (2.5,4.5,6.5,8.5), so residuals are r = (2 — 2.5, 5 — 4.5, 7— 6.5, 8 — 8.5) = (—0.5, 0.5, 0.5, —0.5).

(d) The residual sum of squares is SSres = 4(0.25) = 1. The mean is § = 22 = 5.5, s0 SSiot = (2 —5.5)> 4+ (5 — 5.5)* +
(7 —5.5)% 4+ (8 — 5.5)* = 12.25 4 0.25 + 2.25 + 6.25 = 21. Therefore

SSres 1
=1—- — =~ 0.952
SStot 21 0.952,

so the line explains about 95% of the variation. The residuals sum to zero, as the intercept always forces.

Question 11: Projection onto a subspace (10 points)

Problem. Project b = (2,0,2) onto the column space of A = [é ﬂ , and verify the residual is orthogonal to Col(A).
Solution. Solve the normal equations A" Az = A'Tb. Here ATA = [} 9] and ATb = (2,2),s0 & = (2,1). The
projection is b = A& = 2(1,0,0) + 1(0,1,1) = (2,1,1), and the residual is » = b — b = (0, —1, 1). Check orthogonality:

column 1 = (1,0,0) gives 7' (1,0,0) = 0, and column 2 = (0,1,1) gives 0 — 14 1 = 0. The residual is perpendicular to
both columns, the geometric content of least squares.
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Question 12: Projection onto a line (10 points)

Problem. Project b = (3,4) onto the line spanned by a = (1,0), and give the residual.

Solution. The projection keeps the component of b along a:

. b'a 3
pI‘O_]ab - ma‘ - 1(170) - (370)7

and the residual is b — proj, b = (0,4). The residual is orthogonal to a ((0,4)" (1,0) = 0), as a projection requires;
geometrically (3,0) is the foot of the perpendicular from (3,4) to the z-axis.

17.3 Eigenvalues, the spectral theorem, and the SVD

Question 13: Eigendecomposition and a matrix power (20 points)

Problem. Let A = [52]. (a) Find the eigenvalues. (b) Find the eigenvectors. (c) Write the diagonalization A =
PDP™!. (d) Use it to compute A®.

Solution. (a) The matrix is symmetric. Its characteristic polynomial is det(A — M) = (5—A\)> =4 =10,50 5 — A = 2
and the eigenvalues are Ay = 7, A2 = 3.

(b) For A\ =7, (A—-7I) = [32 _22] gives —2v1 + 2v2 = 0, so v1 = vz and v1 = (1,1). For A = 3, (A —3I) = [32]
gives v1 = —vy and v2 = (1,—1). As the spectral theorem promises for a symmetric matrix, the eigenvectors are
orthogonal: vlTvg =1—-1=0.

(¢) Place the eigenvectors in P and the eigenvalues in D. Since the columns of P are orthogonal with squared
length 2, P! =1 H _11]:
_ —1_ (1 1|7 0f |1 1
a=roe= 0 L)1) )

2
(d) Squaring only squares the eigenvalues, D? = diag(49, 9):

o prept o |1 1][a49 0]t 1] [58 40] _[29 20
AT=PD°P _2[1 —1[ |0 9of|1 —1| 240 58 |20 29|

) . . 2
Direct squaring confirms it: [§2]" = [ﬁfj’f‘o 140_;"2150] =[2529].

Question 14: Trace, determinant, eigenvalues (10 points)

Problem. For A =[5 '], find the eigenvalues and confirm the trace and determinant identities.

Solution. The trace is 5 and the determinant is 4(1) — (—1)(2) = 6, so the characteristic polynomial is A — 5\ + 6 =
(A = 3)(A —2), giving eigenvalues 3 and 2. Check: A1 + A2 =5 = tr A and A\ A2 = 6 = det A. Both identities hold, as
they must for any square matrix, since the characteristic polynomial’s coefficients are — tr A and det A.

Question 15: Eigenvalues of A~! and A? (10 points)

Problem. A matrix A has eigenvalues 4 and 2. Without computing A, give the eigenvalues of A™! and of A2
Solution. Eigenvalues transform under functions of the matrix while the eigenvectors stay fixed. If Av = \v
then A™'v = +v and A®v = A?v. So A" has eigenvalues + and 1 (reciprocals), and A? has eigenvalues 16 and 4

(squares). This is why a tiny eigenvalue of A becomes a huge one of A™! (ill-conditioning) and why powers of A are
dominated by the largest eigenvalue (power iteration).
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Question 16: The Rayleigh quotient (10 points)

Problem. For A = [32], find the maximum and minimum of 2" Az over unit vectors, and the directions where
they occur.

Solution. For a symmetric matrix the Rayleigh quotient ranges between the smallest and largest eigenvalues. From
3= /\)2 —4 =0, 1ie 3 — )\ = %2, the eigenvalues are Amax = 5 and Amin = 1. So over unit vectors x| Az reaches
a maximum of 5 at the eigenvector for 5, namely %(1, 1), and a minimum of 1 at %(1, —1). This variational char-
acterization is exactly the principle behind PCA, where the top eigenvector of the covariance is the direction of
maximum variance.

Question 17: Definiteness of a quadratic form (15 points)

Problem. Consider f(x,y) = 32% + 22y + 3y*. (a) Write its symmetric matrix. (b) Find the eigenvalues. (c) Classify
the form. (d) Give the direction of slowest increase on the unit circle.

Solution. (a) Splitting the cross term evenly, f = ' M with M = [3 1].
(b) From (3 —X\)? —1 =0, i.e. 3 — A\ = %1, the eigenvalues are \; = 4 and Ay = 2.

(¢) Both eigenvalues are positive, so M is positive definite and f > 0 for every nonzero x: the form is positive
definite, a bowl opening upward.

(d) On the unit circle the form ranges between its eigenvalues, reaching its smallest value A\ = 2 along the eigenvec-
tor for A = 2. That eigenvector solves (M — 2I)v = [} 1]v = 0, giving the direction %(1, —1). So f grows slowest
along (1,—1) and fastest along (1, 1), the eigenvector for A = 4.

Question 18: Definiteness by leading minors

Problem. Is the quadratic form with matrix M = [31 },l] positive definite?

Solution. The eigenvalues solve (3 — A\)® —1 =0, i.e. 3 — A = £1, giving A = 4 and A = 2. Both are positive, so M is
positive definite and " Mz > 0 for every nonzero «. (A quicker check: the leading principal minors are 3 > 0 and
det M =9 — 1 =8> 0, Sylvester’s criterion.)

Question 19: A singular value decomposition (10 points)
Problem. Find the singular values of A = [93].

Solution. The squared singular values are the eigenvalues of ATA = [92][93] = [29]. This is diagonal with
eigenvalues 4 and 9, so the singular values are 01 = 3 and o2 = 2. The matrix stretches one axis by 3 and the other
by 2 (and swaps them), so it maps the unit circle to an ellipse with semi-axes 3 and 2.

Question 20: SVD and the pseudoinverse (20 points)

Problem. Let A = [21]. (a) Find the rank. (b) Find the singular values from AT A. (c) Form the pseudoinverse
AT, (d) Verify AATA = A.

Solution. (a) The second row (4,2) is twice the first (2, 1), so the rows are dependent and rank A = 1.

v, [2 4]f2 1] _[20 10
O I

Its eigenvalues solve A\? — 25\ = 0 (trace 25, determinant 100 — 100 = 0), so A = 25 and 0. The singular values are
o1 = +v/25 =5 and o2 = 0, consistent with rank 1.

(b) Compute the Gram matrix:
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(¢) The single nonzero singular value has right singular vector along the row direction, vi = %(2, 1), and left

singular vector along the column direction, u; = %(17 2). The pseudoinverse inverts that one value:

1 112 1[2 4
p_ 1ot _ 11 -1
A= =g 5H =5 {1 2]

(d) Since A = 5[ 5], first ATA = £[F5][35] = 5[50 ¥] = (53], and then A(AT4) = 3] 3[51] = §[30 ] =
[21] = A. The identity holds. The naive formula (A" A)"*A" fails here because A" A is singular, but the SVD

pseudoinverse exists and is unique.

Question 21: Low-rank approximation (10 points)

Problem. A data matrix has singular values o = (8,6). (a) What fraction of the Frobenius energy does the best
rank-1 approximation keep? (b) What is its Frobenius error?

Solution. (a) The total energy is Y o7 = 64 + 36 = 100, and the rank-1 fit keeps 07 = 64, a fraction 64/100 = 0.64,
that is 64%. (b) By Eckart-Young the squared error is the dropped singular value squared, o3 = 36, so ||A — A1||r =
v/36 = 6. The two singular values are close (8 and 6), so dropping the second loses a substantial 36% of the energy;
low-rank approximation pays off only when the spectrum decays sharply, which it does not here.

Question 22: Principal component analysis (10 points)

Problem. A dataset has covariance ¥ = [ 8], (a) Find the principal directions and their variances. (b) What

fraction of variance lies along the first component?

Solution. (a) From (10 — X\)? — 36 = 0, i.e. 10 — A = +6, the eigenvalues are \; = 16 and \» = 4. The eigenvector
for 16 solves (X — 161)v = [})6 fﬁ]v = 0, giving the 45° direction %(1, 1); the second is %(1, —1) with variance 4.

(b) The first component captures = 0.8, that is 80% of the total variance, along (1,1). The strong positive

16+ 4
covariance tilts the data cloud along the diagonal, exactly the axis PCA selects.

17.4 Probability and Bayes

Question 23: Bayes’ theorem and a spam filter (15 points)

Problem. A mail stream is 40% spam. A certain word appears in 80% of spam messages and 10% of legitimate
ones. (a) What fraction of all messages contain the word? (b) Given a message contains the word, what is the
probability it is spam? (c) Interpret the shift from the prior.

Solution. (a) By total probability, summing over spam and ham,
P(word) = P(word | spam)P(spam) + P(word | ham)P(ham) = 0.8(0.4) 4+ 0.1(0.6) = 0.32 + 0.06 = 0.38.

(b) By Bayes,

0.8(0.4) 032 _
0.38 ~ 0.38 0-842.

P(spam | word) =

(c) The word raises the spam probability from the 40% base rate to about 84%, because it is eight times more likely

under spam (0.8 vs 0.1). The likelihood ratio 8:1 multiplies the prior odds 0.4:0.6 = 2:3 to posterior odds 16:3, i.e.
16

75 ~ 0.842. This is exactly how a naive-Bayes filter accumulates evidence word by word.
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Question 24: Bayes with three sources (10 points)

Problem. Three machines make a part: A (50% of output, 1% defective), B (30%, 2%), C (20%, 4%). A part is
defective; find P(C | def).

Solution. Total probability of a defect:
P(def) = 0.5(0.01) + 0.3(0.02) + 0.2(0.04) = 0.005 + 0.006 + 0.008 = 0.019.

Then Bayes for machine C:

P(C | def) = % ~ 0.421.

Although C makes only 20% of the parts, its high defect rate makes it responsible for 42% of the defects, the largest
share. Bayes weighs volume against defect rate.

Question 25: A naive-Bayes update with two words (10 points)

Problem. Spam is 30% of mail. Word 1 appears in 60% of spam and 10% of ham; word 2 in 70% of spam and 20%
of ham. A message contains both words. Assuming conditional independence, find P(spam | both).

Solution. Naive Bayes multiplies the per-word likelihoods. The spam and ham scores are

spam : 0.3(0.6)(0.7) = 0.126,  ham : 0.7(0.1)(0.2) = 0.014.

0.126 _0.126

0.126 4+ 0.014  0.140
the 30% prior to 90%; the conditional-independence assumption is what lets the likelihoods simply multiply.

Normalizing, P(spam | both) = = 0.9. Two spam-indicative words push the posterior from

Question 26: Conditional probability with two dice (10 points)
Problem. Two fair dice are rolled. (a) Find P(sum = 8). (b) Find P(first die = 3 | sum = 8).

Solution. (a) The sum is 8 for the outcomes (2,6), (3,5), (4,4), (5, 3), (6,2), which is 5 of the 36 equally likely pairs,

so P(sum = 8) = 2.

(b) Among those five outcomes, exactly one has first die 3, namely (3,5). By the definition of conditional probabil-

ity,
P(first =3 and sum =8) 1/36 1
(first = 3 | sum = 8) P(sum = 8) 5/36 5

Conditioning on the sum restricts the sample space to those five equally likely outcomes, and the first die is equally
likely to be any of 2, 3,4, 5,6 there, giving %

Question 27: A Markov chain’s stationary distribution (15 points)

Problem. A two-state chain has transition matrix (rows sum to 1) P =[-8 9-2]. Find the stationary distribution =
with 7P = =.

Solution. Writing @ = (w1, m2) with m1 + 2 = 1, the balance equation for the first state is 0.8m + 0.4m2 = 1.
Substitute mo = 1 — 71:

0.8m +04(1—m)=m = 04m +04=m = 04=0.6m = m = 3.

Som = (2,%). A check: the first component of wP is 2(0.8) + £(0.4) = %% + %2 = 2 and the second is 2(0.2) +

%(0.6) = L?f + % = %, so wP = m. The stationary distribution is the left eigenvector of P for eigenvalue 1, the

long-run fraction of time spent in each state, and it is exactly what PageRank computes on the web’s link matrix.

17.5 Estimation, distributions, and covariance
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Question 28: Expectation and variance (15 points)

Problem. A fair four-sided die shows {2, 4, 6,8} with equal probability. (a) Find E[X]. (b) Find Var(X). (c) Let
Y =3X —1; find E[Y] and Var(Y).

Solution. (a) Each outcome has probability 1, so

EX]=1(2+4+6+8) =2 =5

(b) The second moment is E[X?] = 1(4+ 16 + 36 + 64) = 122 = 30, so

Var(X) = E[X?] — E[X]* = 30 — 25 = 5.

(¢) An affine transform scales the mean affinely and the variance by the squared multiplier:

E[Y] =3E[X] -1=3(5)—1=14,  Var(Y)=3?Var(X) = 9(5) = 45.
The constant —1 shifts the center but never the spread, and the factor 3 triples the spread, so the variance grows
ninefold. The standard deviation of Y is v/45 &~ 6.7, three times that of X (\/5 A 2.24), as scaling by 3 predicts.
Question 29: Binomial mean and variance (10 points)

Problem. Let X ~ Binomial(12, 1). Find E[X] and Var(X).

Solution. A binomial sums n independent Bernoulli trials, so E[X] = np = 12() = 6 and Var(X) = np(1 — p) =
12(3)(3) = 3, giving standard deviation v/3 ~ 1.73. On average 6 of 12 fair flips are heads, give or take about 1.7.
The variance is largest at p = %, the most uncertain bias.

Question 30: Maximum likelihood for an exponential (10 points)

Problem. Waiting times {2, 4,6} are modeled as iid exponential with rate A\. Find the MLE.

Solution. The exponential density is Ae™**, so the log-likelihood for n samples is £(\) = nln XA — A >, xi. Differenti-
ating, K'(A):;—Zim:Ogivesj\: i 1. With z = 28346 — 4,

> T B

81

< 1
A=-=0.25.
4

The MLE rate is the reciprocal of the sample mean, sensible because the exponential’s mean is 1/\; matching the
model mean to the data mean recovers A.

Question 31: Multinomial maximum likelihood (10 points)

Problem. A three-category variable is observed 100 times with counts (20, 30,50). Find the MLE of the category
probabilities.

Solution. Maximizing the multinomial log-likelihood Zk my, In pi, subject to kak = 1 (with a Lagrange multi-
plier) gives each probability as its observed frequency, pr = my/N:

b= (% 30 %) = (0.2,0.3,0.5).

The constraint is what ties the probabilities together so they sum to one; without it each pr would run to its uncon-
strained maximum. As for the coin, the MLE is the empirical frequency.
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Question 32: A Gaussian under an affine map (10 points)
Problem. Let X ~ N (1,4) and Y = 3X — 2. Find the distribution of Y.

Solution. An affine function of a Gaussian is Gaussian. The mean maps affinely, E[Y] = 3(1) — 2 = 1, and the
variance scales by the squared multiplier, Var(Y) = 32 Var(X) = 9(4) = 36. So Y ~ N(1, 36), with standard
deviation 6. The constant —2 shifts the center without touching the spread, while the factor 3 triples the standard
deviation and so multiplies the variance by nine.

Question 33: Covariance to correlation (10 points)

Problem. Two variables have covariance matrix [ §]. Find the correlation coefficient.

Solution. The variances are 0% = 16 and 02 =9, so ox = 4 and oy = 3. The covariance is the off-diagonal 8, so

Cov(X,Y) 8 8 2
p= =g =1 = 5 P 0007

A moderate-to-strong positive correlation. The correlation rescales the unit-laden covariance into a pure number in
[—1, 1], comparable across problems regardless of the variables’ scales.
Question 34: Sample covariance (10 points)

Problem. For the points (1,1),(2,2), (3,4), compute the sample covariance matrix (dividing by n = 3).

Solution. The mean is (Z,%) = (2, 1), so the centered points are (—1,—%), (0, —%),(1,2). Then

)

Var(y) = (4/3)2-&-(1/3:«;)2-4-(5/3)2 — 4 oy = (*1)(7%);0+(1)<%) -1

Var(z) = 71+g+1 = o

Wi

So X = [2{3 1 41/9} . The positive off-diagonal confirms x and y rise together, as the upward drift of the three points

shows.
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CHAPTER ].8

Practice Final, Worked in Full

This practice final spans the whole course, from the spectral theorem and the SVD through maximum likelihood,
optimization, the support vector machine, and PCA. Each question carries its point value and is solved completely,
with every intermediate quantity shown and checked. Attempt each closed-book under time before reading the
solution; the goal is to connect the threads, since the final rewards seeing that least squares, the Gaussian, and PCA
are one circle of ideas.

18.1 Linear algebra and matrix decompositions

Question 1: The spectral theorem in action (15 points)

Problem. Let A = [%1]. (a) Find its eigenvalues and orthonormal eigenvectors. (b) Write the spectral decomposi-
tion A = A1q1q] + X2q2q3 . (c) Use it to state VA, the symmetric positive-definite square root.
Solution. (a) From (4 —A)2 =1 =0, A\ =5and A2 = 3. For A =5, (A —5I) = [711 _11] gives g1 = %(1, 1); for
A=3,q2=75(1,~1), and ¢ g2 = 0.

1 -1

(b) The outer products are qi1q; = 1[11] and q2qs = %[71 1 ], so

S S e

(c) A function of a symmetric matrix acts on its eigenvalues: replace each A\; by v/A; in the spectral sum. Thus

A=5.

N =

T L |[VB+V3 VE—V3
VA=V5qq/ +\/§qzq§—2[\/_\/§ \/5+\/§}

One checks (\/Z)2 = A because the projectors are orthogonal and idempotent. Matrix square roots like this are
what whiten data and define the geometry of the Gaussian.

Question 2: Diagonalizing a 2 x 2 (10 points)

Problem. Diagonalize A = [22].

Solution. The characteristic polynomial is A> — 5X +4 = (A — 4)(A — 1) (trace 5, determinant 6 — 2 = 4), so
the eigenvalues are 4 and 1. For A = 4, (A —4I) = [_12 31] gives v1 = (1,1); for A = 1, [} 2] gives v2 = (2,—1).
So A = PDP™! with P = H 31]7 D = diag(4,1), and P~ = %H ,21} (since det P = —3). The matrix is not
symmetric, so the eigenvectors are independent but not orthogonal.

Question 3: Power iteration (10 points)

Problem. Run three steps of power iteration on A = [21] from o = (1,0), and say what the Rayleigh quotient
converges to.

Solution. Apply A repeatedly: (1,0) — (2,1) — (5,4) — (14,13). The Rayleigh quotient ' Az/x "« runs
2.0 » 2.8 = 2.976 — - - -, climbing toward 3, the dominant eigenvalue (the eigenvalues are 3 and 1). The direction
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tilts toward (1,1), the top eigenvector, and the error shrinks by the ratio |A2/A1| = 1/3 each step. This is the engine
behind PageRank and large-scale PCA.

Question 4: Low-rank approximation (15 points)

Problem. A matrix has singular values o = (10,6,2). (a) State the best rank-2 approximation’s Frobenius error.
(b) What fraction of the Frobenius energy does it retain? (¢) By Eckart—Young, could any rank-2 matrix do better?

Solution. (a) The best rank-2 truncation drops only the smallest singular value, so the squared error is o3 = 4 and
|A = As|lp = V4 = 2.

(b) The total energy is > o? =100+ 3644 = 140, and the rank-2 fit keeps 100+ 36 = 136, a fraction 136,/140 ~ 0.971,
about 97%.

(¢) No. The Eckart—Young theorem states that the truncated SVD is the optimal low-rank approximation in both
the Frobenius and spectral norms, so no rank-2 matrix can beat the error 2. The discarded energy o3 is the un-
avoidable price of dropping to rank 2.

Question 5: Low-rank energy (10 points)

Problem. A matrix has singular values o = (8,4,2). What fraction of the Frobenius energy do the best rank-1 and
rank-2 approximations retain?

Solution. The total energy is > 07 = 64+ 16 +4 = 84. The rank-1 fit keeps o7 = 64, a fraction 64/84 =~ 0.762 (76%);
the rank-2 fit keeps 64 + 16 = 80, a fraction 80/84 ~ 0.952 (95%). By Eckart—Young the truncated SVD is optimal,
so no other rank-2 matrix does better, and the discarded o3 = 4 is the unavoidable squared error. The sharp drop
after o1 is what makes the low-rank approximation faithful.

Question 6: Condition number (5 points)

Problem. A matrix has singular values o = (6,2). Give its 2-norm condition number and the worst-case error
amplification when solving a linear system.

Solution. The condition number is kK2 = Omax/0min = 6/2 = 3. Solving Ax = b can amplify a relative error in b by
at most k2: a 1% data error becomes at most a 3% solution error. A condition number near 1 is benign; a large one
(tiny omin) signals a nearly singular, sensitive problem, the numerical reason regularization lifts the small singular
values.

Question 7: Three norms (5 points)

Problem. For x = (2,3), compute ||z||1, |||z, and ||z -

Solution. ||z|1 =243 =05, ||z = V4 + 9 = V13 = 3.61, and ||x||c = max(2,3) = 3. The ordering ||-||cc < [|]]2 <
[I-ll1 holds, as always. These are the norms behind worst-case (£ ), ridge (¢2), and lasso/sparsity (¢1) reasoning.

18.2 Least squares, regression, and PCA

Question 8: Ridge regression (15 points)

Problem. Ridge regression solves (ATA+ \)B = ATy. With ATA = [49], ATy = (8,8), compare the ordinary
least-squares solution with the ridge solution at A = 4, and explain the effect.

Solution. Ordinary least squares solves AT AB = ATy, i.e. 48 = (8,8), giving BoLs = (2,2). Ridge adds A\ = 4I:
(ATA+4DB = B)B = (8,8) = Bridge = (1,1).
The penalty halved the coefficients, from (2,2) to (1,1). Ridge lifts every eigenvalue of AT A by X (here 4 — 8),

which shrinks the estimate toward zero and cures ill-conditioning by pushing small eigenvalues away from zero. This
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trades a little bias for a large drop in variance, and corresponds to a Gaussian prior on 3, the MAP estimate of
Chapter 2. It is the bridge from least squares to regularized learning.

Question 9: Gradient of a quadratic form (10 points)

Problem. For the quadratic form f(x) = = Az with the symmetric A = [31], find Vf at (1,1).

Solution. For symmetric A, V(x ' Az) = 2Az. At (1,1),

orft J[] oo

This identity is the matrix-calculus engine behind the normal equations: differentiating || Az — b||* uses exactly
V(zT AT Az) = 2AT Az, and setting it to zero gives AT Az = ATb.

Question 10: Principal component analysis (15 points)

Problem. A dataset has covariance ¥ = [§2]. (a) Find the principal directions and their variances. (b) What frac-
tion of variance does the first component capture? (c) If you project onto the first component, what is the average
squared reconstruction error?

Solution. (a) The eigenvalues solve A — 9\ 414 = 0 (trace 9, determinant 6-3 —2-2 = 14), giving \; = 7 and A2 = 2.
ForA=7,(2-7I) = [_21 34] gives the direction v1 = %(2, 1); the second principal direction is the orthogonal
vy = %(71, 2), with variance 2.

M = 7 ~ 0.778, about 78% of the total variance, along (2,1).

AM+A 9

(¢) Projecting onto the first component discards the second, so the average squared reconstruction error equals the
discarded eigenvalue, A2 = 2. This is the Eckart—Young statement for PCA: dropping a component costs exactly
its variance, the same Ao that the per-point error y2 averages to. With 7 of the 9 total variance retained, the one-

(b) The first component captures

dimensional summary keeps most of the structure while halving the storage.

Question 11: PCA reconstruction error (10 points)

Problem. With top principal component v; = %(17 1), project « = (2,1) onto v1, reconstruct, and give the
squared reconstruction error.

Solution. The first coordinate is y; = v{ © = %, and the reconstruction is & = yjv1 = %(17 1) = (1.5,1.5). The
error is * — & = (0.5, —0.5) with squared length 0.25 + 0.25 = 0.5. This equals the squared discarded coordinate

Y2 with y2 = vy ¢ = -%, and averaged over a dataset it equals the discarded eigenvalue \a, the Eckart—Young

\/57
statement for PCA.

18.3 Probability, distributions, and learning theory

Question 12: Maximum likelihood and MAP (15 points)

Problem. A coin shows 8 heads in 12 flips. (a) Give the MLE of the bias. (b) With a Beta(3, 3) prior, give the
posterior, its mean, and the MAP estimate. (c¢) Explain the ordering of the three numbers.

Solution. (a) The MLE is the sample frequency fivmLe = % = % ~ 0.667.

(b) The Beta is conjugate, so the posterior adds the counts as pseudo-observations: Beta(3 + 8, 3 4+ 4) = Beta(11,7).

Its mean is 1+ ~ 0.611, and the MAP (the mode) is % = 12 = 0.625.

(¢) The prior Beta(3,3) is centered at 0.5, so it pulls the estimate down from the data’s 0.667 toward 0.5. The pos-
terior mean 0.611 is pulled most (it averages over the whole posterior), the MAP 0.625 less so (it sits at the peak),
and the MLE 0.667 ignores the prior entirely. All three converge to m/n as data accumulates and the prior’s fixed
pseudo-counts become negligible.
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Question 13: A medical test (10 points)

Problem. A disease affects 1% of people. A test is 95% sensitive and 90% specific. Given a positive result, what is
the probability of disease?

Solution. The probability of testing positive is, by total probability,
P(+) = 0.95(0.01) + 0.10(0.99) = 0.0095 + 0.099 = 0.1085,
using P(+ | healthy) =1 — 0.90 = 0.10. By Bayes,

~0.0095

P14 = 51085

~ 0.088.

Even after a positive on a fairly accurate test, the patient is only about 9% likely to be sick, because the disease is
rare: the 0.99 x 0.10 false alarms swamp the 0.01 x 0.95 true detections. This base-rate effect is the central caution of
screening.

Question 14: A sum of independent Gaussians (5 points)

Problem. Let X ~ N(2,3) and Y ~ N(1,5) be independent. Find the distribution of X + Y.

Solution. Independent Gaussians add to a Gaussian, with means and variances each summing: X +Y ~ N (241, 3+
5) = N(3,8), standard deviation v/8 =~ 2.83. The spreads combine in quadrature, not by adding standard deviations;
independence is what kills the cross-covariance term.

Question 15: A Markov stationary distribution (10 points)

Problem. Find the stationary distribution of the chain with transition matrix (rows sum to 1) P = [J:93-1].

Solution. The balance equation 0.971 + 0.372 = 71 with m2 = 1 — 71 gives 0.9m1 + 0.3(1 — 1) = 71, i.e. 0.3 = 0.471,
som = 0.75 and 72 = 0.25. Thus 7 = (2, 1), the left eigenvector of P for eigenvalue 1 and the long-run fraction of

4°1
time in each state. This is the computation PageRank runs on the web’s link matrix.

Question 16: Covariance to correlation (5 points)

Problem. Two variables have covariance matrix [25 12]. Find the correlation coefficient.

Solution. The standard deviations are ox = v/25 =5 and oy = v16 = 4, so

_Cov(X,Y) _ 12 12 o
~ oxoy 5.4 20 7

a moderate positive linear relationship. The correlation strips the units out of the covariance, landing in [—1, 1]
regardless of the variables’ scales.
Question 17: Entropy (5 points)

Problem. Compute the entropy of the distribution (0.6,0.4) in bits.

Solution. H = —0.6log, 0.6 — 0.4log, 0.4 = —0.6(—0.737) — 0.4(—1.322) ~ 0.442 + 0.529 = 0.971 bits. This

is just below the maximum of 1 bit (reached at 0.5/0.5): the slight imbalance toward the first outcome makes the
variable a touch more predictable. Binary entropy peaks at p = % and falls to 0 at the certain extremes, mirroring
the Bernoulli variance p(1 — p).
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Question 18: A Kullback—Leibler divergence (10 points)
Problem. Compute KL(p|| ¢) in nats for the distributions p = (0.5,0.5) and ¢ = (0.25,0.75).
Solution. The KL divergence is kak In 2%,

qdk

KL(pllq) = 0.51n % +0.51n % =052 4 0.5In 2 ~ 0.5(0.693) + 0.5(—0.405) = 0.144.

It is positive (zero only when p = ¢) and asymmetric: KL(q¢||p) differs. It measures the extra nats to encode samples
from p with a code built for g, the quantity maximum likelihood implicitly minimizes between data and model and
that the Chernoff exponent uses.

Question 19: A concentration bound (10 points)

Problem. A bounded loss in [0, 1] is averaged over n = 200 independent test points. Use Hoeflding to bound the
probability the empirical average is off by at least ¢ = 0.1 from the true mean.

Solution. Hoeffding gives P(|X — u| > ¢) < 9p—2ne”,

2200007 _ 9,74 1 9(0.0183) = 0.037.

So with about 96% confidence the test estimate is within 0.1 of the truth. This is the generalization guarantee in
miniature: a held-out average of 200 points pins the true risk to a tight band, and the band shrinks exponentially in
n.

Question 20: A Hoeffding bound (10 points)

Problem. A bounded loss in [0, 1] is averaged over n = 200 independent points. Bound the probability the empiri-
cal average is off by at least € = 0.1.

Solution. Hoeffding’s inequality gives P(|X — u| > ¢) < 2e72n" = 92200001 _ 95-4 & (0,037, So with
about 96% confidence the held-out estimate is within 0.1 of the true risk. The bound decays exponentially in n, the
quantitative form of the law of large numbers and the basis of generalization guarantees.

Question 21: VC dimension of rectangles (10 points)

Problem. Find the VC dimension of axis-aligned rectangles in the plane (a point is labeled 1 if it lies inside the
rectangle).

Solution. Place four points as a diamond: one topmost, one bottommost, one leftmost, one rightmost. Any subset
can be realized by taking the axis-aligned bounding box of the points to include, which excludes the rest, so all

2% = 16 labelings are achievable and dyvc > 4. Five points cannot be shattered: among any five, take the one that is
not extreme in any of the four directions; any rectangle containing the other four extremes must contain the whole
bounding box, hence this interior point too, so the labeling excluding only it is impossible. Therefore dvc = 4,
matching the four free parameters (the rectangle’s four edges).

Question 22: The bias—variance decomposition (10 points)

Problem. An estimator has squared bias 0.09, variance 0.04, and the data carries irreducible noise of variance 0.05.
(a) Give the expected test error. (b) Describe how it would change if the model were made more flexible.

Solution. (a) The expected squared error splits into three nonnegative pieces:
MSE = bias® + variance + noise = 0.09 + 0.04 + 0.05 = 0.18.

(b) A more flexible model fits the training data more closely, lowering the bias (here 0.09) but raising the variance
(here 0.04), since it chases noise. The noise floor 0.05 is irreducible: no model beats it. The test error is minimized
at the flexibility where the falling bias and rising variance balance, the heart of the bias—variance tradeoff and the
reason the best model is neither the simplest nor the most complex.
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18.4 Vector calculus and optimization

Question 23: Newton’s method (10 points)

Problem. Use Newton’s method on f(z) = 2® — 5 from o = 2 to approximate v/5. Trace three iterations and
comment on the convergence rate.
m? -5

Solution. With f'(z) = 2z, the update zt+1 = z¢ — S =
t

(mt + 3) From z¢ = 2:
Tt

N =

z1 = 3(2+25) =225, xp=1(225+ 53;) =2.23611, x5 = 2.236068,
already matching /5 = 2.2360679... to six digits. The number of correct digits roughly doubles each step
(quadratic convergence) once near the root, because Newton models f by its tangent and the error obeys et11 & ce?.
Compared with gradient descent’s geometric (linear) rate, Newton is dramatically faster near a solution, at the cost
of needing the second derivative.

Question 24: Gradient-descent step size (10 points)

Problem. For f(z) = %mz, gradient descent updates x < x — ax. For which step sizes a does it converge, and what

happens at a = 0.5 versus a = 2.57

Solution. The update is 2:41 = (1 — @)z, so ¢ = (1 — a)'zo, which decays to zero exactly when |1 — | < 1, i.e.
0 < a < 2. At a = 0.5 the factor is 0.5, so each step halves the iterate and it converges smoothly. At a = 2.5 the
factor is 1 — 2.5 = —1.5, whose magnitude exceeds 1, so the iterate diverges, oscillating with growing amplitude.
The stable bound o < 2/L with curvature L = f” = 1 is the quadratic prototype of every learning-rate limit;
overshooting it is the classic “rate too large” failure.

Question 25: One backpropagation step (15 points)

Problem. A tiny network computes z = wz, a = o(2), and loss L = 1(a — y)?, with o the logistic sigmoid. For

w = 0.5, z =2, y = 1, compute the forward pass and then dL/0w by backpropagation.
1

Solution. Forward. z = wx = 0.5(2) = 1, then a = o(1) = T ™ 0.731, and L =

0.0362. Backward. Chain the three local derivatives from the loss back to w:

oL da 0z
Fo=a-y=-0269, = =0(z)(1-0(2)=0731(0.260) =0.197, = =z=2.

1(0.731 = 1)* = £(0.0724) =

Multiplying,

oL OL Oa 0z
Yo~ a9 0w (—0.269)(0.197)(2) ~ —0.106.

The negative gradient means increasing w lowers the loss, sensible since the target 1 exceeds the prediction 0.731, so
the network should push its output up. Backpropagation is exactly this product of local derivatives, computed right
to left.

Question 26: A Jacobian (10 points)
Problem. For F(z,y) = (z +y°, 2% — y), compute the Jacobian at (1,2) and its determinant.

Solution. The Jacobian stacks the gradients of each output as rows:

J_ Az +y*)/0x 8(a:+y2)/6y} _ [1 2y:|
0(z? —y)/0x O(x® —y)/dy 2¢  —1|"°

At (1,2) this is [é 4 ], with determinant 1(—1) — 4(2) = —9. The Jacobian is the best linear approximation of F' near
the point, and its determinant —9 is the local area-scaling factor (the negative sign flags an orientation reversal).
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18.4. VECTOR CALCULUS AND OPTIMIZATION

Question 27: Constrained optimization by Lagrange multipliers (10 points)
Problem. Minimize f(x,y) = x2 + 2y* subject to 2 +y = 3.

Solution. At the constrained minimum V f is parallel to the constraint gradient: (2z, 4y) = A(1,1). So 2z = X and
4y = A, hence 2z = 4y, i.e. x = 2y. Substituting into x +y = 3 gives 2y +y =3,s0y = 1, z = 2, and A = 4. The
minimum value is f(2,1) = 4 + 2 = 6. The asymmetry x = 2y comes from the heavier penalty on y (coefficient 2): the
optimizer leans toward spending its budget on the cheaper variable x. The multiplier A = 4 is the rate at which the
optimum would change if the constraint level 3 were relaxed.

Question 28: A Lagrange multiplier (10 points)
Problem. Minimize z? + 32 subject to 3z 4 4y = 25.

Solution. At the constrained minimum V(z? + y?) = AV(3z + 4y), i.e. (2z,2y) = \(3,4),s0 2 = %, y = 2.
Substituting into the constraint, 3(2) + 4(2X) = 222 = 25, s0 A = 2, giving (z,y) = (3,4) and minimum value
9 4+ 16 = 25. Geometrically (3,4) is the point of the line closest to the origin, and v/25 = 5 is that distance; the
squared distance from the origin to 3z + 4y = 25 is 252 /(3% + 4?) = 625/25 = 25.

Question 29: KKT with two active constraints (15 points)
Problem. Minimize 22 4+ y? subject to z > 1 and y > 2.

Solution. The unconstrained minimum is (0, 0), which violates both constraints, so test them active. With z = 1
and y = 2 both binding, the candidate is (1,2) with value 12 + 2% = 5. Verify KKT: writing the constraints as
g1=1—2<0, g2 =2—y <0, stationarity Vf = u1V(—g1) + p2V(—g2) reads (2z,2y) = (p1, p2), so p1 = 2z = 2
and p2 = 2y = 4, both nonnegative. Primal feasibility (x = 1 > 1,y = 2 > 2), dual feasibility (u; > 0), and
complementary slackness (both constraints tight) all hold, so for this convex problem (1,2) is the global minimum.
Each multiplier is the shadow price of its constraint: tightening x > 1 to z > 1+€ would raise the optimum at rate
M1 = 2.

Question 30: A constrained minimum with an active constraint (10 points)

Problem. Minimize z? + y? subject to  + y > 4. Identify whether the constraint is active and give the optimal
multiplier.

Solution. The unconstrained minimum is (0,0), but 0 + 0 = 0 < 4 violates = + y > 4, so the constraint binds and the
optimum lies on the line = +y = 4. Minimizing z® + %> on that line (the closest point to the origin) gives z = y = 2 by
symmetry, with value f(2,2) = 8. The KKT stationarity Vf = uV(z + y) reads (2z,2y) = p(1,1), so p =2x =4 > 0.
The positive multiplier and the tight constraint satisfy complementary slackness, certifying the minimum for this
convex problem. The multiplier p = 4 is the shadow price: tightening the requirement to 4+ y > 5 would raise the
optimal cost at rate 4 per unit.

Question 31: An inactive constraint (10 points)
Problem. Minimize (z — 2)? + (y — 1)? subject to 2 +y < 8.

Solution. Check the unconstrained minimum first: it is (2, 1), where the objective is 0. Test feasibility: 2+ 1 =3 < 8,
satisfied with room to spare, so the constraint is inactive. By KKT complementary slackness an inactive constraint
forces its multiplier to zero, and the problem reduces to the unconstrained one. The minimum is (2,1) with value
0. Always test whether the unconstrained optimum is already feasible; only a binding constraint bends the solution
(Chapter 9).
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18. PRACTICE FINAL, WORKED IN FULL

Question 32: A logistic-regression gradient (10 points)

Problem. A logistic model has weights @ = 0. For the single example = (2,1) with label y = 0, compute the
gradient of the cross-entropy loss.

Solution. The predicted probability is p = o(@ " ) = o(0) = 0.5. The one-example cross-entropy gradient is (p — y)a:
Vi=(p—y)x=(0.5-0)(2,1) =(1, 0.5).

A descent step @ < 8 — aV/ moves the weights along (—1, —0.5), lowering 8 "« and so lowering the predicted
probability on this negative example, exactly as desired. The “prediction minus target” form is identical to linear
regression’s residual.

18.5 Supervised and unsupervised learning

Question 33: A support vector machine (20 points)

Problem. Two points: &1 = (0,0) with y3 = —1 and x2 = (2,2) with y2 = +1. (a) Find the maximum-margin
weights w and bias b. (b) Give the margin width. (c) Write the decision function and classify x = (2,0).

Solution. (a) By symmetry the boundary bisects the segment and w is parallel to @2 — x1 = (2,2), so w = ¢(1,1).
The support-vector conditions w ' @; +b = y; read b = —1 (from x; = (0,0)) and ¢(2+2)+b=1,ie. 4c—1 =1, so
c=1 Thusw=(3,3),b=-1
2 2

= = 2v/2 = 2.83, the distance between the two points (which

2
lwll — \/1/a+1/a  1/V2

are both support vectors).

(c) The decision function is f(x) = S21 + 322 — 1. At @ = (2,0), f = 2(2) + $(0) — 1 = 0, exactly on the boundary,
so the point is on the decision line itself (the perpendicular bisector z1 + x2 = 2), an ambiguous case sitting at margin

value 0.

(b) The margin width is

Question 34: Hinge loss (5 points)

Problem. A trained SVM has w = (1,0), b = —1, so f(x) = z1 — 1. Compute the hinge loss max(0,1 —y f(x)) at
the point & = (0.5,0) with label y = +1.

Solution. The score is f = 0.5 — 1 = —0.5, so the margin is y f = —0.5 and the hinge loss is max(0,1 — (—0.5)) = 1.5.
The point is misclassified (f < 0 for a +1 label), so it pays a large loss and is a support vector. Only points with
margin below 1 contribute, which is the source of the SVM’s sparsity.

Question 35: The kernel trick (10 points)

Problem. For the kernel k(z,z) = (1 + x' 2)? in two dimensions, (a) evaluate k for z = (1,2), z = (1,0), and
(b) explain what feature space it corresponds to.

Solution. (a) The inner product is "z = 1(1) +2(0) = 1, s0 k = (1 + 1) = 4.

(b) Expanding (14" 2)? =14 22" z + (2 2)? shows the kernel is an inner product ¢(x)" ¢(z) for the feature map
containing a constant, the linear terms, and all quadratic terms:

o(x) = (1, V2z1, V22, 23, V2x122, 3).
So the degree-2 polynomial kernel computes a dot product in this six-dimensional space using only the original two-

dimensional inner product. The SVM thereby fits a quadratic boundary (conics: ellipses, parabolas, hyperbolas) at
the cost of a linear one, never forming ¢ explicitly.
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18.5. SUPERVISED AND UNSUPERVISED LEARNING

Question 36: A polynomial kernel (10 points)

Problem. For the kernel k(z, z) = (x' 2)? in two dimensions, evaluate k for & = (2,1), z = (1,1), and name the
feature space it corresponds to.

Solution. The inner product is ¢z = 2(1) + 1(1) = 3, so k = 32 = 9. Expanding (z' 2)? shows k = ¢(z) " ¢(2) for
the quadratic feature map ¢(x) = (:c%, V2zix2, x%) The kernel computes a dot product in that three-dimensional
space using only the original two-dimensional inner product, so the SVM fits a quadratic boundary at the cost of a
linear one, never forming ¢.

Question 37: A perceptron update (10 points)

Problem. A perceptron starts at w = 0, b = 0. The point = (1,2) has label y = +1. Perform one update and
confirm the point is then correctly classified.

Solution. The score w '« + b = 0 is not positive, so the positive point is misclassified and triggers an update. The
rule adds the signed point: w + w + yx = (1,2) and b < b+ y = 1. The new score is (1)(1) + (2)(2) + 1 =6 > 0, now

correct. Each correction tilts the boundary toward the offending point, and on separable data only finitely many
corrections occur.

Question 38: The softmax (5 points)

Problem. Compute the softmax of the logits z = (2,0, 1).

Solution. Exponentiate and normalize: e? = 7.389, ¢® =1, e! = 2.718, summing to 11.107, so

p= (7-389 L 2-”8) ~ (0.665, 0.090, 0.245).

11.107 11.107° 11.107
The probabilities are positive and sum to 1, and the largest logit gets the largest share. Softmax is the multiclass
generalization of the sigmoid, sharpening differences through the exponential.
Question 39: One round of k-means (10 points)

Problem. Cluster {2,3,12,14} with k = 2, starting from centroids 1 = 0, p2 = 10. Perform one assignment and
update, and state the within-cluster sum of squares.

Solution. Assignment. Distances to 1 = 0 are 2,3,12,14; to uz = 10 they are 8,7,2,4. So 2,3 join cluster 1 and

12,14 join cluster 2. Update. p1 = 2%3 =2.5and p2 = % = 13. A reassignment would not change the clusters,

so this is the converged solution. The objective is
J=(2-25°+(3-257+(12-13)>+(14-13)> =025+ 0.25+ 1 + 1 = 2.5.

The algorithm recovered the two obvious groups in one round, and J = 2.5 measures their total tightness.

Question 40: k-means on a second dataset

Problem. Cluster {2,3,11,12} with £ = 2 from centroids p1 = 0, u2 = 10. Perform one assignment and update,
and give the objective.

Solution. Assignment. Distances to 0 are 2,3,11,12; to 10 they are 8,7,1,2. So 2,3 join cluster 1 and 11,12 join

cluster 2. Update. p1 = % = 2.5, u2 = % = 11.5. A reassignment would not change the clusters, so this is
converged. The objective is (2 — 2.5)% 4 (3 — 2.5)% 4+ (11 — 11.5)% + (12 — 11.5)? = 4(0.25) = 1.
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18. PRACTICE FINAL, WORKED IN FULL

Question 41: A GMM responsibility (10 points)

Problem. A mixture has two equally weighted components A(0,1) and A(3,1). Compute the responsibility of the
first component for the point z = 1.

3N (1;0,1)
N (1;0,1) + 3N (1;3,1)

e~ (@=m?/2, for 1 = 0 the exponent is f%, for p =3 it is —2. So

Solution. The responsibility is the posterior v1 =

. The densities depend on x through

e 1/2 0.6065
= = ~ 0.818.
T T2 Fe2 T 0.6065+ 0.1353

The point = 1 is closer to component 1, so it is assigned there with about 82% confidence, a soft assignment. This
is the E-step of EM; the M-step then re-estimates the means with these responsibilities as weights.
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APPENDIX A

Linear Algebra Reference

This appendix

A compact refresher on the linear algebra used throughout the book: vector spaces and the four subspaces,
rank, orthogonality and projection, the matrix factorizations, norms, and the families of special matrices.
Statements are collected for lookup; the derivations live in Chapters 1 to 4.

A.1 Vector spaces, span, and basis

A subspace of R™ is a nonempty set closed under addition and scalar multiplication. The span of vectors is the set
of all their linear combinations, the smallest subspace containing them. A basis is a linearly independent spanning
set; every basis of a subspace has the same size, its dimension. For A € R™*" the four fundamental subspaces and
their dimensions are

Col(A) CR™ (dimr), Nul(4) CR™ (dimn—r), Row(A) CR™ (dimr), Nul(A") CR™ (dimm—r),

where r = rank(A). The SVD supplies orthonormal bases for all four (Section 4.5.1). Orthogonality pairs them:
Nul(A4) = Row(A)* and Nul(A") = Col(A)~.

Rank—nullity theorem

For A € R™*", rank(A) + dim Nul(A) = n. Columns either contribute an independent output direction (rank)
or a relation among inputs (null space); together they account for all n columns.

A.2 Rank facts

For conformable matrices: rank(A) = rank(A") = rank(ATA) = rank(AAT) (Exercises 1.3 and 1.4);
rank(AB) < min{rank(A),rank(B)}; rank(A) < min{m,n}, with full rank meaning equality. A € R"*" is
invertible iff rank(A) = n iff det A # 0 iff 0 is not an eigenvalue (Table 1.3).

A.3 Inner products, norms, orthogonality

The Euclidean inner product is (z, y) = x 'y, with ||z||z = VT« and angle cos¥ = (z, y) /(||z||||y||). Cauchy—
Schwarz: |(z, y)| < ||z||||ly|| (Theorem 1.3). Vectors are orthogonal when (z, y) = 0, orthonormal when additionally
of unit length. A square Q with orthonormal columns is orthogonal: QTQ =QQ" =1, Q7' = Q", and Q preserves
lengths and angles.
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A. LINEAR ALGEBRA REFERENCE

Norm Vector ||z||, Matrix
4 ZJ“Z‘ max absolute column sum
1/2
12 (ZZ xf) / spectral norm o
loo max;|x;| max absolute row sum
) 1/2 1/2
Frobenius — (Z” A?j) = (Zk U%)

Table A.1. Common vector and matrix norms. The matrix 2-norm is the largest singular value; the Frobenius norm is
the Euclidean norm of the flattened matrix.

A.4 Matrix factorizations

Factorization Form Applies to Used for

LU A=LU square solving Ax = b, det

Cholesky A=LLT symmetric PD fast solves, sampling Gaussians

QR A=QR full column rank least squares (Section 2.11.1)

Eigen A=QAQT symmetric spectral theorem (Theorem 3.16)

Eigen A= PDP~! diagonalizable powers, dynamics (Section 3.5)

SVD A=UxVT any matrix rank, norms, pseudoinverse (Chapter 4)

Table A.2. The standard factorizations. The SVD is the universal one; the others specialize to structured matrices but
are cheaper when they apply.

A.5 Special matrices

+ Symmetric (AT = A): real eigenvalues, orthonormal eigenbasis (Theorem 3.16).

+ Orthogonal (QTQ = I): eigenvalues on the unit circle, length-preserving.

+ Positive (semi)definite (x” Az > 0, resp. > 0): symmetric with positive (nonnegative) eigenvalues (Proposi-
tion 3.24); admits a Cholesky factor; the shape of every covariance matrix and minimizing Hessian.

e Idempotent (P2 = P): a projection; eigenvalues 0, 1; tr P = rank P. Symmetric idempotents are orthogonal
projections (Definition 2.4).

o Diagonal / triangular: eigenvalues are the diagonal entries; determinant is their product.
A.6 Determinant and trace identities
det(AB) = det Adet B, det(A") = det A, det(cA) =c"detA, det(A™')=1/detA, detA=T[ Ai. tr(A+B)=

trA+trB, tr(AB) = tr(BA) (Eq. (1.11)), tr A= )" . For a 2 x 2 matrix, det[? }] = ad — bc and the inverse is
adlfbc [—dc ;b] (Eq (110))
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APPENDIX B

Probability and Distributions Reference

This appendix

The probability facts used in Chapters 5 to 7: the rules, the moment identities, the distribution catalogue with
means and variances, conjugate pairs, and the concentration inequalities, gathered for lookup.

B.1 Rules

Sum rule: p(z) = Zyp(a:,y) (or fp(:c,y) dy). Product rule: p(z,y) = p(z | y)p(y). Bayes: p(d | D) =

pi(Dptg))p(@) x p(D | 9)p(9) (Eq. (5.7)). Independence: p(z,y) = p(z)p(y). Total probability: p(z) =

Yo P [ yk)p(yr)-

B.2 Expectation, variance, covariance

E[aX + bY] = aE[X] + bE[Y] (always), Var(X) = E[X?] — E[X]?,
Var(aX +b) = a® Var(X), Cov(X,Y) = E[XY] — E[X]E[Y],
Var(X +Y) = Var(X) 4+ Var(Y) + 2Cov(X,Y), Cov(z) = E[(x — p)(x — [L)T] > 0.

For independent X,Y: E[XY] = E[X]E[Y] and Var(X +Y) = Var(X) + Var(Y). Affine maps of random vectors:
E[Az 4+ b] = A+ b and Cov(Az +b) = AXAT (Eq. (6.12)). Zero covariance is implied by independence but does not
imply it, except for jointly Gaussian variables (Proposition 6.15).

B.3 Distribution catalogue
B.4 Estimation

MLE: Oyie = arg max, p(D | 0), usually via the log-likelihood. MAP: Oniap = arg max, [logp(D | 0) + logp(e)],
the MLE plus a prior penalty (regularization, Remark 5.12). Bernoulli MLE g = m/n; multinomial MLE g, =
my/N; Gaussian MLE the sample mean and covariance (Eq. (6.9)). The Beta-Bernoulli and Dirichlet—multinomial
posteriors add observed counts to the prior pseudo-counts.

B.5 Key inequalities and limits

o Jensen: for convex ¢, ¢(E[X]) < E[p(X)] (reversed for concave); underlies the EM lower bound.

o Markov: P(X > a) <E[X]/a for X > 0.

« Chebyshev: P(|X — u| > a) < 0%/a’.

o Chernoff / Hoeffding: exponential tails for sums of independent (bounded) variables (Table 7.1).
e Law of large numbers: the sample mean of iid variables converges to the true mean.
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B. PROBABILITY AND DISTRIBUTIONS REFERENCE

Distribution pmf / pdf Mean Variance Conjugate
Bernoulli(u) p= (1 —p)t=e i w(l — p) Beta
Binomial(n, u) (:) pEL =) np np(l —p) Beta
Categorical(u) I o o Dirichlet
Multinomial(N, p) (Tji) Hk T Np N (1—per) Dirichlet
Beta(a, b) VA ) e b

’ B(a,b) a+b (a+b)?(a+b+1)
Dirichlet(ax) ﬁ Hk ,u:*'_l (‘;:]
N(p,0?) U\}ﬁe_(z_“)g/%z i o? Gaussian

—3@-w) = @) .

N(p,X) W o b)) Gaussian

Table B.1. The distributions of the course, with first two moments and conjugate priors. B(-) is the (multivariate) Beta
function; ag = Zk ay. See Tables 5.2 and 6.2.

¢ Central limit theorem: the normalized sum of many independent finite-variance variables converges to a
Gaussian, the reason the Gaussian is ubiquitous (Chapter 6).
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APPENDIX C

Matrix Calculus Identities

This appendix

The gradient, Jacobian, and trace identities used in Chapters 2, 8 and 10. We use denominator layout: the
derivative of a scalar by a column vector is a column vector of the same shape. Throughout, a,b are constant
vectors, A, B constant matrices, and « the variable.

C.1 Scalar by vector

Function f(x) Gradient Vg f Note

a'lz=z"a a linear

2T = [lo|? 2

xT Ax (A+ ANz = 2Az if A symmetric
|Az — b2 2AT (Azx — b) least squares (Eq. (2.4))
|Az — b||2 + A|z||? 2AT(Az —b)+2Xz ridge (Eq. (2.15))
logdet X (in X) xX-T for invertible X

Table C.1. Gradients of the scalar functions that appear in the loss derivations.

C.2 Hessians

Via'z)=0; V*(z'Az)=A+ A" (=24 symmetric); V>1i|Az—b|>?=A4T4; V° [%HA&: —b|]? + %HmHQ]
AT A+ M. A function is convex exactly where its Hessian is positive semidefinite (Theorem 8.9).

C.3 Vector by vector (Jacobians) and the chain rule

For F' : R® — R™, the Jacobian J € R™*" has J;; = 0F;/0z;. Linear maps: 0(Azx)/0x = A. Chain rule for
y = fg(x)):
Troq(@) = Iy (g()) Jy(),

the product of Jacobians, applied right-to-left in backpropagation (Section 8.3). Elementwise activation a = o(z)
has diagonal Jacobian diag(c’(2)), so the backprop error is § = OL/0z = (0L/0a) © o'(2).
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C. MATRIX CALCULUS IDENTITIES

C.4 Trace and determinant derivatives

The trace linearizes matrix expressions so they can be differentiated. Useful identities (derivatives with respect to
X):
Vxtr(AX)=AT, Vxtr(X'A)=A4, Vxtr(X'TAX)=(A+A")X, VxlogdetX =X '.

Cyclic property tr(ABC) = tr(BCA) = tr(CAB) is what lets the squared norm be written || Az — b||? = tr((A:I: —
b)(Ax — b)T) and then differentiated termwise (Section 8.7).

C.5 Gradients of the common machine-learning losses

Model Loss Gradient in 0

Linear regression i X6 — yl|? %XT(XH —-v)

Ridge regression + 21160]2 + )0

Logistic regression  cross-entropy iXT(p —vy), p=0(X0)
Soft-margin SVM  hinge + % |lw]|?  subgradient on margin violators

Table C.2. The gradients that drive training. Linear and logistic regression share the form iXT(prediction — target), the
residual pushed back through the design matrix.
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APPENDIX D

Software Setup and the Coding Assighments

This appendix

The computing environment for the course and a topic-by-topic guide to the coding work: which library rou-
tines implement each piece of mathematics, and how the chapters map onto code. The aim is to connect the

equations to the few lines that realize them.

D.1 Environment

The assignments use Python with the scientific stack: numpy for arrays and linear algebra [10], scipy for optimiza-
tion and statistics, matplotlib for plotting, and scikit-learn for reference implementations of the models [17]. A
managed environment (for example through conda) keeps versions consistent, and the notebooks run in Jupyter.
Two habits make results reproducible: fix the random seed at the top of each notebook, and prefer vectorized ar-
ray operations over Python loops, both for speed and because the vectorized form usually mirrors the mathematics

more closely.

D.2 From mathematics to library calls

Operation Routine Chapter

matrix product, transpose A Q@B,A.T Chapter 1

solve Ax =b np.linalg.solve Chapter 1

least squares np.linalg.lstsq Chapter 2
pseudoinverse np.linalg.pinv Chapters 2 and 4
eigendecomposition (symmetric) np.linalg.eigh Chapter 3

SVD np.linalg.svd Chapter 4
multivariate normal scipy.stats.multivariate_normal Chapter 6
gradient-based fit scipy.optimize.minimize Chapter 8
k-means, GMM, PCA, SVM sklearn estimators Chapters 10 and 11

Table D.1. The mathematics of each chapter and the routine that realizes it. The library calls are for checking work and
scaling up; the assignments ask you to implement the core of each from the equations first.
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D. SOFTWARE SETUP AND THE CODING ASSIGNMENTS

D.3 The coding assignments

Each assignment implements one chapter’s central algorithm from scratch, then validates against the library refer-
ence and a held-out set.

Vectorization and the linear model
Load a small image dataset, flatten each image to a vector (Fig. 1.2), assemble the design matrix, and fit a linear
model. The lesson is the data-to-matrix pipeline and why vectorized code is both faster and clearer.

Least squares and the pseudoinverse
Solve a regression both by the normal equations and by the QR route (Section 2.11.1), compare their numerical
behavior on an ill-conditioned design, and add ridge regularization to see the conditioning improve.

SVD and low-rank approximation
Compute the SVD of an image, reconstruct it at increasing ranks, and plot the error against the discarded singu-
lar values to witness Eckart—Young (Theorem 4.6) and the scree elbow.

Gradient descent and logistic regression
Implement batch and stochastic gradient descent for the convex cross-entropy loss, tune the learning rate, and
watch the decision boundary form. Compare convergence with and without momentum.

Clustering and dimensionality reduction
Implement Lloyd’s algorithm and EM for a Gaussian mixture, compare hard and soft assignments (Fig. 11.2),
then run PCA via the SVD and visualize the data in its top two components.

The support vector machine
Set up the dual quadratic program, solve it (a small SMO loop or a QP solver), recover the support vectors
through complementary slackness, and swap in an RBF kernel for a nonlinear boundary.

D.4 Debugging the mathematics
Three checks catch most errors. Shapes: every product and gradient should have the dimensions the equations

predict (Exercise 8.5). Gradients: verify an analytic gradient against a finite-difference estimate (f(:c + ce;) —

flx— Eei))/Qa before trusting it. Sanity values: test on a tiny hand-solved instance, like the worked examples in the
chapters, where the right answer is known in closed form.
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APPENDIX E

Practice Final, with Solutions

This appendix

A full practice final, assembled in the format of the course examinations, with complete solutions. The seven
questions sweep the whole book: eigenvalues and spectra, the SVD, spectral decomposition and the pseudoin-
verse, Bayesian reasoning, logistic regression, support vector machines, and convexity with the KKT condi-
tions. Each solution cross-references the chapter that develops it. Many of the per-chapter exercises are drawn
from the same examinations; this appendix shows how the pieces fit into one paper.

Question 1: Eigenvalues, inverses, and spectra (25 pts)

(a) Do AB and BA have the same eigenvalues?  (b) Must a real invertible n x n matrix have a real eigenvalue?
Answer forn =3 and n=4. (c) If A # 0 is an eigenvalue of invertible A, is 1/\ an eigenvalue of A~'?  (d) Do
A and A™! share eigenvectors?  (e) If A2 =T and —1 is not an eigenvalue of A, must A = I?

Solution. (a) Yes. If A # 0 and BAv = \v, then AB(Av) = A(Av) with Av # 0, so X is an eigenvalue of AB; the
argument is symmetric, and A = 0 occurs for one iff for the other since det(AB) = det(BA). (For square A, B the
characteristic polynomials are in fact equal.) (b) The characteristic polynomial is real of degree n. For odd n = 3 it
has a real root, so yes. For even n = 4 it need not: a block of two 2 x 2 rotations is real, invertible, with only complex
eigenvalues (Exercise 3.5). (c) Yes: from Av = \v, apply A~ to get A~'v = +v. (d) Yes, the same v works for
both, with reciprocal eigenvalues. (e) Yes. A% = T forces every eigenvalue to satisfy A> = 1,s0 A € {+1,—1};
excluding —1 leaves only A = 1. Since A% = I means A is diagonalizable (it satisfies the squarefree polynomial t* — 1),
A=QIQ ! =1. See Chapter 3. ]

Question 2: Singular value decomposition (20 pts)

Find an SVD of A = H _(1)1} , then use it to find the = that best solves Ax = b for a given b.

Solution. Right singular vectors. ATA = [31 _21] has eigenvalues \; = 3, A2 = 1 with unit eigenvectors
v = %(1, 17, ve = %(1, 1)7. So the singular values are o1 = v/3, o2 = 1. Left singular vectors u; = Av;/o;:
A’l)1 1 2 A’U2 1 0
w1 = = |-1|, wux= - |1},

Vi Ve |, B

both unit and orthogonal. A third column us, any unit vector orthogonal to both (spanning Nul(AT)), completes

U € R¥*3 with® = [\(/)5(1)} and V = [v1 v2]. Best solution. The least-squares solution is * = A'b with

00
.
At=vxiuT, ot = [1/8/3 (1’ 8]; concretely &* = 2?21 u;—,bvi, the projection of b onto Col(A) expressed in the right

singular basis (Chapter 4, Section 4.8). ]
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Question 3: Spectral decomposition and the pseudoinverse (20 pts)

(a) Diagonalize A =[331] over R.  (b) Find the Moore—Penrose pseudoinverse of A =[3}].

Solution. (a) Characteristic polynomial det(A — AI) = A2 —2A =3 = (A = 3)(A+ 1), 50 A\; = 3, A2 = —1. For \ = 3,
(A—30v =0 gives v1 = (1,3)T; for A\ = —1, v = (1,—1)". Hence

B . o 3 0 a1 [-1 -1
L = A R R A N Y

A is not symmetric, so P is not orthogonal (v{ va = 1 — 3 = —2 # 0); the eigenvectors are independent but not
perpendicular (Section 3.5). (b) A = [J}] has rank 1 with SVD singular value o1 = 1, u; = (1,0)", v1 = (0,1)".
By Eq. (4.7), AT = évluf = (0,1)7(1,0) = [99]. One checks AATA = A. (This is the defective matrix of
Example 3.12: it has no inverse, but the pseudoinverse always exists.) O

Question 4: Bayes’ theorem and Monty Hall (20 pts)

(a) Three doors, one car. You pick door 1; the host opens door 2 on a goat. Should you switch?  (b) Repeat with
four doors (one car, three goats), host opens door 2.

Solution. (a) With uniform prior P(H;) = 3 and host likelihoods P(E | H1) = 3, P(E | H2) =0, P(E | H3) = 1, the

evidence is P(E) = 1 and Bayes gives P(H; | E) = 5, P(Hs | E) = 2. Switch (Section 5.8.1). (b) Now P(H;) = 1;

likelihoods of opening door 2 are 1,0,%, %, s0 P(E) = + and P(Hy | E) = 1, P(Hs | E) = P(Hs | E) = £. Either

’ 929 99
unopened door beats staying, so switch (Exercise 5.4). The host’s informed choice redistributes the opened door’s
probability onto the doors you neither picked nor saw opened. O

Question 5: Logistic regression (20 pts)

(a) With X = H —(2)1 }, y =(1,0,1), 6o = 0, take one full-batch gradient-ascent step on the log-likelihood (a = 0.01).

(b) Why is cross-entropy preferred over squared error for this model?

Solution. (a) At 8o = 0 every score is 0 and p; = 0(0) = 2,50y — p = (3,—3, 1) and the ascent gradient is
X"(y—p) = (3,3)". Onestep: 61 = 0+ 0.01(0.5,1.5) = (0.005,0.015) (Exercise 8.2). (b) Cross-entropy is

convex in @ (Hessian L X " diag(p;(1 — p;))X = 0), so gradient descent reaches the global optimum; the squared
error i > (ps — y¢)2 on the sigmoid output is nonconvex and can trap a solver in local minima (Section 8.10).
Cross-entropy is also the maximum-likelihood loss for Bernoulli labels. O

Question 6: Support vector machines (35 pts)

(a) Define the margin and the support vectors.  (b) For &1 = (0,0),y1 = —1 and z2 = (2,0),y2 = +1, solve
the hard-margin SVM (find o, w, b, the margin, and the boundary).  (c) What changes in the dual for the soft
margin?

Solution. (a) The margin is the width 2/||w|| of the empty corridor between the gutters w ' + b = =+1; the support
vectors are the training points lying on the gutters, the only ones with «; > 0 (Section 10.4). (b) The constraint
Zi a;y; = 0 gives a1 = ap = «; both points are support vectors. Stationarity gives w = «(2,0) = (2¢,0), and the
unit-margin condition forces w = (1,0), b = —1, so & = 3. The margin is 2/|w|| = 2 and the boundary is z; = 1
(Exercise 10.1). (c¢) The soft margin adds slacks & > 0 penalized by C'; the dual is unchanged except the multipliers
gain the cap 0 < a; < C (Eq. (10.7)), which sorts points into non-support (a; = 0), margin (0 < a; < C), and
violating (a; = C). O
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Question 7: Convexity and the KKT conditions (20 pts)

(a) Define a convex function.  (b) State the KKT conditions for min f(w) s.t. gi(w) < 0.  (c) Prove that for
convex differentiable f, Vf(w*) = 0 implies w* is a global minimizer.

Solution. (a) f is convex if f(Axz 4+ (1 — N)y) < Af(x) + (1 — M) f(y) for all ,y and X € [0, 1]: every chord lies on or
above the graph (Definition 8.8). (b) With £ = f + >, igi: stationarity V£ = 0; primal feasibility gi(w*) < 0;
dual feasibility «; > 0; complementary slackness a;g;(w*) = 0 (Table 9.1). For convex problems they are sufficient
as well as necessary. (c) By the first-order convexity inequality, f(y) > f(w*) + Vf(w*)" (y — w*) for all y. With
V f(w*) = 0 the last term vanishes, so f(y) > f(w*) everywhere: w* is global (Exercise 8.3). O

Practice Midterm: the linear-algebra core

Four shorter problems covering the matrix-methods half of the course, each worked in full.

M1. Eigenvalues and diagonalization (15 pts)

Diagonalize A = [5£] and use it to compute A%

Solution. A is symmetric, so the spectral theorem applies. The characteristic polynomial is (5 — )\)2 —16 =0, i.e.
5— =44, giving M =9, X = 1. For Ay = 9, (A—9Nv = [} % ]v = 0gives v, = 5 (1, 1); for Az = 1,
L (1,—-1), orthonormal as promised. With Q = [v; v2] and A = diag(9,1), A = QAQ". Then A? = QA%Q"

Vo = ﬁ
with A% = diag(81,1):
21|l 1|81 0f (1 1] _ |41 40
211 -1 |0 1|1 -1 40 41|’
25416 20420 41 40

which the direct product [§ £]* = (30150 Te139] = [48 497 confirms. O

M2. Singular value decomposition (15 pts)
Find the SVD of A= [ % 3].

Solution. AT A =[5 2] has eigenvalues 5 & 3 = {8,2}, so the singular values are o1 = v/8 = 2v/2, 02 = v/2. The

right singular vectors are the eigenvectors of AT A: v; = %(1, 1), vo = %(17 —1). The left singular vectors are

U; = Avi/ai:

I . = . |00
'T 92 V2ol o’ 2T V2 =2 T -1
Hence A =USV' with U = [§ % |, © = diag(2v2,v2), V = =[] %, |. One checks ULV = [ 2 7]. O

M3. Least squares (10 pts)

Fit the line y = 61 + 02t to the points (0,1),(1,2),(2,0) by least squares.

Solution. With A — H g} and b= (1,2,0)7, ATA=[23] (det = 6) and ATb = (3,2)". Then

e T4, 1|5 =3][3] .91 [3/2
SN |- IR

the line y = % — %t, The residual r = b — A0* = (—%, 1, —%)T satisfies ATr = 0, confirming it is orthogonal to the

column space. O
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M4. Positive definiteness (10 pts)

Is A =[21] positive definite? Give two arguments.

Solution. Figenvalues: the characteristic polynomial (2 — A\)® — 1 has roots A = 3, 1, both positive, so A = 0 by

Proposition 3.24. Quadratic form: completing the square, & Az = 22? + 2z129 + 223 = (z1 + x2)2 +2? 4+ 22, a sum
of squares that is strictly positive unless 1 = x2 = 0. Either way A is positive definite; as a check its leading minors
2 > 0 and det = 3 > 0 are both positive (Sylvester’s criterion). O

Practice Midterm B: probability, calculus, and optimization

Four problems covering the analysis half of the course.

B1. Expectation and variance (10 pts)
A discrete random variable takes values 0,1, 2,3 with probabilities 0.1,0.4,0.3,0.2. Find E[X] and Var(X).

Solution. E[X] = Y ap(x) = 0(0.1) + 1(0.4) + 2(0.3) + 3(0.2) = 0.4 + 0.6 4+ 0.6 = 1.6. For the variance use
Var(X) = E[X?] — E[X]? with E[X?] = 04 1(0.4) +4(0.3) +9(0.2) = 0.4 + 1.2 + 1.8 = 3.4, so Var(X) = 3.4 — 1.6° =
3.4 — 2.56 = 0.84 (standard deviation /0.84 ~ 0.92). O

B2. Gradient, Hessian, convexity (15 pts)

For f(z,y) = 22 + 3y + 22y — 4z, find the gradient and Hessian, show f is convex, and locate its minimum.

Solution. Vf = (4z + 2y —4, 6y + 2z) and V>f = [4 2], constant. Its leading minors are 4 > 0 and det = 24 — 4 =
20 > 0 (eigenvalues 5 & /5 = 2.76, 7.24, both positive), so V2f = 0 and f is strictly convex. Setting Vf = 0: from
6y + 2z = 0, x = —3y; substituting into 4x 4+ 2y = 4 gives —12y + 2y = 4, y = —0.4, x = 1.2. The unique global

minimum is at (1.2, —-0.4). a

B3. MLE and MAP (10 pts)

A coin is flipped 10 times, landing heads 7 times. Give the MLE of the bias p, and the posterior and MAP estimate
under a Beta(2,2) prior.

Solution. The MLE maximizes u” (1 — u)?; its log-derivative 7/u — 3/(1 — p) = 0 gives faiLe = 7/10 = 0.7. With a
Beta(2, 2) prior the Beta—Bernoulli update adds the counts: posterior Beta(2 + 7, 2 4+ 3) = Beta(9, 5). Its mode (the
MAP) is (9—1)/(9+5—2) =8/12 ~ 0.667, and its mean is 9/14 ~ 0.643. Both sit below the MLE, pulled toward
the prior mean % by the two pseudo-heads and two pseudo-tails. O

B4. Gradient descent (15 pts)

Minimize f(z) = (z — 3)* by gradient descent from zo = 0 with step o = 0.5. Write the iteration in closed form and

give the first few iterates.

Solution. Here f'(z) = xz — 3, so the update is z¢+1 = z+ — 0.5(z¢ — 3) = 0.5z + 1.5. Subtracting the fixed point 3:
Ti41 — 3 = 0.5(xy — 3), so x; — 3 = (0.5)" (2o — 3) = —3(0.5)", i.e. x; = 3 — 3(0.5)". The iterates are

0—1.5—2.25— 2625 —+ 2.8125 — 2.906 — --- — 3,

converging geometrically to * = 3 with ratio 3§ = |1 — af”|. Any a € (0,2) converges here (since f’ =1); a = 1
would reach 3 in a single step, and a > 2 would diverge. |
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Worked Problem Set C: short answers across the course

Five quick problems, each a self-contained drill on one tool.

C1. Inverse and determinant (6 pts)

Find det A and A~" for A =[13].
Solution. detA=1-4—2-3=-2+#0,so A is invertible. By the 2 x 2 formula (Eq. (1.10)), A" = 2% [_43 712} =

-2 1
[ & 1] Chedcaa— = (33172 8, ] = 1491 0

C2. Pseudoinverse of a singular matrix (8 pts)

Find A for the rank-one A = [32].

Solution. A is singular (det = 0), so A~* does not exist, but A" always does. Write A = uu' with w = (1,2), since

wu' = [$2]. In SVD terms A = o4t with @ = u/v5and o1 = [[ul]® = 5,50 AT = o770 = 1 tuu’ =
=[52] =594 3-98]. This A'b is the minimum-norm least-squares solution (Chapter 4). |

C3. Variance of a sum (6 pts)
Two fair six-sided dice are rolled. Find the mean and variance of their sum.

Solution. For one die, E[X] = X246 = 3.5 and Var(X) = E[X?]—E[X]* = 21 —3.5° = 32_ The dice are independent,
so means and variances add: E[sum] = 7 and Var(sum) = 2- 32 = 3% ~ 5.83. (Independence is essential for the
variance step; without it a covariance term would appear.) O

C4. Gradient, Hessian, convexity (6 pts)

For f(z,y) = 2% + 2y 4+ 9°, give Vf and V2§, evaluate the gradient at (1,2), and decide whether f is convex.

Solution. Vf = (2z+y, =+ 2y), so VF(1,2) = (4,5). The Hessian V> f = [? 1] is constant with eigenvalues 3 and 1,
both positive, so V2f = 0 and f is strictly convex; its unique minimum is at Vf = 0, i.e. (0,0). |

C5. Eigenvalues, trace, determinant (6 pts)

Find the eigenvalues of A = [4 1] and verify the trace and determinant identities.

Solution. The characteristic polynomial is (4 — A\)(3 —A) =2 = A2 = 7A+ 10 = (A — 2)(A = 5), so A = 2,5. Then
A+ A2 =7=trA and A2 = 10 = det A, confirming Eq. (3.6). Both eigenvalues are nonzero, so A is invertible. O

Worked Problem Set D: more short answers across the course

These six problems each restate the question in full and work the algebra end to end, spanning projection, Gaussian
conditioning, concentration, maximum likelihood, the softmax, and linear-programming duality.

D1. Projection onto a line (6 pts)
Project b = (1,2,3) onto the line spanned by a = (1,1,1). Give the projection and the residual, and verify the
residual is orthogonal to a.

-
Solution. The projection of b onto span{a} is b= %Z a. Herea'b=1+2+3=6anda’'a=1+1+1=3, so the

coefficient is 6/3 = 2 and b= 2(1,1,1) = (2,2,2). The residual is r =b—b= (—1,0,1),and r'a = -1+ 0+ 1 =0,
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confirming orthogonality. The projection is the closest point of the line to b, and the residual is the (perpendicular)
error of that one-parameter least-squares fit. (|

D2. Gaussian conditioning (8 pts)

Let (X,Y) be jointly Gaussian with zero means and covariance ¥ = [3 2]. Find the conditional distribution of Y’
given X = z.

Solution. For a joint Gaussian, Y | X = x is Gaussian with mean uy + EYXZ;(IX (z — px) and variance Yyy —
Yyx E;(IX Y.xy. With zero means and the entries above,

2 2
vx g 2
Sxx 4

_ Yyx

ElY | X = x] mz%x:O.E)m, Var(Y | X) = Zyy —

T Yxx

SoY | X =z ~ N(0.5z, 2). The conditional mean is linear in z (this is exactly linear regression), and conditioning
on X shrinks the variance of Y from 3 down to 2, the amount of uncertainty X removes. (]

D3. A Hoeffding bound (6 pts)

A coin with P(heads) = p is flipped n = 100 times; let X be the sample fraction of heads. Bound P(|X — p| > 0.1).

Solution. Hoeffding’s inequality for an average of n independent [0, 1] variables gives P(|X — E[X]| > ) <
2 exp(—2ne?). With n = 100 and ¢ = 0.1,

2exp(—2(100)(0.1)*) = 2exp(—2) ~ 2(0.135) = 0.271.

At most about a 27% chance the sample fraction is off by 0.1 or more, and the bound holds for every p, a
distribution-free guarantee. Halving the tolerance to 0.05 would demand four times as many flips for the same
bound, the hallmark 1/&* scaling. O

D4. Maximum likelihood for a Poisson rate (6 pts)

Event counts in four equal intervals are 2,3, 5,2, modeled as iid Poisson()\). Find the maximum likelihood estimate
of .

Solution. The log-likelihood is £(A) = > (acz InA—XA—1In xz') Differentiating and setting to zero,

i

, . T < 1 2+3+5+2 12
FOESYD DL RS SC s AL Y

The Poisson rate’s MLE is the sample mean of the counts, the same “MLE equals the empirical average” pattern
seen for the Bernoulli bias and the Gaussian mean. (]

D5. Softmax and cross-entropy (8 pts)

A three-class classifier produces logits z = (2,1,0). Compute the softmax probabilities and the cross-entropy loss
when the true class is the first.

Solution. The softmax is pr, = ezk/ Z]. €%, The exponentials are e? = 7.389, e! = 2.718, ¢’ = 1, summing to
11.107, so

p= (7-389 2.718 L ) = (0.665, 0.245, 0.090).

11.1077 11.107° 11.107

The probabilities are positive and sum to 1. The cross-entropy loss looks only at the true class, here the first: L =
—Inp; = —1In(0.665) ~ 0.408. As the model puts more mass on the correct class, p1 — 1 and the loss falls toward 0;
this is the multiclass generalization of logistic regression’s log loss. |
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D6. Linear programming and duality (10 pts)

For the linear program max 2z + 3y subject to x +y < 4, x + 2y < 6, z,y > 0: (a) solve it by enumerating vertices;
(b) write the dual and verify strong duality.

Solution. (a) The feasible corners are (0,0), (4,0), (0,3), and the intersection of z + y = 4 with z + 2y = 6, which
solves to (z,y) = (2,2). The objective 2z + 3y takes values 0, 8, 9, 10 at these vertices, so the maximum is 10

at (2,2), where both inequality constraints are active. (b) With ¢ = (2,3), b = (4,6), and A = [} }], the dual is
min 4u + 6v s.t. u+v > 2, u+ 2v > 3, u,v > 0. Because both primal constraints are active, both dual variables are
positive, so by complementary slackness both dual constraints are tight: v +v = 2 and u + 2v = 3, giving v = 1 and
u = 1. The dual objective is 4(1) + 6(1) = 10, equal to the primal optimum, confirming strong duality. The dual
values u = v = 1 are the shadow prices of the two resource limits. 0

For more practice, every chapter’s exercises are drawn from the course’s problem sets and examinations; work them
first, then attempt these papers closed-book under time.
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